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A real symmetric matrix A of size n × n is called copositive if xTAx ≥ 0 for all x ∈ Rn
+. The set of all

such matrices forms the copositive cone COPn. This cone is invariant under the action of the multiplicative
group Rn

++, acting as A 7→ DAD with D = diag(d), d ∈ Rn
++. Every matrix A ∈ COPn with positive

diagonal can hence be ”scaled” to a copositive matrix with unit diagonal by this action.
A conic program over the cone COPn is called a copositive program. Copositive programs are formally

convex, but model a wide variety of non-convex hard optimization problems. Among these are combinatorial
problems such as the bandwidth problem [12], graph partitioning [13], computing the stability number
[6], clique number [16], and chromatic number [10] of graphs, and the quadratic assignment problem [14].
Copositive formulations have been derived for quadratic programming problems [15, 4, 2] and mixed-integer
programs [5]. More applications of copositive programming can be found in the surveys [9, 3].

Verifying copositivity of a given matrix is a co-NP-complete problem [11]. This is not surprising given
the extraordinary descriptive power of copositive programs. Therefore much research has been focussed on
finding tractable approximations of the copositive cone, in particular, semi-definite approximations.

The commonest approximation of the cone Cn is that by the sum of the cone Sn+ of positive semi-
definite matrices and the cone Nn of element-wise nonnegative symmetric matrices. It is a classical result
by Diananda [7, Theorem 2] that for n ≤ 4 the relation Cn = Sn+ +Nn holds. In general, only the inclusion
Sn+ + Nn ⊂ COPn holds. A. Horn showed that for n ≥ 5 this inclusion is indeed strict [7, p.25]. The
approximation by K0

n = Sn+ + Nn is the simplest one in a whole family of semi-definite approximations,
using the so-called Parrilo cones Kr

n, r ∈ N. With increasing r the relaxation becomes increasingly tighter,
but for n ≥ 5 it fails to be exact for every r.

However, for n = 5 a weaker result holds. Namely, every A ∈ COP5 with unit diagonal is in K1
5 [8].

Therefore there exists a simple algorithm to check the inclusion A ∈ COP5. First, the matrix has to be
scaled to a matrix with unit diagonal by the action of the group R5

++, and then the inclusion of the scaled
matrix in K1

5 has to be checked by solving a semi-definite program.
The Parrilo cone Kr

n is a sums of squares (SOS) approximation. A matrix A belongs to this cone if the
homogeneous polynomial (
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of degree 4 + 2r can be represented as a SOS of polynomials of degree 2 + r.
The goal of the project is to check the exactness of the Parrilo relaxations on unit diagonal copositive

matrices in the n = 6 case. The convexity structure of the cone COP6 being explicitly known [1], the task
is reduced to checking exactness for 5 different types of special copositive matrices parameterized by a finite
number of parameters. It can be split into a computational and a theoretical part.

The computational part consists of randomly generating instances of the special matrices and checking
the existence of a SOS decomposition of the corresponding polynomial. This involves implementing a semi-
definite program which is equivalent to a SOS relaxation of a concrete polynomial optimization problem.

The theoretical part is invoked in case the relaxation turns out to be exact computationally. Here the
existence of the decomposition has to be proven by constructing the factor polynomials as functions of
the original parameters. In the course of the investigation the students have the opportunity to become
acquainted with the structure of SOS decompositions, in particular Newton polytopes.

SOS decompositions and the corresponding semi-definite relaxations of polynomial optimization prob-
lems are part of the ”Efficient Methods in Optimization” course.
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