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We give a nonlinear inverse method for seismic data recorded in a well from sources at
several offsets from the borehole in a 2D acoustic framework. Given the velocity field,
approximate values of the impedance are recovered. This is a 2D extension of the 1D inver-
sion of vertical seismic profiles [18]. The inverse problem generates a large scale undeter-
mined ill-conditioned problem. Appropriate regularization terms render the problem well-
determined. An interlocked optimization algorithm yields an efficient preconditioning. A
gradient algorithm based on the adjoint state method and domain decomposition gives a
fast parallel numerical method. For a realistic test case, convergence is attained in an
acceptable time with 128 processors.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

Recovering structural and quantitative information about the crust composition is a fundamental problem in industrial
applications including seismic prospecting and CO2 storage monitoring. Since direct measurements only give very local
information, seismic imaging methods are based upon indirect measures of the subsurface parameters obtained with mea-
surements of acoustic probes. One measures the subsurface response to an impulse at the ground surface. The impulse is
generated by seismic sources called the illuminating wave. This source field propagates through the subsurface and under-
goes reflection, refraction, diffraction, transmission and attenuation. These interactions between waves and subsurface are
governed by the subsurface physical properties. Traditionally, receivers located hundreds of meters from the sources record
the reflected signal at the ground surface. The recordings constitute the seismic data. Seismic imaging inverse methods pro-
cess this data in order to estimate the geophysical subsurface parameters. Given a seismic wave propagation model, the esti-
mated parameters must reproduce as accurately as possible the data that have been recorded. Typical lengths of
investigation can reach several kilometers in depth and in lateral directions.

Such seismic imaging methods have been intensively used and improved during the last three decades. The most fre-
quently used ones are ‘‘linear’’ inverse methods. Denote by m the subsurface parameters that have to be estimated. The wave
propagation model is linearized around a smooth approximation m0 of m, and an estimation of a perturbation dm is sought,
such that m �m0 + dm. This linearization relies on the assumption that the part of the recorded signal that depends nonlin-
early on dm can be neglected. Given a prior estimation of the seismic source, these methods result in a linear least squares
problem which can be efficiently solved. They provide quantitative estimates of the subsurface parameters with a spatial
resolution (that is to say the smallest length scale resolved) reaching about 25 m [6].
. All rights reserved.
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These linear inverse methods are faced with two important difficulties:

� determining a sufficiently accurate background estimation m0 can be difficult or impossible;
� for strongly heterogeneous media, the part of the seismic signal depending nonlinearly on dm increases, rendering the

linearization inappropriate.

In these two cases, the wave propagation model is not likely to give a good interpretation of the seismic data. As a result,
the approximation for dm is not satisfactory [9,10].

This leads one to try to solve the inverse problem without the linearization approximation. There is evidence that this can
alleviate these two difficulties, and even increase the resolution of the resulting method [11,12]. Unfortunately, in this case,
another difficulty arises, related to the accuracy of the estimation of the seismic source. While the linearized inverse problem
is not sensitive to an error on the source estimation, the nonlinear inverse problem is. This results in the impossibility of
inverting ground surface seismic data with the nonlinear method.

Another type of imaging method, called vertical seismic profile inversion, was introduced in the 80s [18]. For this method,
receivers are placed in a vertical well instead of being located at the ground surface. This configuration provides an interest-
ing advantage. When receivers are located at the ground surface, they record only reflected signals. When they are located in
a well below the sources, the receivers record both direct and reflected signals. The resulting data contain non negligible
information from the illuminating wavefield that has directly passed through the substrate. This method can simultaneously
recover the illuminating wavefield and the subsurface parameters from the data. The illuminating wavefield thus becomes
an unknown. This opens the door to attacking the fully nonlinear problem.

Such a method was first implemented by Macé and Lailly in a 1D aoustic wave propagation problem [18]. The subsurface
is described by two parameters: the acoustic impedance I(z) and the seismic wave velocity c(z). The latter is first estimated
from arrival times. The method then recovers approximate acoustic impedance values. For the 1D problem, the shallowest
receiver records a signal h(t) corresponding to a Dirichlet boundary condition for a 1D wave propagation model starting at
the depth z1 of the first receiver. The method consists in finding the acoustic impedance model I(z) from the depth z1 and the
Dirichlet condition h(t) that minimizes the misfit between the data and the model prediction. The problem is proved to be
well-posed, and the impedance model is uniquely determined up to a multiplicative constant [3,4]. The method is stable and
robust even with highly noise-corrupted data. In addition, the impedance estimation shows an excellent vertical resolution,
which suggests the interest of solving the fully nonlinear problem.

However, the 1D propagation assumption is not realistic, and the acoustic impedance estimation in only valid in the vicin-
ity of the well. Therefore, extending this 1D nonlinear seismic imaging method to a multidimensional framework is an
attractive idea. Such an extension could lead to the estimation of subsurface parameters within a zone around the well.
The present paper proposes an implementation of such an extension. A 2D acoustic wave propagation problem is investi-
gated. As in 1D, the subsurface is described by the wave velocity and the acoustic impedance. On the basis of an assumed
known velocity field, the method aims at recovering the 2D acoustic impedance.2 Walkaway data is used. Seismic sources
are placed at different offsets from the borehole in order to illuminate horizontal variations of the medium. For each location
of the source, the particle displacement velocities are recorded by an array of receivers in a well. This extension to a 2D
framework of the originally 1D method raises two main difficulties.

� The 2D inverse problem is undetermined and requires additional a priori information on the unknowns.
� For realistic applications, the 2D inverse problem results in a large scale ill-conditioned nonlinear minimization problem

for which an appropriate numerical method has to be constructed.

In [21], we mainly focused on the first of these two problems and proposed suitable regularization techniques. Here we
focus on the second problem. The numerical method involves an interlocked optimization algorithm based upon an external
quasi-Newton loop used to estimate the impedance, together with a conjugate gradient inner loop, used for the computation
of the Dirichlet condition. The algorithm requires a fast determination of the gradient of the misfit function. The adjoint state
approach is used together with a domain decomposition method to yield a parallelizable algorithm. The efficiency of this
numerical method is evaluated on a realistic test case, with synthetic data. The results are encouraging.

� They show satisfactory convergence of the method in a reasonable time.
� The 2D acoustic impedance distribution is estimated with a high resolution within a 200 m and 3 km depth rectangle

around the well.

