1 Case 15

The minimal zero supports are given by (1,2),(1,3,4),(1,3,5),(2,4,6),(3,4,6),(4,5,6).

1 -1 —cos(pa)  cos(¢y + ¢2)  cos(gz + ¢3) b3
-1 1 by cos(p4 + ¢s5) ba —cos(¢s)
—cos(¢2) b1 1 —cos(¢1) —cos(¢3) cos(¢1 + ¢4)
cos(¢1 + ¢2) cos(ps+¢5)  —cos(¢1) 1 cos(¢s+¢g)  —cos(¢a)
cos(p2 + ¢3) ba —cos(¢3) cos(ds + P6) 1 —cos(¢g)
b3 —cos(¢s)  cos(pr + p4)  —cos(¢4) —cos(¢g) 1
The zeros are given by the columns:
1 sin(¢p1) sin(¢p3) 0 0 0
1 0 0 sin(¢q) 0 0
10 | sin(ér + ¢2) | | sin(d2 + ¢3) 0 sin(¢y) 0
(UIau27U37U47U5;U6) = 0 SZTLl(QbQ) 2 % 3 szn(¢5) sin 1 _;1(;54) SZTL(QS(;)
0 0 sin(¢o) 0 0 sin(¢y)
0 0 0 sin(ds + ¢s) sin(¢1) sin(ds + ¢6)
0
0 b1 > cos(¢p2)
1. Au — by — cos(¢2) _ Jcos(91+ ¢2) + cos(pa + d5) 2 0
’ e COS(¢1 + (b?) + COS(¢4)+ ¢5) B bg > —COS(¢2 + ¢3)
ba + cos(pa + ¢
’ by — 0082(¢5) ’ bs  cos{#s)
0
—sin(¢y) + bysin(or + qi)z) + sin(¢o)cos(ps + ¢5) —sin(¢y) + bisin(dy + do) + sin(de)cos(¢s + ¢5) > 0
2. Aug = 0 => § —sin(¢z)cos(¢1 — ¢3) + sin(¢2)cos(¢s + ¢6) > 0
—sin(¢2)cos(p1 — ¢3) + sin(p2)cos(ps + dg) bssin(¢1) + sin(p1)cos(¢r + ¢2 + ¢4) = 0
bysin(p1) + sin(¢1)cos(d1 + ¢ + P4)
0
by * sin(pa) — sz'n(gzﬁ%) + b1 * sin(¢p2 + ¢3) by * sin(¢2) — sin(¢3) + by * sin(d2 + ¢3) > 0
3. Aug = L - , => q —sin(pa)cos(p1 — ¢3) + sin(p2)cos(ps + ¢6) > 0
sin(@2)cos(1 ¢3)0+ sin(@2)cos(g4 + o) bysin(ds) + sin(ga + d3)cos(d1 + ¢4) — sin(dz)cos(
bysin(ps) + sin(pa + d3)cos(d1 + ¢a) — sin(pa2)cos(dg)
—sin(¢a) + bysin(gs + ¢5) + sin(¢s)cos(p1 + ¢2)
. 0 —sin(p4) + basin(pa + ¢5) + sin(ds)cos(dp1 + ¢2) > 0
L. Auy = bisin(gy) + szn(¢40)cos(¢1 + ¢4+ ¢5) —~ {blsin(¢4) + sin(pa)cos(¢r + da + ¢5) > 0
basin(gy) — sin(da)cos(ps — dg) basin(¢s) — sin(ds)cos(¢s — ¢g) = 0
0
bzsin(¢1) + sin(¢1)cos(p1 + ¢2 + ¢a)
bisin(¢a) + sz’n(qﬁ;t))cos((bl + ¢a + 95) bysin(¢1) + sin(d1)cos(p1 + p2 + ¢a) >0
5. Aus = 0 => ¢ bysin(¢q) + sin(da)cos(pr + ¢ps+ ¢5) >0
—sin(¢q)cos(Ps) + sin(dq)cos(Ppr + da + Pg) —sin(¢a)cos(¢3) + sin(pa)cos(d1 + ¢a + ¢g) > 0
0
s5in(pa)cos(pa + ¢3) + bzsin(ps + ¢6) + sin(gg)cos(d1 + ¢2)
~ basin(¢a) — sin(ga)cos(¢s — ¢o) sin(¢4)cos(dz + d3) + bssin(ps + d6) + sin(de)
6. Aug = —sin(¢a)cos(ga) + 8”6((;54)008@1 o4+ o) => {bzsm(¢4) — sin(¢a)cos(ds — ¢) > 0
0 —sin(¢a)cos(¢3) + sin(pa)cos(p1 + ¢a + ¢g) >
0




