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Basic structure

The minimal zero supports are given by {1,2},{1,3},{2,4,5},{2,4,6},{3,4,5},{3,5,6}. There is a
symmetry (123456) — (132546). We may write a copositive matrix with this minimal zero support set
as

1 -1 -1 b1 by b3
-1 1 1 —cosgy  cos(d2 +¢3) cos(¢2 + ha)
e -1 1 1 cos(¢1 + ¢3) —Cos ¢ — CoS @5
Tl b — COS ¢ cos(¢1 + ¢3) 1 — cos @3 — COS @4 ’
by cos(¢pz + ¢3) — cos ¢y — coS ¢3 1 cos(¢p1 + ¢5)
by cos(¢p2 + ¢4) — COS @5 —Cos ¢4 cos(¢1 + ¢5) 1

where ¢; € (0,7), j=1,...,5; ¢; + ¢; <, for the terms cos(¢; + ¢;) appearing in the matrix. The
symmetry leads to the transformation (¢1, @2, @3, @4, P5) > (b2, d1, 3, ™ — d1 — P55, T — p3 — 4). Hence
G2+ Qa + ¢5 = 2 — @5 — P2 — ¢4, and the cases g2 + 4 + @5 < T, P2 + P4 + @5 > T are exchanged.
We then need to consider only ¢o + ¢4 + ¢5 < 7.

The minimal zeros of A are given by

1 1 0 0 0 0
1| (o sin és 0 sin és 0
|0 1 0 sin ¢ 0 sin(¢1 + ¢5)
A sin(¢2 + ¢3) sin ¢1 sin(¢2 + ¢4) 0
0 0 sin ¢g sin(¢1 + ¢3) 0 sin ¢5
0 0 0 0 sin ¢o sin ¢
First order conditions
The conditions (Au;); > 0 amount to
0
8 b1 > cos ¢
L. Aup = by — cos by = { b2 > —cos(¢2 + ¢3)
by + cos(pa + P3) by > —cos(¢2 + ¢a)

bz 4 cos(¢p2 + ¢4)

0
8 by > —cos(¢1 + ¢3)
2. Auy = by + cos(d1 + ds) = ¢ by > cos ¢y
by — cos by b3 > cos ¢5
bz — cos ¢5
by sin ¢ — sin @3 + by sin(go + @3)
0 . . .
) ) by sin ¢po — sin 3 + by sin(py + ¢3) > 0
3. Auy — | SN @sFsings C‘SS(¢1 F92403) |l cos(y + éa + éa)
0 cos(¢1 + ¢5) — cos(ds — ¢g) >0

sin o (cos(d1 + ¢5) — cos(dz — P4))



by sin @1 — sin ¢3 + by sin(¢p1 + ¢3)

sin (]53 + sin (]53 C88(¢1 + ¢2 + ¢3) by sin (bl — sin ¢3 + by sin(¢1 + ¢3) >0
4. Auy = 0 = ¢ 1> —cos(¢1 + ¢2 + ¢3)
0 cos(¢1 + @3 + ¢5) — cos g > 0

sin ¢y (cos(¢1 + @3 + ¢5) — cos Py)
b3 sin g — sin ¢4 + by sin(pz + Pa)

. . 0 ) bz sin ¢po — sin ¢y + by sin(pz + ¢4) > 0
5. Aus = sin ¢4 + sin(pa + ¢4) CO%(¢1 + ¢3) — sin ¢ cos @5 = 4 sin ¢4 (1 + cos(p2 + ¢a)) + sin(¢p2 + d4)(cos(p1 + ¢3) — «
sin ¢ (cos(¢1 + ¢5) — cos(p3 — P4)) cos(p1 + ¢5) — cos(d3 — ¢4) > 0
0

by sin ¢1 + by sin g5 — sin(¢p1 + ¢s5)
Sin(¢1 + ¢5) + sin ¢1 COS(¢2 + ¢4) + sin ¢5 COS(¢2 + QSS) b3 sin ¢1 + by sin ¢5 — Sin((bl + ¢5> >0

0 = { sin ¢y (cos g5 + cos(p2 + @q)) + sin ¢5(cos @1 + co

6. Aug = .
sin g1 (cos(¢1 %3 95) = cos du) cos(¢1 + d3 + ¢5) —cospg >0

0

The conditions (Aug)g > 0 and (Auyg)s > 0 combined lead to the inequality ¢1+ ¢34+ @5 < pg. It follows
that ¢1 + ¢o + @3 + 5 < d2 + ¢4 < 7. In particular, @1 + ¢ + ¢p3 < 7 and cos ¢ > — cos(¢1 + ¢3),
cos ¢1 > — cos(pa + ¢3). Our assumption ¢o + ¢4 + ¢5 < 7 leads also to cos g5 > — cos(pa + P4).

If we insert the values by = cos ¢o, by = cos ¢1, bg = cos ¢5 into the inequalities involving the vari-
ables b;, then they are all fulfilled automatically. Hence b; are equal to these values by the irreducibility
condition with respect to N/6.