The article is organised as follows. In Section 1, the 2D inverse problem is described in detail. In Section 2, the numerical
method used to solve this inverse problem is presented. In Section 3 the results of the test case are exposed.
2 This assumption is important. The determination of the wave velocity field from seismic data is a fundamental problem with its own methods [28]. We
assume an approximation for c(x) is available and focus on determining I(x).
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2. Inverse problem definition

2.1. Forward problem

2.1.1. Definition of the walkaway data
An array of Q receivers is placed in a vertical well drilled from the ground surface z = 0. For the sake of simplicity, the

horizontal location of the receivers is set to x = 0. Their vertical locations are denoted by zq, 1 6 q 6 Q. In order to collect
information about lateral variations, a seismic source is placed at different offsets from the borehole. For each offset, the
receivers record the displacement velocity vector, during a time 0 6 t 6 T. The total number of offsets is denoted by S. An
example of such a configuration is displayed on Fig. 3. In a 2D framework, the total dataset (also called walkaway dataset
in geophysics) is thus composed of 2 � S � Q functions Ds;q

x ðtÞ and Ds;q
z ðtÞ, giving the vertical and the horizontal velocity dis-

placement, for the shot number 1 6 s 6 S and the receiver number 1 6 q 6 Q.
Datasets corresponding to a single shot s are denoted by Ds(t) for example
DsðtÞ ¼ Ds;q
x ðtÞ; Ds;q

z ðtÞ; q ¼ 1; . . . ;Q
� �

ð1Þ
and the total walkaway dataset is denoted by D(t),
DðtÞ :¼ DsðtÞ; 1 6 s 6 S
� �

ð2Þ
2.1.2. Acoustic wave equations
Is is assumed that the seismic wave propagation can be described by the 2D acoustic wave equations. This amounts to

neglecting surface waves and shear-waves (S-waves) propagating in the subsurface, and only retaining pressure waves
(P-waves). The subsurface is described by the acoustic impedance I(x) and the wave velocity c(x), where x = (x,z) is the
2D vector of spatial coordinates. It is also assumed that a good approximate value of c(x) is available. The aim of the method
is to recover an approximation for the acoustic impedance I(x). Then, the modelisation problem consists in computing the
signal recorded by the receivers for a given acoustic impedance model I(x) and an illuminating wavefield corresponding
to a Dirichlet pressure condition at the depth of the shallowest receiver, denoted by h(x, t). It should be emphasized that
the propagation of seismic waves is not simulated from the ground surface z = 0, for a given source, but from the depth
of the shallowest receiver z = z1, for a given pressure wavefield at this depth. Thus, the entries of the modelisation problem
are an acoustic impedance model, and a Dirichlet boundary condition corresponding to the illuminating wavefield at depth
z = z1. These boundary conditions shall be referred to as ‘‘pressure conditions’’ in the sequel.

The corresponding equations for the pressure wavefield p(x, t) in the half-space R� ½z1;þ1½�½0; T� are
@ttpðx; tÞ � cðxÞIðxÞdiv cðxÞ
IðxÞ rpðx; tÞ
� �

¼ 0

pðx; z1; tÞ ¼ hðx; tÞ

(
ð3Þ
2.1.3. Absorbing boundary conditions
Although these equations are defined in the half-space R� ½z1;þ1½, the computational domain is necessarily bounded.

Avoiding fictitious reflections implies to define absorbing boundary conditions at the boundaries of the computational do-
main. The PML (Perfectly Matched Layers), introduced by Bérenger for the 2D Maxwell equations [5], are chosen. The prin-
ciple of this method is to surround the computational domain with a layer in which incident waves decay. Let O be the initial
computational domain:
O ¼ ½�a; a� � ½z1; zmax� ð4Þ
Let l 2 R be the layer width. The actual computational domain then becomes
X ¼ ½�X; X� � ½z1; Z�; with X ¼ aþ l; Z ¼ zmax þ l ð5Þ
The Bérenger PML method is designed for hyperbolic systems. The Eq. (3) are thus rewritten as an order 1 in time system
involving the pressure wavefield p(x, t) and the displacement velocity vector u(x, t). Then the pressure field p(x, t) is split into
two fields px(x, t), pz(x, t) such as p = px + pz and absorption coefficients rx(x), and rz(z) are introduced (respectively in direc-
tions x and z). The corresponding PML system is:
IðxÞ
cðxÞ @tuxðx; tÞ � @xpðx; tÞ þ rxðxÞ IðxÞ

cðxÞuxðx; tÞ ¼ 0
IðxÞ
cðxÞ @tuzðx; tÞ � @zpðx; tÞ þ rzðzÞ IðxÞ

cðxÞuzðx; tÞ ¼ 0
1

IðxÞcðxÞ @tpxðx; tÞ � @xuxðx; tÞ þ rxðxÞ
IðxÞcðxÞ pxðx; tÞ ¼ 0

1
IðxÞcðxÞ @tpzðx; tÞ � @zuzðx; tÞ þ rzðzÞ

IðxÞcðxÞ pzðx; tÞ ¼ 0

8>>>>>><>>>>>>:
ð6Þ
with the boundary conditions
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ðpx þ pzÞðx; z1; tÞ ¼ hðx; tÞ; ðpx þ pzÞð�X; z; tÞ ¼ 0
ðpx þ pzÞðX; z; tÞ ¼ 0; ðpx þ pzÞðx; Z; tÞ ¼ 0

�
ð7Þ
and null initial conditions.
The absorption coefficients rx(x), rz(z) are set to zero in the interest domain O and grow polynomially from the interface

between O and the PML layer, toward the external border of the PML layer. They are chosen as in Hu [15].
A mathematical study of these equations has been achieved in [19]. An augmented system composed of the initial vari-

ables and their first order spatial derivatives is shown to be well-posed. Based on this system, energy estimates for the initial
variables are computed. They show that the stability of the solution is ensured under regularity assumption over initial and
boundary conditions. In the sequel, the pressure condition h(x, t) is considered to be in Hq(R), with R = [�X;X] � [0,T], and
q 2 N large enough for this regularity assumption to be met.