P11+ P2+ Qs+ s <

Considering inequalities on ¢; we get: ¢ ¢4 + ¢ < |p1 — @3] =>
' 1+ @1+ P < ¢3

Q1+ P2+ Qs+ 95 < {
O1+ G4+ 96 < b3

Case ¢1 + ¢4 + ¢¢ > misunreal

by = cos(¢2), by = max(—cos(d2 + @3), cos(ds — d6)), A
bg _ max(cos(¢5), 7szn(¢6)cos(¢z;ryiz>(z}4:—s;:)(¢4)cos(¢2+¢>3) 7 7szn(¢72+¢3)cos(ﬁ;?;&f)ﬁrszn((bg)cos(dJe) )
All other inequalities are fulfilled.

Copositivity:

It’s necessery to consider next sets for I:
(2,3,4),(2,3,5),(1,4,5),(2,4,5),(3,4,5),(2,3,4,5), (1,3,6), (2,3,6), (1,4, 6), (1,5,6), (2,5,6), (3,5,6), (2,3,5,6)

Consider set (1,5,6): let b3 = cos(¢) => ¢ < T — 2 — Pp3 + ¢g => cos(¢) > —cos(¢p2 + ¢3 — ¢g) if
by = cos(¢5) => ¢5 + P2 < T — 3 + ¢,

if by = —>inlelcos(Orbbe)sinibu)cos(Patin) —s by < Gy + Gy + e,is fulfilled only if g5 = ¢1 + ba + o

if by :—sin(¢2+¢3)cos(:i;-&f;))-&-sin(%)cos(%):> b3 < ¢1 + da + ¢g,is fulfilled only if ¢35 = d1 + da + P

Consider when cos(¢s) > 7‘”'"(%)COS(%;ﬁig;f;:)(‘b”ws(m*%):> cos(¢s)sin(¢g + ¢g) + sin(dg)cos(p1 + ¢a) +
sin(pq)cos(pa + ¢3) >0

cos(¢s) > —cos(da + ¢3 — )

sin(¢e)(—cos(d2 + ¢3 — da — ¢6) + cos(d1 + ¢2)) > 0 => ¢1 + da + ¢ < p3 Performs

when cos(ps) 27szn(¢2+¢3)COS(i;tf;))+szn(¢2)cos(¢6):> sin(pa+d3)cos(dr+ds)—sin(da)cos(dg)+cos(ds ) sin(ps) >
0

cos(d1 + ¢4) < cos(ds — @), cos(ds) > —cos(da + ¢p3 — dg) => 0 > 0 Perfroms

=> by = cos(¢s)

Consider other sets:

1. I =1(1,4,6): b3 = cos(¢s) => —d5 + 1™ — ¢1 — ¢3 + ¢4 < 0 performs strictly

2. I1=1(2,3,4),(2,3,4,5) : u=e3 +eq => cos(Pa) > —cos(Pg + ¢5) => ¢g + ¢5 + ¢ <,
¢4+ ¢6 < ¢3 performs

3. I1=1(2,3,5): —¢g + ¢35 + ¢2 + ¢3 > 0 performs strictly

4. I= (2a 57 6)7 (37 5a 6)7 (27 3a 57 6) ‘U= ¢€5 + eg => COS(¢5 - ¢6) Z COS(¢5))
cos(1 + @4) > cos(¢p3) = ¢ — 1 + ¢4 < ¢3 performs strictly