Parametrization

We arrive at the parametrization

1 -1 -1 cos(¢2) cos(¢1) cos ¢
-1 1 1 —cos(¢a)  cos(¢a + ¢3) cos(¢ + ¢a)
B -1 1 1 cos(¢p1 + ¢3) — cos(¢1) —cos(¢s) (1)
cos(pz)  —cos(p2)  cos(¢r + ¢3) 1 — cos(¢s) —cos(¢a)
cos(p1) cos(¢pz +¢3)  —cos(¢1) — cos(¢3) 1 cos(p1 + ¢s)
cos¢s  cos(pz2 + pa)  —cos(es) —cos(¢s)  cos(¢1 + ¢s5) 1

with ¢; € (0,7), ¢2 + ¢4+ ¢5 <, P1 + ¢34+ 5 < P4.

Copositivity / Absence of other minimal zeros

Copositivity of A will be checked by the criterion in Theorem 4.6 of [1]. For each index set I C
{1,...,6}, of cardinality not smaller than 3 and not containing a known minimal zero support,
we have to find a vector v € R® with at least one positive element such that supp(u) C I C
suppsg(Au) or show that the submatrix A; is copositive. For index sets of cardinality three this
reduces to checking an inequality on the corresponding angles. We have to consider the index sets
(2,3,4),(2,3,5),(1,4,5),(2,3,6),(1,4,6),(3,4,6),(1,5,6),(2,5,6), (4,5,6),(1,4,5,6). All inequalities
for triple sets fulfilled strictly:

L I=(234):po+m—1 —p3 20,1 —p1 —p3 > 0=> o+ 7 — 1 — 3 > 0
2. 1=(2,35):mT—¢2— 3+ 91 >0, 1T =2 —¢p3>0=>7— ¢ — p3+¢1 >0
3. I=(1,45):m—¢1 — P2+ s> 0,04 > 1 =>T—p1 — P2+ s >0



4. 1=1(2,3,6):m—¢po—pa+ 5 >0,m —po —pg > 0=>7 — po — o4 + ¢5 > 0
5. I =(1,4,6),(1,5,6) C (1,4,5,6) Inequalities fulfilled strictly
6. I =1(3,4,6): =1 — 3+ 5+ s > 0,04 > =1 — 3 => =1 — 3+ 5+ ¢4 > 0

7.1 =(2,56) :m—¢o—ps+T—a— s — 1 —5 > 0,71 —pog —Ps+ 7T — o —psy > 0 =>
T— ¢ —P3+T— o — s —p1 — ¢5 >0

8. I=(4,5,6):¢3+ s — 1 — 5 > 0,04 > —p1 — o5 => P34+ P4 — 1 — ¢5 > 0

I=(1,4,5,6):u=-e4+es
cos(¢2) +cos(¢1) > 0=> o+ ¢1 <, ¢1 < Pa, P2+ Pa <
cos(¢1 + ¢5) — cos(Pyg) > 0 => ¢y + ¢5 < ¢4 This proves copositivity.
All angle inequalities are satisfied strictly and the vector u in the last case is not positive. Hence

there are no additional minimal zeros.

Extremality

We use the extremality criterion Theorem 17 point 5 in [2]. The matrix A is extremal whenever every
matrix B satisfying (Bu;),; = 0 whenever (Au;); = 0 is proportional to A. Let us consider the elements

(Au;);.

The following elements are always zero:
(Aur)12,3.4, (Auz)1,2356, (Aus)2as, (Aua)sas, (Aus)2ae, (Aue)isse- (2)
The following elements may become zero: If ¢ + ¢4 + ¢5 = 7, then
(Auq)e = (Aus); = 0.
If g1 + @3 + ¢5 = ¢4, then
(Aug)s = (Aug)s = (Aus)s = (Aug)s = 0.
The following elements are always positive:

(Auq)s, (Auz)s, (Auz)1 3, (Aug)12, (Aus)s, (Aug)a.

We now use relations (2), which translate to corresponding relations on B. Consider the face of A.
For every B in this face there exist matrices P, Q € Si such that X = FPFT,Y = GQG" with

bao % bas bas b f2 sin(¢2 + ¢3) 0
* b3z b3g  bss * f3 U32f2 + U34f4 + U35f5 =0 sin ¢1 — sin(¢1 + ¢)2 + ¢3)
X =|0baa bag baga bas bag |, F=|fa|, usofo+usafs+usefsg=0 ,F= — sin ¢3 — sin ¢
bs2  bsz bsa bss ok 5 Uas f3 + Uaa fa + uas fs = 0 0 sin(¢2 + ¢3)
b2 * bea * bes fe sin(¢z — ¢4) sin(¢2 + ¢4)
bir bz biz bis big g1 —sin ¢y 0
bar bay bag % % g2 ug3gs + uesgs + ussgs = 0 sin ¢ 0
Y =031 beg bzz b3s b3 |,G=]g3|,{91=—93 ,G = sin ¢ 0
bis  *  bsz bss bse g5 g =—q 0 sin ¢
bis  * bez bes bes g6 —sin(¢y + ¢5)  —sin s
Here we used all of (2) except (Buq)q = 0, which determines b4 = —bay by an element of X.
Hence equations (2) describe all elements of B by elements of X, Y, or equivalently, P, Q). Elements
T22 = Y22
L33 = Y33
of B which appear in both X,Y yield linear relations on the elements of P,Q. { w53 =y53  yields
Ts5 = Ys5
Te6 = Yoo



the system

sin?(¢g + ¢3) 0 0 sin? ¢, 0 0
sin? ¢4 —2sin ¢y sin(py + Ppa + ¢3) sin?(p1 + ¢ + b3) sin? ¢ 0 0
0 sin ¢y sin(¢o 4 ¢3) —sin(¢y + ¢ + ¢3) sin(¢a + ¢3) 0 sin? ¢, 0
0 0 sin?(¢g + ¢3) 0 0 sin? ¢y
sin®(¢3 — ¢a)  2sin(¢s — da)sin(¢a + Ba) sin® (2 + b4) sin®(¢1 + ¢5)  2sin(dr + ¢5)sings  sin® ¢,

Let us assume that the solution B is such that Bss = 0, which can always be achieved by adding a
multiple of the solution A. Then pas = go2 = 0. Eliminating the corresponding columns and the zero
row from the coefficient matrix, we arrive at a 4 x 4 matrix whose determinant is proportional to

(sin® g1 —sin®(Pa+¢3)) (sin(ps—da) sin(pa+s) sin 1 —sin(p1+¢s) sin @ sin(po+d3))+sin(d1+pa+¢s) (sin® ¢y sin®(p3—¢a) —sin’

This is further proportional to
(sin(¢a+3) cos(pa+¢3)+sin ¢y cos 1) (cos® (¢14¢s)—sin’ (¢1+¢s)+sin’ (¢3—ds)—cos® (P3—p4))+2(sin® ¢y —sin®(do+¢3)) (sin(g

and (sin 2(¢g + ¢3) + sin 2¢1)(cos 2(p1 + ¢5) — cos 2(Pps — ¢4)) + (cos2(P2 + ¢3) — cos 2¢1)(sin 2(p1 +
@5) +8in2(ps — ¢4)) = siné; + sin&s + sin s + sin &y, where

&1 =2(—01 — ¢33+ Pa), &2 = —2¢5, £33 = —2(P2 + da), &4 = 2(d1 + P2 + D3 + P5).

The angles ¢ are linked by the relation ), & = 0 and the quadruple (&;,...,&s) is located in the
simplex with vertices

’/T(Oa 07 Oa O)’ ’/T(Oa Oa 72’ 2)7 ﬂ(la 717 *13 1)7 ’/T(2, Oa 727 O)

But sin(¢p +9) —sing > siny —sin(¢p — ) if o+ < <21 —p, p > 0, 6 > 0. We have equality only
ifd=0o0r vy =2m—¢orify =p+J. Hence in the interior of the simplex the system of equations is
non-degenerate and the matrix A is extremal.

If ¢ + ¢4 + ¢p5 = 7™ or ¢1 + ¢P3 + ¢p5 = P4, then the determinant is zero and the last row of the
coefficient matrix is a linear combination of the first 4 rows, which are always linearly independent.
Then we have other equalities on B, however.

Consider the case ¢o + ¢4 + ¢5 = m. Then bog appears at the corresponding place in Y and
b2 8in ¢y + by sin(ds + ¢a) + bigsin gy = g1Qg3 sin sy — foP [ sin(ds + ¢4) + 91Qg¢ sin o = 0. This
yields the two additional rows

sin(¢a + ¢3) sin(¢s — Pq) sin(¢a + ¢3) sin(p2 + d4) 0 — sin ¢y sin(¢p1 + ¢5) — sl
—sin(¢y + ¢3) sin @z sin(dy + ¢a)  —sin(¢z + ¢3) singasin(¢ga + ¢a) 0 —sin® ¢y sin gy + sin ¢y sin(¢y + ¢s)singy  singy

Nevertheless, these rows are linearly dependent on the previous 4 rows. Hence the corresponding
matrices A are not extremal.

Consider the case ¢1 + ¢3 + ¢5 = ¢4. Then the elements bgz, bgs appear in X, and we have
bag sin(¢y + ¢5) + bas sin @5 + bag sin ¢y = f3PfI sin(¢y + ¢5) + faPfL sin g5 + f4PfI sin gy = 0. This
yields the three additional rows

sin ¢ sin(dz — ¢a) sin ¢y sin(ga + ¢4) — s
0 sin(¢s +
—sin ¢y sin g3 sin(¢1 + ¢5) — sin gz sin(pz — ¢4)singy  sin(dy + P2 + ¢3) sin gz sin(¢P1 + ¢5) — sin ¢y sin Po sin(Py + ¢5) — sir

These rows are also linearly dependent on the previous 4 rows. Hence the corresponding matrices A
are not extremal.

Result

In Case 8 the extremal matrices with unit diagonal are given by (1) with ¢1,...,¢5 > 0, ¢1+ P35+ 5 <
@4, G2+ P4+ ¢5 < 7, as well as those obtained by the index transformation (123456) — (132546).
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