2.1.4. Definition of the forward problem
The forward problem is defined on the basis of Eqs. (6), (7). A first operatorM1ðI;hÞ associates to one pressure condition

h(x, t) and one acoustic impedance model I(x) the solution of these equations:
M1 : ðI; hÞ ! Uðx; tÞ ¼ uxðx; tÞ;uzðx; tÞ;pxðx; tÞ;pzðx; tÞð Þ
H1ðXÞ � HqðRÞ ! H1ðX� ½0; T�Þ4

ð8Þ
with ux(x, t), uz(x, t), px(x, t), pz(x, t) are solutions of (6), (7).
Let M2ðUÞ be the so-called observation operator, mapping an arbitrary U(x, t) into the data space:
M2 : Uðx; tÞ ! uxð0; zq; tÞ; uzð0; zq; tÞ; q ¼ 1; . . . ;Q
� �

H1ðX� ½0; T�Þ4 ! H1ð0; TÞ2Q ð9Þ
The modelisation operator MðI;hÞ is defined as the composition of these two operators:
M : ðI;hÞ ! M2 �M1ð ÞðI;hÞ
H1ðXÞ � HqðRÞ ! H1ð0; TÞ2Q ð10Þ
From this modelisation operator, it is possible to define the 2D inverse problem.

2.2. Inverse problem

2.2.1. An undetermined inverse problem
Let Hðx; tÞ be the vector containing the S pressure conditions associated to the S datasets acquired for each offset:
Hðx; tÞ ¼ h1ðx; tÞ; . . . ; hSðx; tÞ
n o

ð11Þ
The 2D inverse problem is the following: for a given walkaway dataset D(t), find a couple IðxÞ;Hðx; tÞ
� �

such as
IðxÞ;Hðx; tÞ
� �

¼ arg min
I;H

JðI;HÞ; ð12Þ
where JðI;HÞ ¼ 1
2

PS
s¼1kMðI;h

sÞ � Dsk2.
The function JðI;HÞ is the so-called seismic misfit function. Note that JðI;HÞ is defined as a sum of S misfits functions, each

one corresponding to data acquired for one source position. The choice of the norm k�k involved in the definition of JðI;HÞ
reflects the prior knowledge about uncertainties on the dataset D(t). In the present case, a L2 norm may simply be chosen,
which suggests that a Gaussian noise corrupts the data. More relevant choices could possibly be made depending on appli-
cations and available data [27].

In 1D, the inverse problem (12) is well-posed. The dataset is composed of a single shot, and due to the specificity of well-
seismic data acquisition, it contains all relevant information about both the pressure condition h(t), and the acoustic imped-
ance I(z) [3,4]. However, in 2D, this problem becomes severely undetermined, notably because the data contain information
about h(x, t) only in x = 0, where it is recorded. The number of unknowns and coupling effects between h(x, t) and I(x) on the
seismic response make the inverse problem (12) ill-posed. Consequently, regularization terms should be included in the
function JðI;HÞ, in order to take into account all the prior information that can be provided to the solution.

2.2.2. Introducing regularization terms
First, the method is restrained to heterogeneous subsurfaces varying slowly along the x direction. A regularization term of

the form e
2 k@xIðxÞk2 can thus be used.

However, this information about the impedance model regularity is not sufficient: regularity information about the pres-
sure conditions is also needed. As it has already been mentioned, each of these pressure conditions is associated to a dataset
acquired for a particular offset of the source. Consequently, they present hyperbolic patterns in their definition space (x, t)
(Fig. 1 left). Since prior determination of these hyperbolic patterns is a difficult issue, an alternative method has to be found



Fig. 1. Pressure conditions corresponding to data acquired with a single source at the ground surface (left) and after slant stacking (right).
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to get prior information on pressure condition regularity. Instead of processing directly the walkaway data, a Radon trans-
form is applied to the data [24]. This process has been introduced by Claerbout in geophysics as slant-stacking [8]. It trans-
forms the datasets associated to each offset to datasets corresponding to the propagation of quasi-plane waves, through
appropriate linear combination of time shifted data. The time shift governs the propagation angles of the quasi-plane waves.
For these latter, the pressure conditions present regularity along a direction cs which can be computed from the propagation
angle of the quasi-plane waves (Fig. 1 right).

A modified walkaway dataset is thus obtained bDðtÞ ¼ bDsðtÞ; s ¼ 1; bSn o
. It corresponds to the propagation of bS quasi-plane

waves.3 Consequently, the regularization terms e
2 kcsrhsðx; tÞk2

; s ¼ 1; bS are included in the misfit function.
This point is particularly crucial for defining a well-determined inverse problem. The interested reader is referred to [21]

for more details.
2.2.3. The regularized inverse problem
The regularized function JeðI;HÞ is defined by
3 Cho
JeðI;HÞ ¼ 1
2

XbS
s¼1

kMðI;hsÞ � bDsk2 þ e1

2
k@xIðxÞk2 þ e2

2

XbS
s¼1

kcs:rhsðx; tÞk2
; ð13Þ
where e ¼ ðe1; e2Þ 2 R2 are the regularization weights. These weights reflect the relative confidence over the three following
information sources:

� seismic information;
� a priori regularity information over acoustic impedance I(x);
� a priori regularity information over pressure conditions hs(x, t).

In practice, these weights are determined by a trial and error approach. An acceptable balance between the three different
sources of information at the optimum is sought. This corresponds to the assumption that an uncorrelated Gaussian noise
corrupts the three sources of information in a comparable way.

The final nonlinear inverse problem to be solved is:
min
I;H

JeðI;HÞ: ð14Þ
Thanks to the regularization terms, this problem is expected to be well-determined. No mathematical proof is currently
available: this a difficult issue to address. However, a theoretical justification is proposed by the authors in [21]. Moreover,
numerical experiments show that meaningful solutions to problem (14) can be computed. The numerical method set up to
solve this problem is presented in the next section.
3. Numerical method

3.1. Main difficulties

Some elements about the discretization of problem (14) are first discussed. From the geophysical application point of
view, the main motivation of this work is to propose an inverse method which yields a high resolution impedance estima-
tion. This leads naturally to use fine discretization grids. This has two major consequences.
osing bS ¼ S should ensure no information loss in the slant stacking process.
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� Second order discretization schemes suffice to reach acceptable accuracy.
� The number of discrete unknowns becomes rapidly tremendous when the method is applied to real problems.

Therefore, the discretization of the forward problem Eqs. (6), (7) is made through a second order Yee scheme [29]. For the
test case presented in the next section, this turns out in the definition of approximately two millions discrete data and sev-
eral hundred thousand discrete unknowns. Thus, an efficient solving numerical method is required.

Another difficulty also arises: the inverse problem (14), though well-determined, is ill-conditioned. This mainly comes
from the fact that two different kind of unknowns are estimated simultaneously: pressure conditions and acoustic imped-
ance. The considerable differences in numerical sensitivities of these two kind of unknowns result in an ill-conditioned prob-
lem, for which conventional optimization methods fail to converge.