I1=1(1,3,6) : b3 = cos(¢s) => ¢o + ™ — 1 — 4 — @5 > 0 performs strictly
I=(2,3,6): —¢2+ ¢5 + 7 — ¢1 — ¢4 > 0 performs strictly
I=(1,4,5):—¢1 — o+ 7 — 2 — @3+ T — s — ¢g > 0 performs strictly

I'=1(2,4,5) : by > cos(¢p5—p6) => T—Pa— 5 +T |5 — 6| —pa—pg > 0 => 2m > 2da+d6+|¢5 — d6|+ @5
performs strictly

© N o o

That proves copositivity.

1.1 Parametrization:

1 -1 —cos(¢2)  cos(p1 + ¢p2)  cos(d2 + ¢3) cos(¢s)
-1 1 cos(¢2) cos(ds + ¢5) by —cos(¢s)
—cos(¢2) cos(¢2) 1 —cos(¢1) —cos(¢3) cos(d1 + ¢p4)
cos(p1 + ¢2)  cos(¢ps+ @5) —cos(¢1) 1 cos(¢4 + ¢g) —cos(d4)
cos(d2 + ¢3) ba —cos(¢3)  cos(¢s+ ¢6) 1 —cos(¢g)
cos(¢s) —cos(¢5)  cos(¢1 + pa)  —cos(¢a) —cos(¢s) 1

by = max(—cos(¢a + ¢3), cos(ds — dg)),
with conditions : ¢; € (0,7),d1 4+ d2 + da + 5 < T, P1 + ds + 6 < d3, 05 + o + p3 — pg < 7



Extremality:

X = FPFT |
bii bz bz bis bit sin(¢2) 0
o b2r b2 o ok _ | fe u31 f1 + ussfs +ussfs =0 | —sin(¢2) 0
X = , F = : ,F = .
b1 x  bsz bss I3 fi=—Ffs 0 sin(po)
bs1  *  bsz bss Is —sin(¢s) —sin(d2 + d3)
Y — GQGT
bi1  x b1z by ¥ * g1
% byg % bag x  bog g0 u2191 + U2393 + u2494 = 0
| b3t x b3z bzs  * b3 _ |9 U5393 + Us494 + Usege = 0
Y = ,G= , )
bar baz bz baa bas  bas 94 Ug292 + Uga94 + Ugeg6 = 0
* k% bsg bss bse 95 ” _
6494 + Ue595 + Usegs = 0
*  be2 bes bes bes beo g6
sin(¢2) 0
—sin(¢1 + ¢4+ ¢5)  —sin(d1 + d2 + s + ¢5)
G 0 sin(¢pa)
—sin(¢1) —sin(¢1 + ¢2)
—sin(¢1 + da + ¢6)  —sin(g1 + 2 + ¢4 + d6)
sin(¢1 + ¢a) sin(¢1 + ¢2 + ¢5)
Necessary equalities, that are constrains on elements of matrices P and Q:
T11 = Y11
T22 = Y22
€33 = Y33
T31 = Ys1
Ts5 = Ys5
P11 = q11
sin®(P2)p11 = sin®(d1 + ¢4 + ¢5)qu1 + 25in(d1 + da + ¢5)sin(d1 + ¢2 + da + ¢5)qa1 + sin*(d1 + ¢2 + da + ¢5)q22
= D22 = 422
P21 = G421
sin?(¢3)p11 + 2sin(¢3)sin(pa + ¢3)p12 + sin® (P2 + ¢3)p2z = sin?(d1 + ¢4 + P6)qr1+
+2sin(¢1 + ¢a + ¢6)sin(P1 + ¢4 + b6 + d2)q12 + sin®(P1 + da + ¢ + 2)q22