The method presented here is set up to overcome these two difficulties. It takes advantage of the quadratic dependence of
function JðI;HÞ with respect to Hðx; tÞ, and acts as an efficient pre-conditioning of problem (14). In addition, a fast algorithm
for the computation of the gradient is set up. Convergence can thus be reached within an acceptable time on a cluster based
computer. These two aspects of the numerical method are presented in the following subsections.

3.2. Optimization algorithm

3.2.1. Choice of an optimizer
Newton methods. For large scale differentiable minimization problems, the most commonly used methods are the quasi-

Newton algorithms, deriving from the well-known Newton algorithm. Their principle is recalled briefly. The Newton algo-
rithm is defined as follows: for a positive real valued function f(x) the problem minx2Rn f ðxÞ is solved by generating a sequence
of iterates xk, from a starting point x0, such as xk+1 = xk � a(M(xk))�1rf(xk), where a 2 R, and M(xk) = f00(xk).

The matrix M(x) is known as the Hessian matrix of function f(x), and the vector M�1(xk)rf(xk) is the Newton descent direc-
tion. The role of the coefficient a is to guarantee theglobal convergence of the algorithm. Different types of linesearch or trust
region methods lead to as many different definitions [13].

Quasi-Newton methods. For large scale problems, direct computation of M(xk) should be avoided. Quasi-Newton methods
handle this difficulty replacing (M(xk))�1 by an approximation C(xk). This approximation is built from a starting matrix
(which can be identity) and an update formula based on the gradient rf(xk). Different update formulas lead to different
quasi-Newton methods. Among them, the BFGS method (from the name of its conceivers Broyden, Fletcher, Goldfard,
Shanno) [25] has proved to be very efficient, for numerous applications. In addition, this method has been adapted to
very-large scale problem, in order to reduce storage and computation cost of the approximation matrix C(xk). This defines
the l-BFGS algorithm, for which only the last l previous steps are used and stored to compute the approximation matrix C(xk).

Although this algorithm seems to be adequate to solve problem (14), it turns out that it is quite inefficient when applied
to the minimization of function JðI;HÞ. The different numerical sensitivities of pressure conditions and acoustic impedance
makes problem (14) ill-conditioned, and the l-BFGS algorithm fails to converge. Therefore, another method has to be defined.

3.2.2. Interlocked optimization algorithm
Basic ideas. The interlocked optimization method proposed here is based upon the decoupling of the minimization process

over the two kinds of unknowns (pressure conditionsHðx; tÞ and impedance model I(x)). This decoupling is motivated by the
fact that JeðI;HÞ depends quadratically on the pressure conditions Hðx; tÞ, what may be called a ‘‘weakly nonlinear’’ depen-
dency, while it depends ‘‘strongly nonlinearly’’ on the impedance model I(x). From there comes the idea to use a conjugate
gradient algorithm to estimate the optimal pressure conditions, while the l-BFGS algorithm may only be used for the optimal
acoustic impedance model. Moreover, the interlocked algorithm shall not require any further computations than the previ-
ous one: the computation of rJeðI;HÞ should be sufficient to ensure the convergence of the interlocked algorithm.

Method definition. On the basis of these observations, problem (14) is rewritten as
min
I
eJeðIÞ; where eJeðIÞ ¼ JeðI;HðIÞÞ; and HðIÞ ¼ arg min

H
JeðI;HÞ ð15Þ
The gradient of eJeðIÞ is obtained straightforwardly from the gradient of the function JeðI;HÞ : eJ0 eðIÞ ¼ @IJ
e

ðI;HðIÞÞ þ @HJeðI;HðIÞÞ � @IHðIÞ.
Since @HJeðI;HðIÞÞ ¼ 0 from the definition of HðIÞ, it comes that
eJ0 eðIÞ ¼ @IJ

eðI;HðIÞÞ: ð16Þ
In addition, if the function JeðI;HÞ is rewritten formally as
JeðI;HÞ ¼
XbS
s¼1

kFðIÞ � hs � bDsk2 þ e1k@xIk2 þ e2

XS

s¼1

kGs � hsk2
; ð17Þ
where F(I) and Gs are linear applications acting on hs, the computation ofHðIÞ for a given I(x) consists in solving the bS normal
equations
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FðIÞT FðIÞ þ e2ðGsÞT Gs
� �

hs ¼ FTðIÞbDs; s ¼ 1; bS: ð18Þ
For a given s 2 N, the application of the conjugate gradient method to solve the linear system (18) requires the computation
of the right-hand side
FTðIÞbDs ¼ @hs JeðI;0Þ ð19Þ
and the matrix-vector products
FðIÞT FðIÞ þ e2ðGsÞT Gs
� �

hs ¼ @hs JeðI;HÞ � @hs JeðI; 0Þ ð20Þ
Thus, the computation of @hs J
eðI;HÞ; s ¼ 1; bS is sufficient to obtainHðIÞ through the conjugate gradient algorithms. Therefore,

the interlocked optimization algorithm may only require the computation of rJeðI;HÞ at each iteration. It is conceived as
follows: the function eJeðIÞ is minimized over the impedance model I(x) with an l-BFGS method, which requires the compu-
tation of @IJ

eðI;HðIÞÞ. At each iteration of the l-BFGS method, the computation of HðIÞ is performed by bS successive conjugate
gradient runs.

Preconditioning the conjugate gradient. It is possible to improve and speed-up the convergence of this algorithm by pre-
conditioning the linear systems solved in the inner conjugate gradient loop. The preconditioners are computed together with
the solutions of the linear systems, each time the conjugate gradient is applied to the optimal pressure conditions HðIÞ, and
then used for the preconditioning of the linear systems arising on the next iteration of the l-BFGS outer loop. These precon-
ditioners are computed as the l-BFGS approximations of the inverse Hessian matrix of the quadratic function associated to
the linear system. The software N1CG1 provides an implementation of such a conjugate gradient algorithm, which yields
simultaneously the solution of a linear system and a preconditioner for a similar linear system [14]. Concerning the l-BFGS
method, among numerous available l-BFGS algorithms, we chose the one proposed by Nocedal et al. [22], for its robustness,
and its ability to propose bound constraints. These latter are important in this problem: impedance values have to remain
strictly positive, unless the numerical solution of the forward problem diverges.

The interlocked algorithm is summarized below (Algorithm 1). This algorithm ensures convergence to a solution of prob-
lem (14). The decoupling between pressure conditions and impedance model acts as a preconditioning of the global problem.
However, the convergence must be reached within an acceptable computational time. The most time-consuming part of the
interlocked algorithm is the computation of the gradient rJeðI;HÞ, thus it is fundamental to design a fast algorithm to com-
pute it. This is presented in the next section.
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3.3. Fast gradient algorithm

3.3.1. Adjoint state method
Definition of the Lagrangian operator. The function JeðI;HÞ is composed of three terms. Fast and reliable computation of the

gradient of the regularization terms e1
2 k@xIk2 and e2

2 kcs � rhsk2; s ¼ 1; bS is straightforward. The main difficulty comes from
the computation of the gradient of the seismic misfit function JðI;HÞ.

Direct computation of rJðI;HÞ implies computation of the forward operator jacobian matrixes @IMðI;hsÞ and @hsMðI;hsÞ.
Due to the tremendous number of discretes unknowns, the storage and the computation of these matrices should be strictly
avoided.

The adjoint state method provides a useful and efficient alternative gradient computation method. This method has been
introduced by Lions for the optimal control of systems governed by PDEs [17], and Chavent for identification of distributed
parameters [7]. An overview of its application to geophysics is given in [23]. This technique has been also introduced by Le
Dimet and Talagrand in data assimilation for oceanography and climatology [16]. An application of this method to problem
(14) is presented in this section.

Let Js(I,hs) be the function measuring the seismic misfit over the sth dataset,
JsðI; hsÞ ¼ kMðI; hsÞ � bDsk2
; JðI;HÞ ¼

XbS
s¼1

JsðI;hsÞ ð21Þ
The adjoint state method is applied to the computation of the gradientrJs(I,hs). ThenrJðI;HÞ is easily obtained by summing
the bS resulting gradients. In what follows, the subscript s is dropped in order to alleviate notations. Eqs. (6), (7) are put into
the form FðU; I;hÞ ¼ 0. Define GðUÞ as
GðUÞ ¼ 1
2
kM2ðUÞ � Dk2

; for U 2 L2 X� ½0; T�ð Þ4 ð22Þ
and introduce the Lagrangian variables m(x, t)
mðx; tÞ ¼ kðx; tÞ; lðx; tÞf g with
kðx; tÞ ¼ fkiðx; tÞ; i ¼ 1;4g;
lðx; tÞ ¼ l1ðx; tÞ;l2ðx; tÞ;l3ðz; tÞ;l4ðz; tÞ;l5ðxÞ

� �
:

(
ð23Þ
The Lagrangian operator associated to problem (14) can be defined as:
LðU; I; h; mÞ ¼ ðm;FðU; I;hÞÞ þ GðUÞ: ð24Þ
where (�, �) denotes the L2 scalar product.
Derivation of the gradient formulas. Let UðI;hÞ be the solution of Eqs. (6), (7), thus
LðUðI;hÞ; I;h; mÞ ¼ JðI;hÞ ð25Þ
and
@ILðUðI; hÞ; I;h; mÞ ¼ @I JðI;hÞ
@hLðUðI; hÞ; I;h; mÞ ¼ @hJðI;hÞ

(
ð26Þ
Denote @i,i = 1, 4 the partial derivatives of the Lagrangian LðU; I;h; mÞ, then
@ILðUðI; hÞ; I;h; mÞ ¼ @1LðUðI;hÞ; I;h; mÞ@IUðI;hÞ þ @2LðUðI; hÞ; I;h; mÞ
@hLðUðI; hÞ; I;h; mÞ ¼ @1LðUðI;hÞ; I;h; mÞ@hUðI; hÞ þ @3LðUðI; hÞ; I;h; mÞ

(
ð27Þ
Thus, for mðx; tÞ ¼ �mðx; tÞ such that
8 Uðx; tÞ; IðxÞ;hðx; tÞð Þ; @1LðU; I;h; �mÞ ¼ 0 ð28Þ
the following gradient formulas come
@IJðI; hÞ ¼ @2LðUðI;hÞ; I;h; �mÞ
@hJðI; hÞ ¼ @1LðUðI;hÞ; I;h; �mÞ

(
ð29Þ
Note that expression (29) does not involve the terms @IUðI;hÞ an @hUðI;hÞ. Recalling UðI;hÞ ¼ M1ðI; hÞ, it is obvious these
terms are precisely the Jacobian matrixes of the forward operator whose computation must be avoided. The adjoint state
�mðx; tÞ ¼ �kðx; tÞ; �lðx; tÞ

� �
, solution of Eq. (28), has to be computed instead. Expliciting this equation, it turns out that �kðx; tÞ

is actually the solution of acoustic wave equations to be solved backward in time. Compatibility equations between �kðx; tÞ
and �li; i ¼ 1;5 complete the adjoint state computation. The equations verified by �kðx; tÞ are
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IðxÞ
cðxÞ @tk1ðx; tÞ � @xk3ðx; tÞ þ rxðxÞ IðxÞ

cðxÞ k1ðx; tÞ ¼ fxðx; tÞ
IðxÞ
cðxÞ @tk2ðx; tÞ � @zk4ðx; tÞ þ rzðzÞ IðxÞ

cðxÞ k2ðx; tÞ ¼ fzðx; tÞ
1

IðxÞcðxÞ @tk3ðx; tÞ � @xðk1 þ k2Þðx; tÞ þ rxðxÞ
IðxÞcðxÞ k3ðx; tÞ ¼ 0

1
IðxÞcðxÞ @tk4ðx; tÞ � @zðk1 þ k2Þðx; tÞ þ rzðzÞ

IðxÞcðxÞ k4ðx; tÞ ¼ 0

8>>>>>><>>>>>>:
ð30Þ
where
fxðx; tÞ ¼ 2
PQ
q¼1

uxð0; zq; tÞ � Dq
x

� �
dMq

fzðx; tÞ ¼ 2
PQ
q¼1

uzð0; zq; tÞ � Dq
z

� �
dMq

8>>>><>>>>: ð31Þ
with
k3ð�X; z; tÞ ¼ 0 k3ðX; z; tÞ ¼ 0
k4ðx; z1; tÞ ¼ 0 k4ðx; Z; tÞ ¼ 0

�
ð32Þ
and null final condition in t = T.
In Eq. (31), dMq is the delta Dirac function centered at the coordinates (0,zq) of receiver q. Functions fx(x, t) and fz(x, t) are,

respectively, the horizontal and vertical seismic residuals. More details on how to obtain Eqs. (30)–(32) are available in [20].
According to the geophysicist vocabulary, the computation of �kðx; tÞ amounts to backpropagate the seismic residuals. The

nonlinear inversion method presented here can thus be interpreted as an iterative process of time reversal acoustic inver-
sions [1,12]. Indeed, time reversal imaging amounts to backpropagate perturbations of the field to detect anomalies of
the investigated medium. Here, the gradient which is computed can be seen as the result of a time reversal inversion, used
to improve iteratively the impedance estimation.

3.3.2. Gradient computation
Semi-discrete gradient formulas. Once the adjoint state is defined, the computation of the total gradient rJðI;HÞ is per-

formed through Eq. (29). Reintroducing the subscript s, define �msðx; tÞ as the adjoint state associated to the misfit function
Js(I,hs) and Us(x, t) as the solution of the seismic wave equations for impedance I(x) and pressure condition
hsðx; tÞ : Usðx; tÞ ¼ M1ðI;hsÞ. The gradient equations follow:
@IJðI;HÞ ¼
XbS
s¼1

Z T

0

1
I

ks
1@xðps

x þ ps
zÞ þ ks

2@zðps
x þ ps

zÞ
� �

dt �
XbS
s¼1

Z T

0

1
I

ks
3@xus

x þ ks
4@zus

z

� �
dt ð33Þ
and
@hs JðI;HÞ ¼ �
I
c
ks

2ðx; z1; tÞ; 1 6 s 6 bS ð34Þ
The computation of the gradientrJðI;HÞ through Eqs. (33) and (34) amounts to solve 2bS wave propagation problems: bS for-
ward in time for what we call the ‘‘forward state’’ Usðx; tÞ; s ¼ 1; bS, plus bS backward in time for the adjoint state
ksðx; tÞ; s ¼ 1; bS. However, these two problems are coupled through the source terms functions f s

x ðx; tÞ and f s
z ðx; tÞ of Eq.

(30). Thereupon, an appropriate algorithm has to be designed to minimize the gradient computation complexity.
For a better understanding, semi-discretizated in time notations are adopted for Eqs. (33) and (34):
@IJðI;HÞ ¼
XbS
s¼1

XN

n¼0

1
I
½ks

1�
n
@xðps

x þ ps
zÞ

n þ ½ks
2�

n
@zðps

x þ ps
zÞ

n� �
dt �

XbS
s¼1

XN

n¼0

1
I
½ks

3�
n
@x½us

x�
n þ ½ks

4�
n
@z½us

z�
n� �

dt ð35Þ
and
@hs JðI;HÞ ¼ �
I
c
½ks

2�
nðx; z1Þ; 1 6 s 6 bS ð36Þ
where N is the total number of time steps, and the superscript n refers to the time step iteration in the Yee scheme used to
solve numerically the direct and adjoint wave equations.

An efficient algorithm. Advancing [Us]n of one time step using the Yee scheme only requires [Us]n�1 to be given. Conversely,
backpropagating [ks]n from [ks]n+1 requires [ks]n+1 and [Us]n+1, in order to compute source terms function of Eq. (30). As a con-
sequence, an usual strategy for gradient computation through Eqs. (35) and (36) is as follows: for each shot s, propagate (Us)N

from the initial condition (Us)0, and store only (Us)N. Then, backpropagate conjointly (Us)N and (ks)N until the initial time n = 0,
and update @IJðI;HÞ and @hs JðI;HÞ at each time step. This strategy provides a suitable trade-off between the required com-
puter memory, and the computational complexity of the algorithm. Indeed, the total number of computation steps is equal
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to 3bSN (bSN for the first propagation of (Us)N from (Us)0, plus 2bSN for the joint backpropagation of the forward and the adjoint
state from final time toward the initial time), and only two vectors ((Us)n and (ks)n) are stored.

However, this strategy assumes that the equations describing the wave propagation for the forward problem can be
numerically backpropagated. Unfortunately, this is not the case for Eqs. (6), (7): the introduction of absorbing terms to de-
sign the PML makes the backpropagation numerically unstable. Another strategy has to be investigated.

Three kind of general strategies are usually distinguished: the store-all strategy, the recompute-all strategy, and trade-off
between these two strategies. The first one begins with computation and storage of (Us)n at each time step n = 1, N. Then the
adjoint state is backpropagated. This takes only 2bSN computation steps, but depends on the ability to store the N + 1 vectors
(Us)n, n = 0, N.

On the other hand, recompute-all strategy implies to compute (Us)n at each time step from initial step (Us)0: thus the
number of computation steps reaches bSðN � ðN þ 1Þ=2Þ while it requires only the storage of the two vectors (Us)n and
(ks)n.

Finally, an interesting trade-off between these two strategies consists in computing (Us)n from an intermediate starting
point stored at the previous computation step. This is the so-called ‘‘checkpointing’’ strategy [26]. An implementation of this
strategy consists in the following: initially, compute (Us)N from (Us)0 and store (Us)N/2. Then compute (ks)N�1 from (ks)N and
(Us)N. At next iteration, compute (Us)N�1 from (Us)N/2 and store (Us)3N/4, and iterate. This produces an efficient algorithm
requiring less than Nlog2N computation steps and log2N vectors to be stored.

The choice of the most appropriate strategy depends on the available computer memory and the computational re-
sources. Generally, recompute-all strategy should be avoided, because of its complexity in O(N2), unless computation cost
of one time step is very low. This is not the case for the problem of interest. Consequently, the choice lies between store-
all and checkpointing strategies, and depends mainly on the memory resources available. As is explained in the next para-
graph, the method is designed to be used on a cluster of several computation cores. This increases the memory available and
makes the store-all strategy practicable for a suitable number of computation cores. Conversely, if the method is used on one
or few computations cores, the checkpointing strategy will be preferred.

Domain decomposition and parallelization. Even with an efficient algorithm, the computation time of the gradient must
be reduced as much as possible to reach convergence within an acceptable time. This is achieved by introducing parallel
computation for the forward state propagation and the adjoint state backpropagation. This can be performed through the
use of a domain decomposition method. The principle is as follows: the initial space domain X is subdivised into P regular
rectangles subdomains Xp, p = 1, P. Each subdomain is associated to a computation core. In each one, a subproblem of
propagation and backpropagation is defined. Thanks to the use of a second order Yee scheme, solving these suproblems
only require the definition of pressure px(x, t) + pz(x, t) boundary conditions at the artificial boundaries appearing between
subdomains. Defining overlaps one mesh wide between subdomains, subdomains can exchange these pressure boundary
condition from one to another at each iteration in time. This produces an efficient parallel algorithm that improves gra-
dient time computation.

Summary of the numerical method. Finally, the overall numerical strategy can be summarized as follows

� apply the interlocked optimization algorithm defined in Section 3.2.2 to solve problem (14);
� at each iteration, compute the gradient rJeðI;HÞ through Eqs. (33), (34) derived from the adjoint state method;
� use the store-all algorithm and a domain decomposition method to solve these equations on a cluster of computation

cores;

Numerical experiments presented in the next section illustrate the efficiency of this numerical method.

4. Numerical results on synthetic data

4.1. Presentation of the test case

The exact impedance model is defined over a 720 m wide and 3400 m depth rectangle, displayed in Fig. 4. An array of 100
receivers is disposed each 8 m from a depth z1 = 1000 m, at the center of the model (x = 0). Synthetic data is acquired using a
Ricker type source (see Fig. 2) located at the ground surface. A walkaway synthetic data is built, the source being located at
30 different offsets from x = �360 m to x = 360 m each 24 m. The geometry of the acquisition system is presented in Fig. 3.

The Radon transform applied to this data (following the regularization technic introduced in Section 2) produces 13 data-
sets corresponding to an illumination of the medium by 13 quasi-plane waves with incidence angles going from �6� to 6�
with a 1� sampling.

From this data, the method aims at recovering the impedance model from the depth of the shallowest receiver z = 1000 m.
Pressure conditions corresponding to the bS modified datasets are also recovered, to be considered as intermediate un-
knowns. The initial guess for the impedance is an uniform model whose value is taken equal to the exact impedance at
the shallowest receiver location. The initial pressure conditions are taken equal to zero. The exact wave velocity field dis-
played in Fig. 4 is assumed to be known.

A fine spatial discretization grid is used to reach high resolution: vertical and horizontal steps are Dz = 8 m and Dx = 12 m,
respectively. The total recording time is T = 2 s. According to the CFL condition associated to the second order Yee scheme



Fig. 2. Seismic source profile.

Fig. 3. Geometry of the acquisition system.

7512 L. Métivier / Journal of Computational Physics 230 (2011) 7502–7518
used for Eqs. (6) and (7), the time step Dt is taken equal to 9 � 10�4 s. This leads to a problem involving approximately
2 � 106 discrete data and 4 � 105 discrete unknowns.
4.2. Numerical performances

4.2.1. Interlocked algorithm
The convergence of the interlocked optimization algorithm is compared to the convergence of the l-BFGS quasi-Newton

method applied to all the unknowns. The convergence curves displayed Fig. 5 illustrate what have already been mentioned:
the quasi-Newton algorithm fails to reduce the function Je(I,H) beyond one order of magnitude (black curve), while the



Fig. 4. Exact impedance model (left) and wave velocity model (right).

Fig. 5. Convergence profile comparison between the l-BFGS algorithm (black) and the interlocked optimization algorithm (gray).
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interlocked optimization algorithm decreases the function of nearly four order of magnitudes (gray curve). This is an illus-
tration of the preconditioning action of the interlocked algorithm over the ill-conditioned minimization problem (14).

4.2.2. Scaling
A scaling test is performed to evaluate the efficiency of the parallelization which has been introduced through the domain

decomposition method. This test is made at constant domain size with an increasing number of subdomains, from 1 to 128.
Since the numerical scheme used to solve the wave propagation problems involved in the gradient computation is explicit,
the complexity of the gradient computation is linear with respect to the number of unknowns. Thus, the computation time is
expected to decrease linearly with the number of subdomains.

Theoretical computation time (black) is compared to the measured computation time (gray) for the first ten iterations of
the interlocked optimization algorithm (Fig. 7). For 1 to 4 computation cores, theoretical and observed computation times
show a good agreement. For 4 to 16 computation cores, the measured time is lower than expected one, and we denote a
superlinear convergence. Conversely, for the use of 16 to 128 computation cores, the convergence rate is inferior to the the-
oretical one.

These observations are typical of cache memory effects on scaling properties of parallel algorithms. The decrease of the
number of unknowns by computation cores reduce the number of cache misses. Thus, access to the data is considerably sped
up. This explains the superlinear convergence observed between 4 to 16 computation cores. For the use of 16 to 128 com-
putation cores, the decrease of the number of unknowns still goes on, but this has no longer an effect on cache misses, since



Fig. 6. Rate between the number of computed unknowns and the number of exchanged unknowns for 2–128 subdomains.

Fig. 7. Theoretical scaling (black) and observed scaling (gray) of the overall numerical method on the 10 first iteration of the interlocked optimization
algorithm.
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the data to be stored is already small enough to be stored in the cache memory. Conversely, when the number of subdomains
is larger to 16, their sizes become sufficiently small for the rate between computed and exchanged unknowns reaches critical
values (Fig. 6). In particular, this rate becomes inferior to 10 for more than 16 computation cores. Even on modern and effi-
cient cluster of computers, the communication time between two cores is at least 5 times longer than the access to data in
the cache memory. This explains the decrease of the speed-up for more than 16 computation cores.

The global scaling of the method is satisfactory: it should be underlined that the computation time for the 10 first iter-
ations of the interlocked optimization algorithm goes from 17 h to 30 mn for 1 to 128 computation cores. In other words, the
computation time is reduced of a factor 35. Therefore, the method that has been set up is efficient on a numerical point of
view.

4.3. High resolution estimation of the acoustic impedance

The estimated impedance model obtained after 1000 iterations of our algorithm is displayed in Fig. 6 together with its
difference with the exact model. At first sight:

� in the receiver zone (1000 m < z < 1800 m), the estimation is nearly exact, until approximately 200 m away from the
well;
� below the receivers (z > 1800 m), the estimation seems to be far from the exact model, even if reproducing some of its

main variations.

The vertical impedance traces displayed in Fig. 9 confirm the first point: the estimation is almost perfect in the receiver
zone. It provides also additional information about the estimation below the receivers. Actually, the traces show that the
vertical variations of the acoustic impedance are accurately recovered (the vertical resolution reaches the vertical stepsize
Dz = 8 m). Only the low frequency part of the exact impedance is not recovered in the zone below the receivers. This shall
not be surprising: the lowest frequencies of the impedance variations are not contained in the data. This is classical in seis-
mic imaging. Therefore, it is impossible to recover the low frequency component of the impedance, unless it is given as an a
priori information. This is not the case here, and that explains why this low frequency component is not recovered (Fig. 8).



Fig. 8. Exact impedance model (top left), estimated impedance model (top right), difference between exact and estimated impedance model (center).
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The impedance estimation is thus very accurate in the receivers zone, and the vertical variations are finely recovered until
almost 3.5 km depth. This depth of investigation depends mainly on the recording time T. Taking T = 4 s for instance should
provide a deeper length of investigation, even if a degradation of the resolution can be expected. Other numerical experi-
ments show that the method is sensitive to small perturbations of the acoustic impedance within the receiver zone
[20,21]. Therefore, application of this method to gas leak detection in CO2 storage monitoring can be considered: the storage
would be located below the receivers and the detection zone would be located at the receivers level. The detection of
changes in the impedance estimation should indicate the presence of gas.



Fig. 9. Exact (black) and estimated (gray) vertical impedance profiles at different offsets from the borehole: 0 m, 40 m, 100 m, 200 m, 300 m.
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5. Conclusion and perspectives

The quest for high resolution methods in seismic imaging leads to study the multidimensional extension of the 1D well-
seismic data inversion. As a first step of this extension, a 2D inverse problem is defined as the minimization of the distance
between walkaway data, and solutions of a 2D acoustic wave propagation model. Assuming an estimation of the wave veloc-
ity is available, the methods aims at recovering the acoustic impedance model from the data. In this framework, the previ-
ously well-posed 1D inverse problem becomes largely undetermined, and involves tremendous number of discrete
unknowns. To face with the undetermination, the approach is restrained to media that vary slowly laterally. In addition,
the seismic data is recombined through a Radon transform so as to obtain datasets corresponding to an illumination of
the subsurface by quasi-plane waves. Thus, a priori information about the regularity of the unknowns can be introduced. This
reduces the inherent indetermination of the inverse problem. However, special care must be taken to design an efficient
numerical method able to solve the regularized problem.

The work presented here focuses on this aspect. First, the numerical minimization of the regularized function is an ill-con-
ditioned problem. An interlocked optimization algorithm involving both quasi-Newton and conjugate gradient algorithms is
designed. This method acts as a preconditioner of the problem, and the misfit function is efficiently decreased. Nevertheless,
it requires to compute the gradient of the misfit function at each iteration. In order to reach convergence within an accept-
able time, a fast gradient algorithm is designed, based upon adjoint state method and parallelization by domain decompo-
sition. Using the adjoint state method, the computation of the gradient amounts to solve two coupled wave propagation
problem, forward and backward in time. These two problems are parallelized by a domain decomposition technique. In addi-
tion, the use of a cluster based computer offers memory capacities that enables to use an efficient algorithm for solving the
coupled propagation problems.
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The results obtained on a realistic test case demonstrate the efficiency of the interlocked optimization algorithm and the
good scaling of the overall numerical method. Whereas a traditional l-BFGS method fails to converge, the interlocked opti-
mization algorithm decreases the objective function of approximately four orders of magnitude. The scaling test, performed
at constant domain size, gives classical scaling results, enlightening the importance of memory accesses and cache misses in
parallel computing. The use of 128 computation cores reduces the overall computation time by a factor 35.

In addition, the method shows its ability to determine a high resolution quantitative estimation of the impedance in a
zone of 400 m wide around the receivers. Below the receivers, the impedance variations are recovered with a high vertical
resolution until 1600 m below the receivers (to the order of the vertical step 8 m) and at some hundred meters from the well
laterally. Consequently, the method seems to be very promising for high resolution seismic imaging.

These first results open the way to multiple developments. In particular, these 2D results shall be extended to a 3D acous-
tic framework. From a geophysical point of view, the 3D extension of the methodology set up for a 2D acoustic framework is
straightforward. The same a priori information over the regularity of the unknowns should be introduced by restriction to 3D
media varying slowly laterally and recombination of the walkaway data. Nevertheless, the numerical method should be
adapted to this larger scale problem. The interlocked optimization loop could be conserved, but the fast gradient computa-
tion algorithm should be probably improved. For instance, the extension to 3D should require to switch from the store-all
strategy to the checkpointing strategy for solving the coupled wave propagation problems. In addition, the parallelization
scheme could be improved. Indeed, parallelization could be introduced at a physical level. As the function JeðI;HÞ can be
rewritten as the sum of bS functions Js(I,hs), each one corresponding to one dataset, it is possible to define bS groups of com-
putation cores, each of these groups being in charge of the computation ofrJs(I,hs), using the fast gradient computation algo-
rithm designed in Section 2. This could result in a reduction of the overall computation time by a factor bS. Moreover, the
gradient computation time would become independent of the datasets number. As many datasets as available should be
added without deteriorating the computation time. In turn, this would of course increase the number of computation cores
required.

Other developments should also be considered. A careful study about the best choices of angles in the recombination of
data by Radon transform could be carried on. Another important work should concern the study of the sensitivity of the
method regarding the wave velocity estimation c(x). An adaptation of the methodology presented here to medias varying
rapidly in horizontal and transversal directions could also be considered. Other regularization techniques should be used
to that purpose.

Using more realistic wave propagation model should also be considered. As a first step, accounting for attenuation in the
wave propagation model would yield an interesting improvement. The difficulty raised by the attenuation is that the forward
problem becomes unstable when solved backward in time. In the framework of the method developed here, this however
does not raise additional problems: indeed, due to the attenuation term introduced to define the PML around the interest
domain, the algorithm that has been set up to compute the gradient of the method avoid solving the direct problem back-
ward in time. Consequently, attenuation terms could be taken into account easily. This is an important advantage regarding
time reversal methods, for which important adaptation have to be made to come to the same result [2]. Moreover, the tech-
nic that has been designed here accounts for spatially variable attenuation coefficients, whereas only constant attenuation
coefficients are considered in [2].

Finally, the extension of this methodology to more complex models such as elastic wave propagation still remains an
open problem. Indeed, these models involve a larger number of subsurface parameters, hence, the first difficulty would
be to define the parameters which could be reasonably estimated from the data. Then, the resulting inverse problem could
be severely undetermined, and, again, appropriate regularization methods would have to be defined.
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