Let b1g = bege =0=>p11 =q11 =0

< 2sin(P1 + ¢4 + &5)sin(p1 + ¢2 + P4 + ¢5) sin*(p1 4+ ¢2 + ¢a + b5) > _

2sin(pz)sin(pa + d3) — 2sin(p1 + G4 + d6)sin(1 + ¢4 + d6 + ¢2)  sin® (P2 + ¢3) — sin* (1 + P4 + d6 + ¢2)

< 2sin(¢p1 + ¢a + ¢5)sin(P1 + P2 + da + ¢5) sin®(p1 4+ ¢2 + ¢a + b5) ) —
25in(p1 + ¢a + 6 — ¢3)sin(P1 + d2 + ¢3 + Pa + d6)  —sin(d1 + da + d6 — P3)sin(P1 + 2¢2 + P3 + P4 + P6)

There is no extremality in common case, when : sin(¢; + ¢2 + ¢4 + ¢5) = 0 or sin(¢p1 + ¢4+ ¢ — ¢3) = 0 or
det = 0 => sin(pa + ¢p3 — ¢5 + ¢g) = 0 =>

Pr+o2t Qs+ s =m

P14+ Qs+ d6 —P3 =0

G2+ ¢33 — 5+ P =0,

Consider case ¢ + ¢3 — ¢5 + ¢pg = m. Determinant of matrix behind is 0, let’s prove it.

1 sin(¢r) sin(¢ps) 0 0 0

1 0 0 sin(¢q) 0 0

0 sin(¢1 + ¢2) sin(¢2 + @3) 0 sin(Pq) 0

0 sin(¢a) 0 —sin(pa + ¢3 + og) sin(p1 + P4) sin(¢g)

0 0 sin(¢2) 0 0 sin(py)

0 0 0 —sin(d4 + g2 + ¢3 + ¢6) sin(¢1) sin(¢4 + bo)
det = (1) +(2) + (3)
(1) = sin(¢a) (sin(p1+d2)[—sin(d1+¢a)sin(p2)sin(da+ds)+sin(de) sin(p2)sin(d1)] —sin(ga+¢s)[—sin(d2)sin(d1 ) sin(pa)]+
sin(¢a)[sin’(¢a)sin(¢s + ¢6)])

(¢
(2) = —sin(¢1)(sin(p2+¢3)[sin(Pa+3+ds)sin(p1) —sin(pa+@3+¢a+de)sin(Pi1+a)|sin(da)+sin(pa) [sin(p2+
@3 + ¢¢)sin(p2)sin(¢s + ¢g) — sin(gg)sin(p2)sin(pz + ¢3 + ¢4 + ¢6)])



(3) = sin(¢s)(sin(d1+¢2)[sin(pa+ds+de)sin(p1)—sin(pa+¢s+dat+de)sin(pi+da)lsin(ds)+sin(ba)[sin(d2)sin(p2+
¢3 + da + dg)sin(¢a)])

After simplification:

(1) = sin(¢pa)sin(p1)sin®(da)[sin(pa + ¢3) — sin(¢1 + ¢2 + da + b5)]

(2) = —sin(¢1)sin®(pa)sin(ps + ¢3)[—sin(P1 + ¢2 + ¢3 + Pa + ¢6) + sin(¢p2)]
(3) = —sin(¢3)sin®(¢a)sin(¢1)sin(¢1 + 20 + ¢3 + ¢a + dg)
det = sin(¢y)sin®(¢4) 0 =0

In the case ¢1 + ¢4 + g = ¢P3 zeros are dependent too.

Result:

There are copositive extreme matrices on conditions:¢; > 0, o+ d3 < T, po+ P53+ d5 < T+ dg, P1+ s+ Ps < @3,
excluding @2 + ¢3 + 6 = @5, 02 + ¢3 + P = T + @5



	Case 15
	Parametrization:


