arXiv:2006.07222v1 [math.AP] 12 Jun 2020

CUT LOCUS ON COMPACT MANIFOLDS AND UNIFORM SEMICONCAVITY
ESTIMATES FOR A VARIATIONAL INEQUALITY

FRANCOIS GENERAU, EDOUARD OUDET, BOZHIDAR VELICHKOV

CONTENTS
1. Introduction 1
1.1. Medial axis and A-medial axis in a domain ) 3
1.2. Proof of Theorem 1.3 and plan of the paper 4
1.3. Proof of Theorem 1.1 7
1.4. Proof of Theorem 1.6 7
Acknowledgements 7
2. Notation, definitions and preliminary results 7
2.1. General notation 7
2.2. Semiconcave functions 8
2.3. Distance function, cut locus and cut points 9
3. Regularity of u?, 11
4. Equivalence of the two constraints 14
5.  Convergence of the non-contact set 15
6. Semiconcavity 16
7. Convergence of the gradients 21
7.1. Lower semicontinuity 21
7.2.  Proof of Theorem 1.3 (T6) 22
Appendix A. Appendix about semiconcavity 22
Appendix B. A counter-example to the equivalence of (1.3) and (1.14) for small m 23
References 25

ABsTRACT. We study a family of gradient obstacle problems on a compact Riemannian manifold. We prove
that the solutions of these free boundary problems are uniformly semiconcave and, as a consequence, we obtain
some fine convergence results for the solutions and their free boundaries. Precisely, we show that the elastic
and the A-elastic sets of the solutions Hausdorff converge to the cut locus and the A-cut locus of the manifold.

1. INTRODUCTION

Let M be a smooth n-dimensional compact Riemannian manifold without boundary. Let b € M be a fixed
point. We denote by d : M — R the distance function to b, and by Cuty(M) the cut locus, that is the set of
points (cut points) p € M for which there exists a geodesic v, starting from b and passing through p, which is
length minimizing between b and p, but not after p. The cut locus inherits much of the topology of M. It is
a deformation retract of M \ {b} and has the same homotopy type (see for instance [25, Chapter III, Section
4]). Moreover, it is also related to the global geometry of M, for instance, to the geodesic spectrum (every close
geodesics starting from b crosses Cuty(M)) and the Ambrose’s problem (see [17]).

The local structure of the cut locus can be very rich and at the same time complicated, as it seems to be
closely related to the regularity of g. A stratification theorem is available only when the metric g is analytic (see
[22] and [5]), while in general, it is known that Cut,(M) must have an integer Hausdorff dimension (when g is
C*) that might even become fractional when g is C* (see [18] and the references therein). The sensitivity with
respect to the regularity of the manifold (M, g) makes the cut locus difficult to recover by numerical methods
involving discrete structures. A more stable object from this point of view is the so-called A-cut locus Cutg‘ (M),
which we introduce in this paper in analogy with the A-medial axis of Chazal and Lieutier, which is a widely
studied object in Computational Geometry (see Section 1.1). We refer to [12] for a detailed account on the
impact of our study to the numerical methods for the computation of the cut locus.
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For any A > 0, the A-cut locus is defined as

)\2
dy(p)
the norm of the generalized gradient |Vdp| being defined at every point p € M \ {b} as
[Vdy| (p) :=max {0, sup  9Fdy(p)}, (1.2)

vET, M,|v|=1

where 9 dy(p) is the derivative of dj in the direction v (see Section 2). The A-cut locus approximates the cut
locus in the following sense: for every A > 0, we have Cutb)‘(M ) C Cutyp(M), while the closure of the union of
Cutg‘(M) over A > 0 is precisely Cut,(M) (see Proposition 2.9). In particular, just as the cut locus, the A-cut
locus is a non-smooth set, with potentially very wild structure, even when M is smooth.

In this paper we study the asymptotic behavior of a family of gradient obstacle problems on the manifold
M and we prove that both Cuty(M) and Cutj (M) can be recovered from the solutions of these problems.
Moreover, even if our study is purely theoretical, it leads to a new method for the numerical approximation of
the cut locus and the A-cut locus on a compact manifold (see Remark 1.2).

For any m > 0, we consider the variational minimization problem
min{/ IVul> =mu : we H'(M), |Vu| <1, u(b) = o}. (1.3)
M

This problem has a unique minimizer, which we will denote by u.,,. We consider the sets

En :={pe M\ {b}: |Vun(p)| <1},

and  Ep, = {p e M\ {b} : |Vun(p)]> <1 - %} . (1.4)

Our main result is the following.

Theorem 1.1 (Approximation of Cuty(M) and Cuty(M)). Let M be a compact Riemannian manifold of
dimension n and let b € M and X\ > 0 be fized. Then,

E,, = Cuty(M) in the Hausdorff sense. (1.5)
m— 00
Moreover, for any fixed € > 0, we have that
sup d(p, CutbA(M)) — 0, and sup d(p,Emx) — 0. (1.6)
PEEm,» m—+00 peCut) (M) merteo

Remark 1.2 (About the numerical computation of the cut locus). We notice that the direct numerical ap-
proximation of the cut locus and the A-cut locus is difficult and requires significant computational resources.
Conversely, the variational problem (1.3) consists in minimizing a convex functional under a convex constraint,
which considerably simplifies this task. The numerical approach based on solving (1.3) will be the object of the
forthcoming paper [12].

In order to prove Theorem 1.1, we have to study the regularity of the solutions u,, and the convergence of
the asymptotic behavior (as m — 00) of the sequence (u,,). We gather our results about the solutions of (1.3)
in the following theorem and we notice that Theorem 1.1 is in fact an immediate consequence of the claims (T5)
and (T6) of Theorem 1.3 below (see Section 1.3).

Theorem 1.3 (Regularity and convergence of w,,). Let M be a compact Riemannian manifold of dimension n
and let b € M be fired. Then, the following holds.

(T1) Regularity of w,,. There exists a constant mg > 0, depending only on the manifold M, such that for
every m > mo, the minimizer u, of (1.3) is locally CY' on M \ {b}.

(T2) Properties of E,,. For every m > mg, E, is an open subset of M and coincides with the set
{um < dp}. Moreover, E,, contains Cuty(M) and is at positive distance from b, that is umy, = dp in a
neighborhood of b.

(T3) Monotonicity of u,, and E,,. For every m > m' > mq, we have uy, > ul,,. In particular, E,, C Epy.

(T4) Semiconcavity of u,,. For every p > 0, there are constants C > 0 and m1 > 0, depending on p and
on the manifold M, such that

U, G5 C-semiconcave on M \ B,(b), (1.7)

for every m > m;.
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(T5) Convergence of u,,. The sequence u,, converges uniformly on M to the distance function dy.
(T6) Convergence of the gradients. Let po, € M \ {b}. Then
e for every sequence p.,, — Poo, we have

|Vdp|(poo) < lim inf |V, |(pm) ; (1.8)
m—r 00
e there exists a sequence Py, — Poo Such that

|de|(p00) = n}gnoo |vum|(pm) . (1-9)

Remark 1.4. The semiconcavity of u,, (T4) and the convergence of the gradients (T6) are the most technical
part of the proof and are precisely the properties that allow to approximate the A-cut locus with the sets E,, .

Remark 1.5. If we replace the manifold M with a smooth domain 2 C R™ and d;, with the distance to the
boundary of €2, the problem (1.3) becomes the classical elastic-plastic torsion problem, which we discuss in
detail in Section 1.1. We notice that, for this problem, the claims (T1), (T2), (T3) and (T5) are well-known.
The elastic-plastic torsion problem has a long history and inspired the study of numerous problems involving
more general (even fully nonlinear) operators. The crucial point in all these problems is that the gradient
constraint in (1.3) can be transformed into an obstacle constraint on the function (see Section 1.1). Until now,
this property was exclusive for the Euclidean setting and for operators depending only on Vu and wu, but not
on the points z € Q (in fact, for operators with variable coefficients, this equivalence is known to be false). A
consequence of our analysis is that this crucial equivalence is not exclusively Euclidean but is a property of the
underlying Riemannian structure of the manifold (see Proposition 1.7).

The rest of the introduction is organized as follows. In the next Section 1.1 we will discuss the relation of
the A-cut locus and the problem (1.3) to the A-medial axis of Chazal-Lieutier and the classical elastic-plastic
torsion problem. In Section 1.2 we will discuss the key points in the proof of Theorem 1.3 and the plan of the

paper.

1.1. Medial axis and A-medial axis in a domain (). This section is dedicated to the Euclidean counterpart
of Theorem 1.1. We go through the definitions of the medial axis and the A-medial axis of a domain in the
euclidean space. Then, we discuss the approximation theorem of Caffarelli and Friedman and its relation to
Theorem 1.1. Throughout this section, we will use the following notation: € is a bounded open set with C?
regular boundary in R™ and dyq : 2 — R is the distance function to the boundary of €2,

doo(z) :==min {|z — y| : y € 0Q}.

1.1.1. Definition of medial axis and A-medial axis. The medial axis M(Q) is defined as the set of points of
with at least two different projections on the boundary 052,

M(Q):={zeQ : Jy,z€0Q, such that y #z and doa(z) = |z —y| = |z — 2| }.

One crucial geometric property of the medial axis M(Q) is that it is unstable

with respect to small perturbations of the boundary of 2. For instance, the

medial axis of the circle consists of its center only, while the medial axis of a

polygonal approximation (the regularity of the approximating sets can be im-

proved to C* by rounding the corners) is the star-shaped set on Figure 1. We

refer to [2] for a detailed account on medial axis, stability and computability.

This instability makes computing numerically M(Q2) quite tricky. Indeed, any

numerical approximation of Q (for instance, with polygons) might introduce an FIGURE 1. A polygonal
artificial (and large) medial set. In order to deal with this problem, in [11], @pprozimation of a circle,
Chazal and Lieutier defined the so called A-medial azis of Q by setting, for any with its medial azis.

A >0,

MA(Q) :={x e Q:r(x) > A}, (1.10)
where r(z) is the radius of the smallest ball containing all the projections of z on the boundary 912, i.e. the

set {z € 00 : |z — z| = dga(x)}. Tt is known that, for A small enough, M () has the same homotopy type as
M(£2) (see [11, section 3, theorem 2|) and that

M(Q) = [ MA(Q).
A>0

These facts justify that M (Q) is a good approximation of M(), for A small enough. The crucial difference
though is that M () is stable with respect to small variations of €, whereas M () is not (we refer to [11,
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section 4] for precise statements and proofs). Finally, we notice that the A-medial axis can be equivalently
defined (see [11, section 2.1]) as

2 A2
M,\(Q)Z{.TGQ: |Vdoa(x)] Sl—m}, (1.11)

where Vdpq denotes the generalized gradient wherever dgq is not differentiable.

1.1.2. Approximation of the medial axis. Given a constant m > 0 and a domain 2, as above, we consider the
following elastic-plastic torsion problem

min{/Q (|VU|2 - mv) dr : ve HYHQ), |[Vo| < 1}. (1.12)

As in the case of (1.3), the problem (1.12) has a unique minimizer, which we will denote by v,,. Physically
speaking, v,, represents the stress function of a long bar of cross section €2, twisted with an angle m. The
elastic-plastic torsion problem and the properties of its minimizer v,, have been studied by various authors in
the 60’s and 70’s (see for instance [26], [4], [3], [8], [27], [9], [14] and [7]). In particular, in [4], Brezis and Sibony
proved that the gradient constraint in (1.12) can be replaced with an obstacle-type constraint on the function.
Precisely, the minimizer v,, of (1.12) is also the (unique) minimizer of

min {/Q (|Vv|2 - mv) de : ve HY(Q), v < dm} . (1.13)

Notice that this result was later generalized to a broader class of variational problems with convex constraints
on the gradient (see [28], [21] and [24]). However, none of these will apply to our variant of the problem on
manifolds, for which the equivalence of constraints fails in general (see Section Appendix B).

Finally, using the equivalence of (1.12) and (1.13), Caffarelli and Friedman (see [6]) proved that the sequence
of elastic sets {|Vvn,| < 1} Hausdorff converges, as m — +o00, to the medial axis M(€2). To be precise, in
[6], it was showed that the elastic sets converge to the so-called ridge R(£2) which coincides with the closure
of M(£2), when Q has a C? regular boundary. This result from [6] is the euclidean counterpart of the first
part of Theorem 1.1. Nevertheless, the strategies from [4] and [6] cannot be reproduced on a manifold and do
not imply the convergence of the A\-medial axis. In the proof of our Theorem 1.1, we still aim at replacing the
constraint on the gradient with a constraint on the function, but our approach is different and allows us to deal
with the presence of the manifold and to treat both the cut locus and the A-cut locus. In particular, we obtain
the following approximation result for the A-medial axis.

Theorem 1.6 (Approximation of M(£2)). Let Q2 be a bounded open set in R™ with C? regular boundary. Then,
setting

)\2
Eﬁ:{xEQ:|VUm(CE)|<1} and E,%)\{xGQﬂva(x)Pglm}v
we have that, for any fived € > 0,
sup d(z, MA(Q)) — 0, and  sup d(z,Ep ) — 0.

IEE& N m——+00 wEMA+E(Q) m——+00

1.2. Proof of Theorem 1.3 and plan of the paper. We consider the variational problem
min{/ V| —mu : uwe H (M), uSdb}. (1.14)
M

It is immediate to check that (1.14) admits a minimizer and that this minimizer is unique (this follows by the
convexity of the functional and the constraint). We will denote by u?, : M — R (’d’ stands for the ’distance’
constraint) the unique minimizer of (1.14).

1.2.1. Part I. Equivalence of (1.3) and (1.14). Our first aim is to show that the problems (1.3) and (1.14) are
equivalent, that is the minimizers u,, and ul, are the same. Now, since every function which is 1-Lipschitz and
is zero in b stands below the distance function b, it is clear that u,, can be used to test the optimality of u,,
that is, we have

/ (|Vud, > — mu) S/ (IVum|* — mun,).
M M
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Notice that, if we are able to prove that the minimizer u¢, is 1-Lipschitz, then we can use ul, to test the
minimality of wu,,, i.e.

/ (IVud |? — mud) 2/ (V> — muy,).
M M

This gives that both u,, and ul, are solutions of (1.3) (and also of (1.14)), which means that they have to
coincide. Thus, in order to prove that (1.3) and (1.14) are equivalent, we have to prove that

Vud| <1 on M. (1.15)

In order to prove this, we proceed as follows:

e First, we prove that ul, is C'-regular locally in M \ {b} (see Proposition 3.4).
e Then, from Lemma 3.3 and Lemma 3.1, we deduce that

Cuty(M) C {u?, < dy} € M\ {b}.

In particular, since dj, is smooth away from {b} and Cut,(M), we get that on the boundary d{ul, < d;}
both the distance function dj, and the solution u?, are differentiable and have the same gradient, which
entails that |Vud,| = 1 on 0{ul, < dp}.

e Finally, we use the fact that u?, solves the PDE

Aul =m in {up, <dp}, Vud | =1 on {ud =dy}

to deduce that |Vul | < 1 also in the set {ul < d}. Now, in the flat (Euclidean) case, this inequality
is an immediate consequence of the fact that |Vud |? is subharmonic. On a general manifold M the
situation is more complicated as the curvature comes into play in the computation of A(|Vufn|2).
For this reason we are able to prove the bound |Vud,| < 1 on M (and so the equivalence of the two
problems) only in the case when m is large enough. Before we give the precise statement of this result
(see Proposition 1.7), let us emphasize that this is not a mere technical assumption, but a consequence
of the geometry of the manifold. In fact, in the appendix (Theorem B.1), we give an example of a
2-manifold M for which the bound on the gradient fails when m is small.

The following is the key result for the analysis of the solution of problem (1.3). The proof is given in Section 4.

Proposition 1.7 (Equivalence of (1.3) and (1.14)). Let M be an n-dimensional compact Riemannian manifold
and let the constant K > 0 be a lower bound for the Ricci curvature :

Ric > — K, (1.16)

where Ric denotes the Ricci curvature tensor of M. Then, for every

m> % max{\/nK(l + Kdiam(M)?2), aniam(M)}, (1.17)
we have that
Vul,| =1 on {dp=ul}, and  |Vul| <1 in Ef:={ul, <dp}. (1.18)
In particular, for m as in (1.17), we have that ul, = wu,,, where u,, is the minimizer of (1.3).

Finally, as a corollary of Proposition 1.7, we obtain the first two claims of Theorem 1.3.

Proof of Theorem 1.3 (T1) and (T2). By Proposition 1.7 we have that u,, = ud,. From the regularity of u¢,
(Proposition 3.4, Lemma 3.3 and Lemma 3.1), we obtain (T1) and (T2). O

Moreover, as in the classical case of the elastic-plastic torsion problem (see [6]), we can now use the structure
of (1.14) to obtain information about the monotonicity of E,, and the uniform convergence of w,,.

Proof of Theorem 1.8 (T3) and (T5). The uniform convergence ul, — d, on M, as m — oo, is proved in
Lemma 5.1. The monotonicity of u,, and E,,, and the Hausdorff convergence of FE,, to Cuty(M), now follow

from Proposition 5.2. O
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1.2.2. Part II. Uniform semiconcavity and convergence of the gradients. We recall that our final objective is to
prove the convergence of the sets E,, » (Theorem 1.1) and Effw\ (Theorem 1.6). Now, from the definition of
E., x, it is clear that this boils down to proving a convergence result for the gradients |Vu,,|. On the other
hand, we cannot expect any uniform estimate on the modulus of continuity of |Vu,,|; in fact, the sequence
U, converges (uniformly) to the distance function dp, which is not even differentiable at all points. Thus, we
adopt a different strategy and we prove that the solutions are uniformly semiconcave, where our definition of
semiconcavity is the following.

Definition 1.8 (C-semiconcavity). Given a constant C > 0, a function u is said to be C-semiconcave on M if
and only if for any unit speed geodesic 7 : [a,b] — M, the function t — Ct> — u(y(t)) is conver. Moreover,

e we say that u is semiconcave if it is C-semiconcave for some constant C' > 0;
e we say that u is locally semiconcave if for any p € M, u is semiconcave in a neighborhood of p.

The most technical result of the paper is Theorem 1.3 (T4), which we prove in Section 6. The key result is
Proposition 6.1 and applies to both Theorem 1.3 and Theorem 1.6. Let us briefly give the idea of the proof of
this proposition here, directly in the setting of Theorem 1.3 (T4).

Sketch of the proof of Theorem 1.3 (T4). First, we fix a constant Cy such that the distance function dj, is Cy-
semiconcave on M \ B,(b). Then, for every unit speed geodesic v : [a,b] — M, and every A € [0,1], we define
the function

e, A) = ML= N)(Ca+ Db — ) = (1= Nt (1(@) + Xt (18)) = (1 Oa0)))

where A\gp = (1 — X)a + \b. We will show that the minimum of this function over all geodesics v and all A is
positive, which will give that u is (Cy + 1)-semiconcave. First, we show that for any unit speed geodesic v and
A € (0,1), we can build a unit speed geodesic 7 : [a,b] — M and X € (0,1), such that

~

c(F, N\ um) <ely,\um) and F(a,b) C Ep = {um < dp}.

This follows from the semiconcavity of d and the inequality u,, < d, (this is explained in detail in the proof of
Proposition 6.1). Thus, we only need to show the semiconcavity of u,, in the non-contact region E,,. Since u,
is smooth in E,,, we need to prove that (see Proposition 2.2)

D*uy, < (Cqg+1)Id in E,,.

In order to prove this inequality, for every p € E,,, and X € S"~!(T},M) we consider an auxiliary function of
the form

10, X) 1= D2upn(X, X) + & (C1 [V (b) + Cou, (b) = Coum(p))

and we show that for ¢ > 0 small enough and m large enough, we have f. < Cy + 1/2. We suppose that
the maximum of f. is achieved for some ¢ € E,, and some Y € S"~!(T,M) (the case when the minimum is
achieved for ¢ € JF,, is a consequence of known estimates for the solutions of the obstacle problem with variable
coefficients, see Section 7). Then, we construct, locally around ¢, a function of the form

p+— fo(p, X(p)) where X(p)e€ S"il(TpM),

and we compute its Laplacian in the variable p (notice that in the flat euclidean case we can simply take the
section p — X (p) to be constant). Finally, we obtain that for an appropriate choice of € and m, the Laplacian
of this function has to be positive, which contradicts the minimality of ¢ and concludes the proof. O

The main part of the proof of Theorem 1.3 (T4) is contained in Proposition 6.1, which applies to both
Theorem 1.3 and Theorem 1.6. In the proof of Proposition 6.1, the function c¢ is the Riemannian counterpart of
the Korevaar’s convexity function (see [19]); in computing the Laplacian of f.(p, X (p)) we use some of Guan’s
second order estimates for Hessian equations in Riemannian manifolds (see [15]).

At this point, the convergence of the gradients |Vu,,| (Theorem 1.3 (T6)) follows from the uniform semi-
concavity of u,, by a general argument (we give the proof of this fact in Section 7). We are now in position to
prove Theorem 1.1.
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1.3. Proof of Theorem 1.1. The Hausdorff convergence of the elastic sets E,, to Cuty(M) is a consequence
from the uniform convergence (Theorem 1.3 (T5)) of the solutions u,, to the distance function dj, as explained
in Proposition 5.2. Let us now prove the first claim in (1.6). Suppose by contradiction that there are a constant
6 > 0, a sequence my — oo and a sequence of points py such that

pk € Ep,n and d(pk,Cutb)‘(M)) > 4. (1.19)

By the facts that M is compact and that u,,, coincides with the distance function d; in a neighborhood of b
(that does not depend on k), we may suppose that pi converges to some po, € M \ {b}. Now, from the uniform
convergence of u,,, and Theorem 1.3 (T6), we get that

A2 > A2
Vdp|(pso) < liminf |V, <lm (l-———|=1— 5—,
Vb () < lymind [V, () < i (1= 2 ) = 1=

which means that p, € Cuty (M), in contradiction with (1.19).
Suppose now that the second claim in (1.6) does not hold. Then, there are a constant § > 0, a sequence
my, — oo and a sequence of points py € M € {b} such that

Pk € CutbAJrE(M) and d(pk,Emk,,\) >¢§ forevery k>0.
Up to extracting a subsequence, we may suppose that p; converges to a point po, such that
Poo € Cutg\"’a(M) and d(poo, Em,m)\) > g for every k > 0. (1.20)
Now, by Theorem 1.3 (T6), there is a sequence g — poo such that
Vbl (pre) = Jmn [V, |(a0).

In particular, since po, € Cuty (M), we have

A2 A2 2e\ + &2
lim ( |Vum, (g —1+7):de Poo) — 1+ < — .
Jim (emltw) =1+ 2205 ) = Valon) 1+ o < ~2s
Thus, the left-hand side is negative for k large enough and so, we have g € Ej,, x, which is a contradiction
with (1.20). This concludes the proof of Theorem 1.1. O

1.4. Proof of Theorem 1.6. As shown in Section 6, we may apply Proposition 6.1 to get that the functions
Uy, are uniformly semiconcave on Q. It is already known that the solution v,, of (1.12) and (1.13) is locally
CU! on Q. Tt is also well-known that v,, converges uniformly to dsq as m — co. As a consequence, reasoning
as in Section 7, we get that for every z, € €1, the following holds:

o if 2, = T, then |Vdaoq|(2s) < liminf Vo, |(@m);
m—r oo
e there exists a sequence x,, — Zoo such that |Vdao|(2e) = lim |[Vou,|(zm).
m—o0

Now, the conclusion follows as in the proof of Theorem 1.1. O
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2. NOTATION, DEFINITIONS AND PRELIMINARY RESULTS

2.1. General notation. We will denote by g the metric on M. T M denotes the tangent bundle of M and
T,M the tangent space of M at p. By S"~}(T, M) we will denote the unit sphere in T}, M, that is

S*HT,M) = {X e T,M : g(X,X)=1}.

Exp : TM — M is the global exponential map, while exp,, is its restriction to 7, M. Finally, given a function u
on M, Du is the differential of u, Vu is the gradient, and D*u is the k-th covariant derivative (in particular, by
D we denote also the Riemannian connection on M). Thus, for smooth vector fields X,Y : M — T M, we have

g(Vu,X):=Du(X)=Dxu=Xu and  D*u(X,Y)=g(Dx(Vu),Y).
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We will also use the notation |Vu|? for g(Vu, Vu), and Au for the Laplace-Beltrami operator on M. We notice
that —A is positive, that is, we have the integration by parts formula

/M g(Vu,Vv) = /M(—Au)v,

for every u,v € C?(M). Unless otherwise specified, all the integrals will be taken with respect to the volume
form associated to the Riemannian metric g. Finally, we recall that H'(M) denotes the usual space of Sobolev
functions on M, which is the closure of C'(M) with respect to the H'-norm defined as

2 = / Vul? + / 2.
M M

2.2. Semiconcave functions. In this section, we gather some of the main properties of semiconcave functions
on smooth Riemannian manifolds, which we will need in the proof of Theorem 1.3. Some of these results can
be found in [23], in the context of Alexandrov spaces, while for a more detailed introduction to semiconcave
functions in the framework of euclidean spaces we refer to [10].

Let M be a Riemannian manifold, v : M — R a given function and v : [a,b] — M be a curve in M. It is
immediate to check that the function
t Ct* — u(y(t))

is convex on [a, b] if and only if

(1 = Nu(v(a)) + Mu(v(h)) = u(v(Xap)) < CA(1 = A)(b—a)* forany A€ [0,1], (2.1)
where here and throughout the paper, we use the notation
Aab = (1= X)a+ b for any a,b,\ € R. (2.2)

In particular, this means that the function u is C-semiconcave on M if and only if (2.1) holds for any unit speed
geodesic 7 : [a,b] = M. Analogously, u is locally semiconcave if for every p € M there is a geodesic ball B,(p)
and a constant Cp, > 0 such that (2.1) holds (with C' = () for every unit speed geodesic v : [a,b] — B,(p).

Remark 2.1. On a compact Riemannian manifold, semiconcavity and local semiconcavity are the same.

Proposition 2.2 (Semiconcavity in terms of D?u). Let u: M — R be C?-regular. Then
D*u<2C on M if and only if u is C-semiconcave on M.

Proof. Let v : [a,b] — M be a unit speed geodesic. Then the function ¢ — Ct? —u(y(t)) is convex if and only if
2

d d . . . . . .
0 <20 — Zzu(y(t)) = 20 — = Du(¥(1)) = 2C - (DQU(W(t)m(t)) + DU(wa(t))) =2C — D*u(5(t), ¥(t)).
The claim follows. 0
The semiconcavity can also be read in local coordinates as follows.

Proposition 2.3 (Semiconcavity in local coordinates). Let u : M — R be a locally Lipschitz function on a
Riemannian manifold M. Then, u is locally semiconcave if and only if for any chart 1 of M, wo~" is locally
semiconcave as a function on R™.

We postpone the proof of this proposition to Appendix A. We next show that we can define the gradient of
a semiconcave function at every point.

Proposition 2.4 (The generalized gradient of a semiconcave function). Let u : M — R be a locally Lipschitz
and semiconcave function. Then, at every point p € M, u admits a directional derivative O u(p) in any direction
v e T,M\ {0}. It is defined by

ot d u((t)) — ulp)

Ly u(p) = &[U(V(t))]tzo = tl_i>%1+ -

where v : [0,1] — M s any curve such that v(0) = p and ¥(0) = v. Moreover, the map v — 9fu(p) is
1-homogeneous and concave on T,M. Thus, it attains a unique mazimum in the closed unit ball of T,M at a
unique vector vp.

Proof. By Proposition 2.3, we can suppose that M = R", p = 0 and that v(¢) = tv. Then the function
w(z) = Clz|? — u(xr) is convex for C' large enough and so, the function ¢ M is non-decreasing in t,
so the limit 9 u(p) = —9;w(0) exists and is finite. The convexity of the function v — 9;Fw(0) is a consequence

from the convexity of w. The existence of a maximum of v — 9 u(p) follows. O
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If 8;; u(p) > 0, then the 1-homogeneity implies that v, has norm one, and we define
Vu(p) := 8;;u(p)vp and [Vu(p)| = 8;;u(p).
If &j; u(p) = 0, then we set Vu(p) = 0. Thus, the norm of Vu(p) is given by the following formula:

[Vu(p)] = max {0, max 9] u(p)}. (2.3)

veTRM, |v|=1

2.3. Distance function, cut locus and cut points. Let M be a compact Riemannian manifold, b € M and
dp : M — R be the distance function to b. Here we recall the definition and some of the main properties of the
cut locus.

Definition 2.5 (Cut points). Let T > 0 and v : [0,T] — M be a unit speed geodesic such that v(0) = b,
to € (0,T) and p = v(to). We say that p is a cut point of b along v if v is length minimizing between b and p,
but not after p, i.e dp(y(t)) =t for t <to, and dp(y(t)) <t fort > to.

Definition 2.6 (Cut locus). The cut locus of b in M, Cuty(M), is defined as the set of all cut points of b.

The following well-known facts about the cut locus can all be found in [25, Chapter III, Section 4]:

e Cuty(M) is the closure of the set of points p in M, for which there are at least two minimizing geodesics
connecting b and p;
e the distance function dj, is smooth outside Cuty(M) U {b} and

Vdy| =1 in M\(Cutb(M)U{b});

dp is differentiable at p € M if and only if there is a unique minimizing geodesics between b and p;

in particular, Cut,(M) U {b} is the closure of the set of points of non differentiability of dy;

the exponential map exp, : ToM — M is a diffeomorphism from an open set of T, M onto M \ Cuty(M);
Cuty(M) is a deformation retract of M \ {b}. In particular, these two sets have the same homotopy
type, and so Cuty (M) inherits much of the topology of M (like homology groups, for instance). See 25,
Chapter III, Section 4, Proposition 4.5] for a precise statement.

We next recall that in [20, Proposition 3.4], it was proved that, for any chart ¢» on M \ {b}, the function
dp o ™1 is locally semiconcave on R™. Thus, by Proposition 2.3, d; is locally semiconcave on M \ {b} in the
sense of Definition 1.8. Precisely, we have the following proposition

Proposition 2.7 (Semiconcavity of the distance function). Let M be a compact Riemannian manifold of
dimension n and b € M be a given point. Then, for every p > 0, there is a constant C > 0 such that the
distance function dp is C-semiconcave on M \ B,(b).

In particular, by Proposition 2.4, for any point p € M \ {b} and any direction v € T,M, d, admits the
directional derivative 97 d,(p) and so we can define Vd,, and |Vdp| at every point as in (2.3). In Lemma 2.8 we
give a geometric interpretation of |Vd,| (p) in terms of the geodesics connecting p to b. We notice that similar
results holds also in the more general framework of Alexandrov spaces, but with some additional restrictions
on the curvature of the ambient space (see [1, Theorem 4.5.6] and also [1, Lemma 3.2] for the statement in the
Riemannian context). We give the proof directly for the distance function to a compact subset K of M.

Lemma 2.8 (Geometric interpretation of the generalized gradient). Let M be a smooth Riemannian manifold
without boundary, K a compact subset of M, and dx the distance function to K. Let p be a point of M such
that there exist several minimizing geodesics from p to K. We denote the set of unit speed geodesics from p to
K that are minimizing between p and K by geod(p, K). For any v € T,M, we have

otd = min —4(0) - v. 2.4
L di (p) Lo in ¥(0) (2.4)

In particular,

vd = 0, i —4(0) - v}. 2.5
|Vdk|(p) = max{ e X min ¥(0) - v} (2.5)

In particular, if v1 : [0,dk (p)] = M and v2 : [0,dk (p)] = M are two minimizing geodesics from p to K, then

4 51(0) 5200

|V (p)| < 5

(2.6)
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Proof. Let 7 : [0,dk(p)] = M be a geodesic of geod(p, K). Let a = y(dx(p)/2). As ~ is minimizing between p
and y(dx (p)), we have a ¢ Cut, (M), and so p ¢ Cut,(M). In particular, the function d, is differentiable at p,
and Vd,(p) = —¥(0). Thus, for every ¢t > 0, we have

dic(expy(tv)) — dx (p) _ da(exp,(tv)) +dk(a) — dx(p) _ da(exp,(tv)) — da(p)

t - t t
Passing to the limit as t — 0, we get

ord <  min —%(0) - v. 2.7
A K(p>—7e960d<p,x> ¥(0) (2.7)

Now, for every t > 0, let v; € geod(exp,(tv), K). For ¢t small enough, the length of v; is bounded by dk (p) + 1.
By compactness of the set of geodesics of length bounded by a given constant, there exists a sequence of positive
numbers (¢, ),>0 that converges to 0, such that +, :=~,,, converges to a unit speed geodesic v as n — +00. As
K is closed, 7 is a geodesic from p to K. What is more, we have

length(y) = li_>m length(y,) = li_>m di (exp,(tnv)) = dx (p),

so v € geod(p, K). Let R = min{inj(M), dx (p)/2}, where inj(M) is the injectivity radius of M. In particular
for any (z,y) such that d(x,y) < R and z # y, the distance function d(-, -) is smooth in a neighborhood of
(x,y) in M x M. For n € N, let b, := v,(R), and boo = y(R). Let U,V C M be precompact neighborhoods
of p and b, respectively such that d(-, -) is smooth on U x V. For n big enough, we have expp(tnv) € U and
b, € V, and so

dk (p) < di (bn) + d(bn, p)
= dr (exp,(tnv)) — d(by, exp,(t,v)) + d(bn, p)
= dg (exp,(tnv)) — Vad(bn,p) - v + o(tn), (2.8)
where V3 is the gradient with respect to the second variable. We have
Vad(ba,p) — Vad(boe, p) = —(0)
because d( -, -) is smooth on U x V. So (2.8) yields
d thv)) —d
i g 2 (€XPp (En0)) — dic (p)

n— o0 tn

> —%(0) -v.

In particular,
+ . .
Ofdc(p) > _ min  —5(0)-v.
With (2.7), this concludes the proof of (2.4). Now, (2.5) follows from (2.4) and the definition of the generalized
gradient (2.3) of semiconcave functions. Finally, in order to prove (2.6), we consider the vector v that realizes
the maximum in (2.5) and we write it as v = —a$1(0) — 842(0) + v, where v is orthogonal to 41 (0) and 2(0).
Then, we have

—v-41(0) = a + B41(0) - 42(0) and —v-42(0) = B+ a1(0) - 42(0).
In particular,
V@g%ﬂfﬁmwvéé(vaMmfvddm)S%m+ﬂK1+%@%#ﬂm) (2.9)

Now, using the fact that
o® + B2 +2aB91(0) - 42(0) < [Jv||* =1,
we get that
2 : . 1 2 . .
(a+8)* < 1+2a8(1=51(0)-52(0)) < 1+ F(a+8)* (1= 41(0) - 52(0) )
which implies that

9 2
S O AT

which, together with (2.9), gives (2.6). O

As a consequence of Lemma 2.8 and in particular of (2.6), we obtain the A-cut locus approximates the cut
locus in the following sense.
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Proposition 2.9. Suppose that M is a compact Riemannian manifold, the point b € M 1is fized and that dy is
the distance function to b. Then, for every A\ > 0, Cuty (M) C Cuty(M). Moreover, the cut locus Cuty(M) is
the closure of the union U Cut) (M).

A>0

Proof. The inclusion Cut) (M) C Cuty(M) follows from the fact that dj is differentiable and |Vdy| = 1 outside
Cuty(M) U {b}. In order to prove the second claim, we fix a point p € Cuty(M). Then, there is a sequence of
points p, € Cuty(M) for each of which there are at least to different minimizing geodesics from p,, to b. Now,
from (2.6), we have that p, € Cutg" (M) for some A, > 0. This concludes the proof. O

d

m

3. REGULARITY OF u
This section is dedicated to the C'''! regularity of the minimizer u¢, of (1.14). We recall the following result.

Lemma 3.1 (Regularization of the obstacle, [16]). For any m > 0, there exists a function dp which is smooth
on M\ {b}, such that

ufngd;gdb on M, and (Z,<db on Cuty(M).
d

¢ is also the solution of the obstacle problem

In particular, u
min{ |Vul> —mu : uwe HY(M), u§d~b}. (3.1)
M

One could adapt to the manifold framework the regularity theorems for the classical obstacle problem on a
euclidean domain and, with the preceding lemma, deduce the regularity of u%,. Rather than doing that, we will
use Lemma 3.1 to reduce our problem to a classical obstacle problem on a euclidean domain. Let us start with
the following regularity lemma.

d

¢ 15 continuous on M.

Lemma 3.2 (Continuity of u}'). For any m > 0, the function u

Proof. We will reduce our problem to a classical obstacle type variational problem on an open subset of R™, by
a series of elementary modifications, and apply a classical W?2P regularity theorem.
From Lemma 3.1, we know that there exists an open set U C M and € > 0 such that

Cuty(M) CU and ul <dy,—¢ on U.

As a consequence, on the set U, ul verifies the Euler-Lagrange equation of (1.14), i.e Aul = —2m. In
particular, it is C*° smooth on U. Let 0 C M be a smooth open set such that

UecQ, 9QcU and Cuty(M)NQ=0.
As U¢ C ©, it suffices to show that u, is continuous on Q. As 9 C U, u?, is smooth on 052, so there exists a
smooth function v, on € such that v,, = ul, on Q. Then, one can check that ul, is a solution of the following
variational problem:

min{/ |Vu|2—mu cue HY (D), u<dyinQ, u=uvy, onﬁﬂ}.
Q

d

As a consequence, ug,

— Up, 1s a solution of the following variational problem:
min{ |Vv|2—(m+Avm)v : vGH&(Q), v <dp — vy, in Q} (3.2)
Q

Because we have Cuty(M) N Q = (), the exponential map at b is a diffeomorphism onto Q. Let ¢ : Q — QCR"
be a normal coordinates chart centered at b. Let g = (¢™) denotes the metric of M in the coordinates defined

by ¢, and det g its determinant. We recall that the Riemannian volume measure is given in coordinates by
vdet gdz. So we have

/ (|Vv|2 —(m+ Avm)v) = /~ (gijai(v 0 M0j(vod )/detg — ((m+ Avy)od™ ) (vog)y/det g) dz,
Q Q
s0 (ul, —wv,,) 0 ¢~ 1 is a minimizer of

min {/{~2 (gij\/detgaiw djw— Fuw)dzx : we Hol(ﬁ), w < 1/1} , (3.3)

where we have set ¢ := (dp —v,,) 0~ and F := (m+ Av,,) o~ 1y/det g. We want to apply [29, Theorem 4.32].
For this we need to write the above variational problem into a variational inequality. Let w be a competitor
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in (3.3). Writing down the minimality of wy, := (u, — v,,,) 0 ¢! against the competitor w,, + t(w — w,y,), for
t € (0,1) small, we find that
(Awp,, Wy, — w) > (Fwy, —w),

where A is the elliptic operator defined on Hj(Q) by Aw := —08;(¢9%/det g d;w). From there, we can apply

[29, Theorem 4.32] to deduce that, for any p < n, if AY A F € LP(Q), then Aw,, € LP(2). To check that

AYNAF € LP(Q), it is enough to check that A(dyop~1) € LP(£2). As dj is smooth except at b, it is enough to check
that (A(dyo¢~1))? is integrable at 0. But this is a consequence of the fact that —Ad,o¢p~! = ﬁfl(db op™1),
and Lemma 3.5 below, from which we deduce that A(d, o ¢~1)(z) is equivalent to n|T_\1 when z goes to 0.

Therefore, for p < n, (A(dy o $~1))? is integrable at 0, and so Aw,, € Lp(ﬁ). By elliptic regularity, this implies
wm € W2P(Q), for any p < n. By the Sobolev embeddings, wy, is then continuous on €2, and so u¢, is continuous

on 2. This concludes the proof. O

We can now define the set E¢, := {ul < d,}, for any m > 0. It is an open subset of M, on which u?, solves
the equation Aul, = —2m. We can now prove the following lemma.

d:
m

Lemma 3.3. For any m > 0, we have u dy in a neighborhood of b.

Proof. Let us assume that we have constructed a C! function v on Bg(b) for some R > 0, such that

v <dp in Br(b), (3.4)
v=dy in B.(b) for some ¢ € (0, R), (3.5)
v <0 in OBR(b), (3.6)
Av > —m in Br(b) in the distributional sense. (3.7)

We will then show that we have u‘fn > v. The construction of v is postponed to the end of the proof. From
Lemma 3.2, we know that the function v — u?, is continuous. Let us first assume that v —ud, attains a positive
maximum at a point € Br(b). We have

0 < v(z) —up, () < dy(z) - up, (2),
so x € E4. Moreover, we have ud, > 0 since max(ul

m>

v—ul <v<0 on 09Bg(b),

0) is a better competitor than u¢, in (1.14), so

and so x € Bg(b). Hence the function v — u?, attains a positive maximum inside the open set E¢ N Bg(b), but
its Laplacian verifies in the distributional sense:

A(v —ul) = Av+m >0, (3.8)

which yields a contradiction by the maximum principle. Then, the maximum of v —wu¢, on Bg(b) is non-positive,
and we get
ul >v=dy, in B.(b),
which concludes the proof.
Let us now construct the function v that was used above. Let R > 0 be small enough so that Br(b) is
contained in a normal neighborhood of b. In polar coordinates around b, we define v as a radial function. For

e > 0 to be chosen small enough later, let f : [0, R] — [0,00) be the C! function such that

fr)y=r if r<e,
-1
J"(r) + z f(r) = —% if r>e. (3.9)
If n = 2, the unique C' solution to this system is given by:
f(ry=r if r<e,
f) =+ 2 (2 =1) + (=+ %52) m(5) i e (3.10)
If n > 3, then the solution is
fry=r it r<e,

— — i . .
c 2nE n—2\en—2 yn-2 e
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Then, we set in standard polar coordinates v(z) = f(r) for x € Br(b). For r < ¢, the constraint (3.5) is verified
by definition. (For r > ¢, we chose f so that Awv is small, but still bigger than —m.)

Let us show that (3.4) holds. Let us set g(r) := f(r) — r and prove that g < 0. We have g(r) =0 for r < ¢
so it is sufficient to prove that ¢'(r) < 0 for r > . But, as f verifies (3.9), g verifies

n—1, n—1
g =-m-

g+ for r>e.

In particular, whenever ¢’(r) = 0, we have ¢”’(r) < 0. This implies ¢’(r) < 0 for r > ¢, and so (3.4) is verified.
Now let us show that (3.7) holds if R has been taken small enough. We use the following expression of the

Laplacian in coordinates:
1 -
Av = ——0; ( det ”0»1}) ,
detg ' 9979
where g = (g%) is the metric of the manifold M, and det g its determinant. We apply this formula to polar

coordinates to find that, on Bgr(b) \ B (b), we have in the classical sense
Ordet g

_# / Y /
v = retg&(\/detgf (r) =f"+ 2dorg
o, on—1, Ordetg n—1Y\ ,
=S T er<2detg T >f
m Ordetg n-—-1)\ ,
2 Jr<2detg r )f' (312)

Note that by applying the Laplacian formula in polar coordinates to the distance function dy(z) = r, we find

that o4
- det g
Ady = . 3.13
b 2det g ( )

Because of Lemma 3.5, we also have
Ady(x) = anl + o(1).
With (3.12) and (3.13), this last equation yields in the classical sense
Av = —% +o)f'(r) on Bg(b)\ B(b). (3.14)

Moreover, it is clear from the following expression that f’ is bounded on [, R], by a constant independent of
R, as long as we choose R < 1:

£ = =24 (s"‘l + ﬂs”)
n n
Hence from (3.14) we see that by taking R small enough (independently of ¢), we can ensure that

Av>-—m on Bg(b)\ Be(b).

for e<r<R.

Tn—l

But from (3.14), we see that the above is also true on B.(b) if ¢ is small enough. Thus the function v is C! on
Bpr(b) and verifies Av(z) > —m when x ¢ dB.(b), hence (3.7) holds. It is also clear from (3.10) and (3.11) that
the constraint (3.6) is verified if ¢ is taken small enough. This concludes the proof. O

We can now prove the C1! regularity of u4,.
Proposition 3.4. For any ¢ > 0, the function ul, belongs to CY1(M \ B.(b)).

Proof. We reproduce the proof of Lemma 3.2, but we replace the open set ) with Q:=0Q \ Bc(b), and the
function v,, with a function ¥,, that is smooth and such that w,, = u,, on 9. We know that such a function
exists because u,, is smooth on 0B, (b) for € small enough, as it can be seen from Lemma 3.3. This way, we
can apply the stronger W2 regularity result for the obstacle problem [29, Theorem 4.38], since dj, is smooth
on €. We get that ud, belongs to W2 = Cl’l(ﬁ). As u, is smooth on E¢ and o0 c E2 | then ud, is O on
QUE,, = M\ B(b). O

We end this section with the following computational lemma, which we used in the proof of Lemma 3.3.

Lemma 3.5. We have
n—1

Ady(p) =

vt do(p) + o(1). (3.15)
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Proof. We compute Ad, in normal coordinates centered at b. Let g = (g¥) be the metric of M in these

coordinates. We have )
Adb(:c) = ﬁ 0; ( detggijajdb) (:L')

In normal coordinates, the metric is euclidean up to order 1 as = goes to 0. So we have

3 3 3 1
g7 (x) = 0" +o(x), O ( detgg”) () =0(1) and NAET] =1+ o(x).
Moreover, in normal coordinates, we have dp(z) = |z|, and so
y n—1
0% 9;5dy(z) = ,
’ ||
which gives precisely (3.15). O

4. EQUIVALENCE OF THE TWO CONSTRAINTS

Proof of Proposition 1.7. As above, we denote by ug, the minimizer of (1.14). In order to show that ul, solves
(1.3), it is sufficient to show that u¢, is an admissible competitor in (1.3), that is, |uZ,| < 1 on M. Recall that
the function u, is O except at b, by Proposition 3.4.

First, suppose that = # b is in the contact set P% := {ul, = dp}. By Lemma 3.1, we have 2 ¢ Cut,(M), and
so the distance function dj, is differentiable at z. It is a simple consequence of the constraint u‘fn < dp and the
equality uf, (z) = dy(z) that we have Vul, (z) = Vdy(z). The desired inequality |Vug, (z)| <1 follows.

In the non-contact set B¢, = {ud, < d;}, the function u¢, solves the PDE

Aul, = —2m. (4.1)

m

In particular it is smooth, and we may apply the Bochner-Weitzenbock formula:
A (‘VUZI‘Q) = 2Ric(Vul,, Vul)) + 2 ‘D2UZI‘2 +2(VAuS,, vud), (4.2)

where Ric denotes the Ricci curvature tensor on the manifold M and D?ug, is the second covariant derivative
of ul,. The last term is 0 because of (4.1). As for the second term, we have:

2
|D2uzl‘2 > % (Trace(DQu‘fn))2 = 4% , (4.3)

where the last inequality is due to (4.1). As the manifold M is compact, there exists a constant K > 0
(depending on M only) such that the Ricci curvature is bounded from below by —K. In the end, (4.2) yields

2 8
a1 > EmQ. (4.4)

A(|Vui*) + 2K |Vu
Now notice that by (4.1),
A ((ud)?) = 2u Aud, + 2| Vud, | = —amaud, +2|Vad, |*,
so (4.4) gives

A (|Vuzl‘2 + K(u‘fn)Q) = §m2 —4Kmud >
n

3S|oo

8
m? —4Kmdy, > —m? — 4K'm diam(M)
n

Thus, if m > §Kdiam(M), the function ’Vuilf + K (ud))? is subharmonic in the non-contact set E%. From
Lemma 3.3, we have EZ < M \ {b}, and with Proposition 3.4, we get that the function ‘Vugl|2 + K (ud)? is
continuous on E4 C M \ {b}. Therefore we may apply the maximum principle to get
[V [* < [Vl "+ K (uf)? < sup (|Vul[* + K (uf,)?) = 1+ K sup (uf,)?
OE4, OE4,

<1+ K sup(dy)? < 1+ Kdiam(M)?
oEd

With (4.4), this last inequality gives
8
A(|Vul]*) = =m? - 2K(1 + Kdiam(M)?)
n
Thus, whenever the right-hand side is nonnegative, the maximum principle applied to the function ‘Vufn|2
d ’2

on

the open set E,fln implies that ’Vu < 1 on this set. This concludes the proof. ]
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5. CONVERGENCE OF THE NON-CONTACT SET

In this section we show that the non-contact set E4, = {ul, < d;} (which coincides with E,,, for m large
enough, as we showed in the previous section) Hausdorff-converges to Cuty(M).

C
Lemma 5.1. We have ||dy — U;,in”Loo(]\/j) < g for some positive constant C' depending on M only.

Proof. We only need to prove the proposition for m large enough. Therefore, thanks to Proposition 1.7, we will
assume that m is large enough so that |Vufn| < 1. We only need to show the estimate on E¢, since outside this
set, ul and dj are the same. We will show that for m large enough, we have

Vpe EY, Ipe (EL)° such that d(p,B) < 5n/m. (5.1)
This will conclude the proof since by the 1-Lipschitzianity of u¢, and dj, we then have

|dy(B) — ul,(B)| < |ds(p) — udy (p)| + 2d(B, p) = 0+ 2d(B,p) < 1%”7

which is what we need. In order to prove (5.1), we argue by contradiction and assume that Bs, /m, (p) C Ed.
We want to apply the maximum principle to the function v defined on Bs,, ., (p) by the following formula

2
. m 5n
o) = o)~ nt i+ 2 (dp<p>2 -(2) ) .

For any p € Bs,/m (D), we have Aul,(p) = —2m because we have assumed Bs,, /., (p) C E%. To estimate the
Laplacian of d%, we use some normal coordinates (z?) centered at p. In these coordinates, the metric is euclidean
up to order 1, uniformly in p since M is compact, and dy(x) = |z| (see Lemma 3.5). We get that for m large
enough, independently of p,

Vp € Bsn/m (D), Ada(p) <2(2n).

All in all, we obtain on B, /, (P) C EZ

m?
Av < —2m + —=2(2n) = 0.
2n
So we can apply the maximum principle to v to get

S inf
v(p)_amiv,

5n (P
m
i.€.

2
d — . 4 m [(5n
— f —— | —] =0. 5.2
U, (P) ol U 4n(m) > (5.2)

As we have taken m large enough so that ‘Vuil’ < 1, we also have
5n. m [5n\°
d (= . d
— f <—<—(—),
n(P) 6Bli ®) m = S (m)
which contradicts the estimate (5.2). This concludes the proof. U

Proposition 5.2 (Monotonicity of u¢, and E¢,, and convergence of EZ). For any m > m’ > 0, we have
uld, <ul <dp and Cuty(M) c B¢ c EZ,.

Moreover,
EY — Cuty(M) in the Hausdorff sense.

m—r oo

Proof. The fact that, for any m > 0, Cuty(M) C EY, is a direct consequence of Lemma 3.1. Let us prove the

second inclusion. For m > m’ > 0, note that by the respective minimality of u¢, and ul,, we have

m’

’Vmax(uﬁl,,ugl)f—m/ max(uﬁl,,ugl)Z/ ‘Vuﬁlf—m/ ul,
M M M

2
—m’/ ul,.
M

M

and / ‘Vmin(u%,,ufn)f—m’/ min(uﬁl,,ufn)Z/ |Vud,
M M M
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Using the formulas

V max(ul,,ul) = Vuﬁl,]l{u:zn»ugn} + V“gn]l{ufn,guﬁn}a
V min(ul,, ul) = Vuglll{ufn,>u%} + Vugn/ll{ufn,gufn}’
we obtain
2
/ (Ivud[* = [ |*) = —m (u —ul),
{'U',dn/ >ud} {“fn/ >ud,}
2 2
and / (’Vufn’ — | Vul, ) > —m/ (ud, —ud).
{u? ,>ud} {u? ,>ud}
Summing these two inequalities, we get
Oz(m—m/)/ (ud, —ud),
{“fn/ >ud}

and so ul, > ud,. In particular, E¢ C E4,.
We are left to show the Hausdorff convergence in EZ to Cuty(M). Given e > 0, let us set

Qe :={z € M : d(z,Cuty(M)) > €}.

We will show that for m large enough we have E¢ C (Q.)¢, which will conclude the proof. Let ¢ : M — R be
a function such that ¢ < dp on M, ¢ = d on Qa., ¢ < dp on I, and ¢ is smooth on M except at b. We want
to apply the maximum principle to the function ¢ — u?, on E4 N .. We have

Alp—ud)=Ap+2m on EI NQ.,

so for m large enough the function ¢ — u?, is subharmonic on E% ﬂ Qe. On 09, we have ¢ < d, and ud,

converges umformly to dj as m tends to +oo (Lemma 5.1) so ¢ — ud, < 0, for m large enough. On 9E?, we
have ¢ — ul, = ¢ — d, < 0. Thus the maxunum pr1nc1ple implies that for m large enough, We have ¢ — ud < 0
on E,‘fI NQ.. As ¢ = dp on Ny, we get um > dp on Em N Q.. Since by definition we have um < dp on Em we
get B4 C (£9.)¢, which concludes the proof. g

6. SEMICONCAVITY

This section is dedicated to the semiconcavity of the solutions to the obstacle problems (1.14) and (1.13).
The key result is Proposition 6.1, which applies to both Theorem 1.3 and Theorem 1.6.

In the case of Theorem 1.6, we have M = and OM = 99.

Proposition 6.1. Let M = M UM be a smooth compact Riemanniannian manifold, with (possibly empty)
boundary OM . Suppose that for some constants L > 0 and C > 0, we are given the following:

(a) a function d : M — R, which is bounded and C-semiconcave on M ;

(b) a family of functions wyy, : M — R", form > 0, such that:

(b.1) for every m >0, uy, <d on M;
(b.2) for every m > 0, uy, is L-Lipschitz on M ;
(b.3) on the set Ep, = {tum < d}, um is C> smooth and
Aty =2m  in E,,;

(b.4) E,, is precompact in M;
(b.5) for every n >0, for every m > 0, there is a neighborhood Ny v of OEy, in M such that
D*u,, < (C+n)Id in E, NNpm-
Then, for every n > 0, there exists mg > 0 such that
Um 18 (C + n)-semiconcave on M, for every m > my.

Application to Theorem 1.6. In order to apply Proposition 6.1 to Theorem 1.6, we take M = Q and
OM = 0f). The function d is the distance function dgqn to the boundary of €2, while u,, is the solution v,
of (1.13) (thus, the Lipschitz constant from (b.2) is L = 1), which means that the conditions (b.1), (b.2) and
(b.3) are fullfilled. When ) is C? regular, the set M(Q2) is contained in . Now, as the elastic sets {u,, < d}

Hausdorff-converge to M(2) (see [6]) we get that, for large m, wu,, coincides with d in a neighborhood of 9.
Thus, (b.4) is fullfilled. As Q is C?, the function dpq is known to be C-semiconcave in 2 for some C' > 0 (see
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[10, (iii) of Proposition 2.2.2]), so (a) is fulfilled. Finally, condition (b.5) is a consequence of [13, Chapter 2,
Theorem 3.8|. Thus, there exists a constant C' > 0 such that for m big enough, v, is C-semiconcave in .
Application to Theorem 1.3 (T4). In the case of Theorem 1.3, we take M = M\ B,(z0) and OM = dB,(b),
where B,(b) is a small geodesic ball centered at the base point b. The function d is the distance function d; to
the base point, while u,, is the solution of (1.14). The semiconcavity of the distance function d in M\ B,(b) was
proved in [20], see Proposition 2.7. By Proposition 1.7, for large m, the problems (1.14) and (1.3) are equivalent
and so we can take L = 1 in (b.2), and we also have that (b.1) are (b.3) are fullfilled. Next, we notice that
by Lemma 3.3 we have that u,, = d in a neighborhood of b, which proves (b.4) by choosing the radius p small
enough. Finally, in Lemma 6.2 we will prove that also the condition (b.5) is fullfilled.

Proof of Proposition 6.1. First, we notice that by dividing all the functions by L, we can assume that L = 1.
Let n > 0. As in Definition 1.8, for a,b € R and A € (0, 1), we will use the notation

Aab = (1 — AN)a + Ab.

For any unit speed geodesic 7 : [a, b] — M, )€ (0,1) and v a function on M, let us define

(32, 0) = ML= N (C + )b = ) = (1= \(3(a) + X(3(0)) = v(1 (b))

We aim to show the following;:
in{ c(y, A\ um) >0, (6.1)
7,

where the infimum is taken over unit speed geodesics defined over finite intervals. Let us argue by contradiction
and assume that (6.1) does not hold.
Let us show that we may assume that the infimum is actually taken over unit speed geodesics v : [a, b] — M
such that
v((a,b)) C Ep = {um < d}. (6.2)

Let v : [a,b] — M be a unit speed geodesic, and A € (0,1), such that ¢(y, A\, umy) < 0. Let us assume that
does not verify (6.2). We will build a geodesic 7 that does verify (6.2), and A € (0, 1), such that

C@, X, um) < 0(77 A Um)'

First, notice that if y(Agp) ¢ Epn, then we have upm (Y(Aap)) = d(v(Aab)), um(y(a)) < d(v(a)) and uy,(y(b)) <
d(v(d)), and so

(Y, A um) > ey, A, d) >0, (6.3)
where the last inequality comes from the C-semiconcavity of d. This is contradictory, so v(Awps) € Em. As vy
does not verify (6.2), there exists ¢ € (0, Agp) U (Aap, 1), such that y(tep) ¢ En,. Up to reparametrization of ~,
we may assume that ¢ € (0, Aqp). We can define

pwi=min{s € (0,A) : Vr € (s,A\), y(rap) € Em}.
We have v(pab) ¢ Em, and v((tap, Aap]) C Em. Figure 2 may help justify intuitively the following construction.
Let A € (0,1) be such that

X,uabb = Aab- (64)
f(t) .
. } .
T
a Hab )\ab _ XNabb b t

F1GURE 2. Construction of ¥ and A
Let 5 be the unit speed geodesic defined by 5 := (.., .5)- Let us set f(£) := (C + n)t> — up,(v(t)). Then
(A A tim) = (1= X) F(ptan) + A (B) = F ()
= (1= 2)f (ptab) + A (B) = f(Nab)
= c(v, A um) = (L= N f(a) + A= N f () + (1 = X)f (s1ap). (6.5)
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Now after some elementary calculations, (6.4) translates into

{1A =(1-N(1-p),

A=A ==X,
so (6.5) becomes

C(ﬁa}"’ um) = C(’Ya )"um) - (1 - X)((1 - M)f(a) + :uf(b) - f(:uab))

= C(’y, A? um) - (1 - )\>C(75 Hy um)
Using the fact that v(uap) ¢ Erm, we deduce, as in (6.3), that

(¥ s tim) > e(y, 1, d) > 0.
This yields
c(ﬁ,x,um) < (Y, A, u).
Moreover the unit speed geodesic 7 : [ttas, b] — M verifies 5((ftqb, Xuabb]) C Enm. Now, arguing as above, if there
exists t € (A, 1) such that ¥(¢,,,5) ¢ En, then we may build two numbers v € (A, 1) and A € (0,1) such that
the unit speed geodesic 7 := m[uawaw verifies

-~

(7, tm) < (3, A, um),
and
a((ﬂaba Vab)) - Em-

So we now need to show that
inf e(y, A\, um) >0, (6.6)

7oA
where the infimum is taken over unit speed geodesics v : [a, b] — M such that ’y((a, b)) C En,.

By continuity of w,,, (6.6) is equivalent to simply saying that u,, is (C' + n)-semiconcave on E,,. Therefore,
as U, is smooth on F,,, by Proposition 2.2, we only need to show the pointwise condition

D*uy, < (CHn)Id on E,,. (6.7)

Now, let C1,C5,C3 > 0 be some constants to be determined later, and € > 0 to be chosen small enough later.
For p € E,,, and X € S""1(T,M), we define

F-(p, X) i= D*upm (X, X) + ¢ (cl V| (p) + Cau, (p) — Cgum(p)) . (6.8)

We will show that for a good choice of constants C1, C, C3, depending only of M and |d|; ., for any € > 0
small enough, depending only on M, |d|; . and 7, we have for any m large enough,

2
fep, X) < C+ 377 for every p € E,, andevery X €S" NT,M). (6.9)
This will conclude the proof since, as u,, is bounded by |d|; .. and 1-Lipschitz, we will then get
2
D?u,(X, X) < O+ Z 40, |d] ),

where C'(M, |d| ;) > 0 is a constant depending on M and |d|; . only. But this implies (6.7) if € has been taken
small enough.
Suppose by contradiction that
2
sup fe(p, X) > C+ il (6.10)
PEER 3
Xesm (T, M)

Let us assume that m is large enough so that D?u,, < (C' + n/3)Id in a neighborhood of dF,,. In particular,
we get that for e small enough, depending only on M, |d|, . and n,

2
fe<C+ 377 in a neighborhood of 0F,,.

Thus, by (6.10) and the precompactness of E,,, there exist ¢ € E,,, and Y € S"~!(T, M) such that
felgY)= sup  fo(p, X). (6.11)

pEE,
Xest (T, M)
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In the following, C™ will denote any constant that depends only on M. Let us pick some normal coordinates at
g such that 9;(q) =Y. We then extend the vector Y into a vector field (still denoted by Y') in a neighborhood of
q, by setting Y := 01/ |01]. As D9:1(q) = 0, we also have DY (¢q) = 0. Moreover, as the manifold M is compact,
D?Y (q) is bounded by a constant that depends on M only: we have

|D*Y (q)] < CM. (6.12)

We will show that the Laplacian of p — f.(p, Y (p)) is positive at ¢, which contradicts the maximality of (¢, Y (q))
in (6.11). Let us estimate A(D?u,,(Y,Y)) at the point ¢, using the abstract index notation.

A(D?*u,(Y,Y)) = gDy Dy(D?ju,, YY'?)
= 9" (DapeqmY Y + D cqum Dy (Y YY)
+D3qum Do (YY) + D2 ju, D2, (YY) . (6.13)

We may divide the right-hand side into four terms and estimate them at the point ¢ individually. The second
term is null because it contains Dy(Y°Y?) = (DY )Y? + YD, Y and DY = 0. The third term is also null,
for the same reason. By (6.12), we can estimate the fourth term as follows:

9" D2 D2, (YY) > —CM | D?up| > —C?M — & |D%up | (6.14)
It now remains to estimate the first term of (6.13). Using the notation
Diap) := Do Dy — Dy Do,
we compute
DDy DDty = Dy Dipe Datim, + Diae Do Dtiyn, + DeDaDipaytion + DeDiaay Dyt + DeDa Do Dty
By definition of the Riemann tensor we have
Dy D) Dgttry, = Da(Rpcea D Um) = (Do Rpced) D U + RoceaDa D U,

and so
DoDpy Datin| > —C™ |Vuy,| — CM | D?u, | . (6.15)
[be]
Likewise,
| DeDigay Dotian | > —CM [V | — CM | D>ty | - (6.16)

To compute the term DiqqDpDgtim, let us pick some coordinates (J:Z) and write DyDgu,, = ijumdx};dxfl.
Then, we have
Do Dy Datirn, = Digq) (ijumdx};dxfl)
= (D[aC]D?jum)dde:cfl + D?jum (D[ac]d:cé)dzil + D?jumdzZ(D[M]dxfl)
=0+ D?jumRaceb(dzi)edzj + D?jumdxéRaced (dxj)‘i
= RacebDeDdum + RacedDbDeuma

and so
| Diae) Dy Datin | > —CM | Dty - (6.17)
By symmetry of the tensor D?u,,, we have
DDy Dpgytin, = 0. (6.18)
Putting (6.15), (6.16), (6.17) and (6.18) together, we find
|9 Do DyDeDatiny| > —CM V| — CM | D?up, | — |g** DeDa Do Dytisy | -
In FE,,, u,, has constant Laplacian, so
¢ D.DyDyDytiy, = DeDaqg® Dy Dy, = DeDgAu,, = 0.
So we get
|9*° Do DyDDatin| > —CM [V, | — CM | D?upy | .
From this and the fact Y has norm 1, we deduce
1% Dy Dy Do DY Y| > —CMe™! — & |V, |? — 2| D2 |
Combining this equation with (6.13) and (6.14), we obtain at the point g,
A(D*upm(Y,Y)) > —CMe™! — 2¢ ‘D2um‘2 — & |Vum|?. (6.19)
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We recall the Bochner-Weitzenbock formulas:
A(Vum|?) = 2Rie(Vtgn, Vi) + 2| D2 |” + 2(V Aty V).

As M is compact, there exists a constant K > 0 such that Ric > —K. Using the fact that u,, has constant
Laplacian in F,,, we get

A(|Vum|?) 2 2| D% |* = 2K [Vu,,[*. (6.20)
Furthermore, using the fact that Au,, = —2m in E,, again, we find
A(u2) =2 |Vup|? — 2mu,

> 2 |Vun|* - 2m|d|, (6.21)

Au,, = —2m. (6.22)

Using (6.20), (6.21) and (6.22), we get
A (5 (V| + (K + Deu?, — (K +1)|d| o + 1)5um) > 2 ‘D2um|2 + & |[Vun|® +em.

Setting (C1,C2,C3) = (1, K+1,((K+1) |d| ; « + 1)), and recalling the definition of f. (6.8), we obtain thanks

to (6.19):
A(fe(0, Y ())p=q = —CMe™ +em.

In particular, if m is large enough, depending on M and ¢, this contradicts the maximality of (¢, Y (¢)) in (6.11).
This concludes the proof of (6.9) and Proposition 6.1. O

In order to apply Proposition 6.1 to problem (1.14), we will need the following lemma.

Lemma 6.2 (Bound of D?u,, near OE,,). Let u,, be the solution of (1.3), as in Theorem 1.5. Let e > 0 be
smaller than the distance from b to Cuty(M). Let Ep, := {um < dp}. From Proposition 5.2, we know that for
m large enough, we have E,,, C M\ B(b,e). Let C > 0 be such that d is C-semiconcave on M \ B(b,e). Then,
for any m large enough, for any n > 0, there is a neighborhood Ny, n, of OE,, in M \ B(b,c) such that

D?uy, < (C4n)Id in EpnNNym. (6.23)

Proof. We will use a theorem for obstacle problems on R". Let us show that wu,, is the solution of an obstacle
problem on an open subset of R”. Then, we will apply [13, Chapter 2, Theorem 3.8] to conclude that (6.23)
holds.
The minimality of w,, in (1.14) implies

—Aupy, —2m >0, uy, <d, and (—Auy —2m)(u, —dy) = 0. (6.24)
Let Q be defined as in the proof of Proposition 3.4. Let ¢ : Q) — U be a normal coordinates chart. Writing
down (6.24) in these coordinates, we find

Aty —2m >0, upm <y and  (Aupy, — 2m)(u, — ) =0,

where A is the Laplacian of M in the coordinates defined by @, Um = tm 0 ¢~ ! and ¢ = dj 0 ¢~ . This is the
form of [13, Chapter 2, equation (3.16)], so we can apply [13, Chapter 2, Theorem 3.8], to deduce that

Vp € 0B, VX € R" Jim D2 (6(q))(X. X) < D2(6(p))(X, X). (6.25)

q€Em,
Moreover, we have
D?uy, = D*u,, 0 (D™, D¢~ + Du,, 0 D¢,
D*) = D?dy o (D¢~ ', D¢~ 1) + Ddy 0o D*¢7 1,
and Du,, = Dd, on OE,, because u,, is C1. Thus, (6.25) yields:
Vp € O0En,, VX € R" (}i_l}}) DQUm(Q)(anXq) < Dde(p)(Xanp>a
qEE,
where we have set X, := D¢~ (¢(q))X. As dp is C-semiconcave, with Proposition 2.2, we get
¥p € OEm, ¥X € R™ lim D*up(q)(Xq, Xq) < C 1 X, (6.26)
qEE,

From there, we deduce that

for ¢ € E,, close enough to OF,,, we have D*u,,(q) < C + 1. (6.27)
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Indeed, if not, there exist a sequence (qx) of points of E,, whose distance to OF,, goes to 0, and a sequence
(X%) of unit vectors of R? such that for any k € N,

As E,, is precompact, up to extracting a subsequence, we can assume that (gi) converges to a point p € FE,,,
and (X}j) converges to a vector Y € R™. Because of (6.26), we have

Jim DU (q) (Yo » Yo ) < C. (6.29)
—00

Furthermore, we know from Proposition 3.4 that D?u,, is locally bounded. As (Xj),, — Yy, converges to 0
when k goes to oo, this implies

kli{g) DQU’W(qk) ((Xk)qw (Xk)%) - DQU’W(qk)(Y;Zk ) Yzlk) =0. (630)
Inequalities (6.28), (6.29) and (6.30) yield a contradiction. So (6.27) is true. This concludes the proof. O

7. CONVERGENCE OF THE GRADIENTS

In this section, we show that the uniform semiconcavity of u,,, implies the convergence of the gradients in the
sense of Theorem 1.3 (T6). We notice that the results from this section also apply to more general sequences
of semiconcave functions.

7.1. Lower semicontinuity. In this section, we prove the first inequality in Theorem 1.3 (T6) (see Proposition 7.2).
We start by the following lemma.

Lemma 7.1. Let u : M — R be a C-semiconcave function. Let p,q € M be such that there exists a geodesic
from p to q. Then,

C
u(q) < u(p) + [Vu(p)|d(p,q) + 5 d(p, 9)*,
where |Vul|(p) is the norm of the generalized gradient, defined in (2.3).

Proof. Let v :[0,d(p,q)] = M be a geodesic from p to ¢g. Consider the function f(t) = %C’t2 —u(y(t)). By the
semiconcavity of u, we know that f is convex. Thus, we have

fd(p,q)) = f(0) + f(0)d(p, ).
On the other hand, setting ¥(0) := v € T,,(M), by construction, we have
FO) = —ulp). fd(p.) = Sdlp.af ~ule), and F(0) = 07 ulp).

Thus, we obtain

u(a) < ulp) + dp, )07 ulp) + Sd(p, )? < u(p) + [Vup) dp,a) + S dp,a)” 0

Proposition 7.2. Let M be a Riemannian manifold and let C > 0 be a fized constant. Let up : M — R
be a sequence of C-semiconcave continuous functions that converges locally uniformly to a continuous function
Uso : M — R. Then, uq is also C-semiconcave, and for any sequence of points pr — peo € M, we have

Voo (poo) < liminf |Vug| (p)- (7.1)

Proof. First, notice that the C-semiconcavity of u., is an immediate consequence of the pointwise convergence
and the C-semiconcavty of uy. In particular, the generalized gradients |V, | (pr) and |Vueo| (poo) are well-
defined by Proposition 2.4. Thus, we only need to prove (7.1). We notice that (7.1) is trivial if |Vueo| (peo) = 0.
Thus, we suppose that |Vus| (ps) > 0. In particular, there are a vector v € S"~1(T, M) and a unit speed
geodesic v with v(0) = po and 4(0) = v such that

|Vuoo(poo)| = t£%1+ uoo(’)/(t>> ; uoo(poo)

In particular, for any € > 0, we can find ¢ € M such that d(p~,q) < € and

Uoo () — Uso (Poo)
[Vtoo (poo)| < 10 ) +e.
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Then, by the uniform convergence of u; and Lemma 7.1, we get

o W (@) — un(pr)

C
< liminf Cy
o0 d(q,pr) teslmin |Vur(pr)| + 5 (¢,p) +¢

|Viloo (Poo )| < lim
k—
< likminf [Vug(pr)| + (C + 1)e,
—00
which concludes the proof, as the inequality holds for any . O

7.2. Proof of Theorem 1.3 (T6). The claim (1.8) follows from Proposition 7.2. Thus, we only need to prove

(1.9). First, notice that, if |Vdp|(pso) = 1, then (1.9) follows from (1.8) and the fact that u,, is 1-Lipschitz. Let

now |Vdp|(pso) < 1. Suppose by contradiction that there are a subsequence my k—> 400 and constants € > 0
— 400

and 7 > 0 such that
|Vdp|(po) +€ < [V, |(p) for every pe€ By (ps) and every k> 0.
We now fix 1 < 79, which will be chosen later in the proof. Let (¢:):>0 be the curve defined by

dgs
Fri Vi, (gt)-

Let T > 0 be such that for any ¢t € [0, 7], d(¢:, pso) < 1, and in particular
[Vdy|(poo) + € < [V, [(q:) for every te[0,T].

qo = Poo and

We have

Uy (@7) =t (Do) = / |Vt (g1) | dt > / (IVds|(poc) +2)* dt = T(|Vdp|(po) +)°.

As u,y,, is bounded by the diameter of M, this estimate implies that there exists a finite biggest time 7" > 0
such that for any ¢t € [0,T], d(¢,Poo) < 1. In particular, d(pso,qr) = 1. Let v be a unit speed minimizing
geodesic between p., and gr. By Proposition 2.7, there is a constant Cy > 0 such that d; is Cy-semiconcave in
By, (pso). In particular, by Lemma 7.1, we have that

dy(qr) — dp(Pso) < |Vdy(poo)| d(Poo, a1) + Ca(d(Pos, qr))? = [Vdb(poo)| 0 + Can?® . (7.2)
On the other hand,

T
d d
U, (QT) — Um,, (poo) = /0 |Vumk (Qt)l ‘% qt

dt
dt

. dtz/o (IVdy|(poo) + )

= (Vi) +2) [ |t (Va0 + et ar

= (IVdy|(poc) +&)1- (7.3)
Combining (7.2) and (7.3), we get that

en — Can* < (Umk(tIﬂ — Uy, (poo)) - (db(tIT) - db(poo)) < 2|y, — dpl| Loo (ar)-

Now, taking n small enough, we get that

1
SN = 2||wm,, — dyl|Lo(ary for every k>0,

but this is in contradiction with the uniform convergence of wu,, to dp. ]

APPENDIX A. APPENDIX ABOUT SEMICONCAVITY

In this section we prove that defining local semiconcavity through charts (as in [20]), or through geodesics,
is the same (see Proposition 2.3). We recall the notation Agp = (1 — A)a + Ab, for a,b € R and A € [0, 1] and we
notice that the C-semiconcavity of u : M — R (in the sense of Definition 1.8) can be rewritten as

Au(y(a)u(r(v)) — w(Y(Aap)) < CA(L = A)(b = a)?,
for every unit speed geodesic v : [a,b] - M and any A € [0, 1].
In order to prove Proposition 2.3, we need the following lemma, which shows how to estimate the difference
between two geodesics linking a pair of given points, for two different metrics.
Lemma A.1l. Let g be a metric on the unit ball B1(0) C R™. There exists a constant B > 0 such that for any
unit speed geodesic 7y : [a,b] — (B1(0),g) and X € [0,1], we have

[7(Aab) = Ay@yr(vy] < BAL = A)(b— a)?.
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Proof. Tt suffices to prove that the estimate holds for A\ < %, as the case A > % can be deduced by considering

7 :t+ v(b—t) instead of 7. A unit speed geodesic 7 : [a,b] — (B1(0), g) satisfies the geodesic equation
i+ T3 =0,

where Féj are the Christoffel symbols of the metric g. As « is unit speed, the (%) are bounded, uniformly in ~.
Therefore, there exists a constant « > 0 independent of « such that |§| < «. By integration, we find

(1) = v(a) = F(a)(t — a)| < a(t —a)*.

Evaluating this expression at b yields

() = 7(a) = 4(a)(b - a)| < a(b — a)*.

From these two estimates, we deduce
t—a)| <at—a)*+ald—a)(t—a).

Taking ¢t = (1 — A)a + Ab in this estimate yields

14+ A
A= Na-+ 2b) — (1~ Ny(a) + M(E)] < ax1 + 26 - a)? = EV N a - x)p—ap2
Taking B := M, this proves the desired estimate when A < 1/2. This concludes the proof. O

1-1/2

Proof of Proposition 2.3. Let us assume that u is locally semiconcave. Let ¢ : U — V be a chart from an open
set U of M to on open set V of R, and y € V. Let f :=uo1~!. We want to show that f is semiconcave in a
neighborhood of y, as a function of R”. We first observe that f is locally semiconcave on the manifold (V, 1,g).
Let V' C V be a neighborhood of ¥ that is geodesically convex for the metric v, g, and such that there exists
a constant C' > 0 such that f is C-semiconcave on (V’,1,g). Let d denote the distance function on (V',,g).
Up to taking V' smaller, we may assume that the metric ¢,g is bounded on V', and so there exists a constant
B > 0 such that

Ve,y e V', d(z,y) < Blz—yl.
Let x,y € V' be such that [x,y] C V', and A € [0,1]. Let 7 : [a,b] — V' be a unit speed geodesic of (V’,1.g)
from z to y. By the C-semiconcavity of f on (V' 1),g), we have
M@ it = FAay) = A sv0) = FAy@nrm)
< OML= N0 —a)* + F(Ya)) = f(My@r )
< CAL = A)(b—a)® + Lip(f) [7(Aab) — Ay(a)yv)| -
Applying Lemma A.1 above, we get a constant B > 0 such that
M@ i) = fQay) < (C+Lip(f)B)AL = X)(b — a)?
= (C+Lip(f)B)M1 — N)(d(z,y))”
< (C+Lip(f)B)BA1 = A) [z — g/,

A
3y

and so f is semiconcave on V', as a function of R™.

Reciprocally, let us assume that v o~ is locally semiconcave as a function of R” for any chart ). Then, we
can show that u o1 ~! is locally semiconcave for the metric 1, g, for any chart 1, by using the same technique.
From there we deduce that u is locally semiconcave. This concludes the proof. ([l

APPENDIX B. A COUNTER-EXAMPLE TO THE EQUIVALENCE OF (1.3) AND (1.14) FOR SMALL m

Theorem B.1. There exist a surface of revolution M and a parameter m > 0 such that u,, # ul,.

Proof of Theorem B.1. Let 19 denote the rotation of R? of angle § € [0,27) around the z-axis.
Let T := 10' and r,h : [0, 7] — R be two smooth functions such that:
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0,h(t)) is a unit speed curve.
): (t,0) € 10,T] x [0,27)]} is a smooth surface,

r([1,2]) C [1,2],
r([3,4]) C (0, 10710),
r([5, T —1]) C[1,2] r(t)

This information is pictured in Figure B. We chose b = (0,0,0) as the
base point on M, and m = 1071% Let us assume that ul, = w,, and

build a better competitor in (1.14) to contradict the minimality of ud,. v(4)
We will first reduce (1.14) to a one-dimensional problem. Note that the 7(5)
functional we are minimizing is rotation-invariant. More precisely, for any 3 ~v(2)
0 € (0,27) and v € HY(M), we have 7(3)
2 2 —
M|V(uo7’9)| —m(uo rg) = M|Vu| — mu. (B.1) ~(0) ~(1) x

By the uniqueness of the minimizer uZ,, we deduce that u?, is rotation-

invariant, i.e. there exists a function p,, : [0,7] — R such that for any FIGURE 3. The curve 7.
0 € [0,2m) and t € [0, 7], ul (ro(v(t))) = pm(t). Thus ul, is a minimizer
of (1.14) among rotation-invariant functions.

Let w : M — R be any rotation-invariant function, and p : [0,7] — R be such that for any 6 € [0, 27),
u(rg(y(t))) = p(t). We will translate the minimization problem (1.14) on u into a problem on p.

First, because M is a surface of revolution, all the geodesics starting from b = (0,0, 0) have a constant angle
0. Thus, they are of the form ¢ +— rg(y(t)) for some 6 € [0,27). These are actually unit speed geodesics as +y is
unit speed. Hence, dy,(re(7(t))) = t, and the constraint u < dj, in (1.14) is equivalent to p(t) < t.

Secondly, we translate the H! constraint. To this end, let us define some coordinates (t,6) on M via the map

¢:(0,T)x (0,2m) = M,  ¢(t,0) =ro(y(t)).

/M Vul? = /O% /OT(|W|2 o ¢)Jodtdf

:/0 7T/O |Vu|2 (ro(v(t)))r(t) dtdo :27T/O |Vu|2(7(t))r(t) dt, (B.2)

because u is rotation-invariant. Moreover, as u is rotation-invariant, its gradient at the point 7(¢) is parallel to
!/
~'(t), and so

We have

p"(0)] = [Vu(v(B) - ' (O)] = [Vuly @) V' ()] = [Vuly(@®))] -
Hence (B.2) gives

T
|Vul” = 27r/ P/ ()2r(t) dt
M 0

Thus, the constraint « € H'(M) in (1.14) is equivalent to v € H((0,T),r(t)dt).
Thirdly, we may compute the functional likewise:

|Vul* — mu = 271'/0 (P'(t)* — mp(t)) r(t)dt.

All in all, as u¢, is a minimizer in (1.14), p,, is a minimizer of :

M

T
inf {/ (P (t)> —=mp(t)) r(t)dt : pe H((0,T),r(t)dt), p(t) < t} . (B.3)
0
The idea of the rest of the proof is the following. First, we recall the assumption u%, = u,,, which means that
|Vud,| <1, and so |p),| < 1. Now, if pp,(4) is close to 4, then pf,(t) is close to 1 for ¢ < 4, so a competitor
v such that p/(¢) is small for ¢ < 4 will contradict the minimality of p,, in (B.3). If on the contrary p,,(4) is
significantly smaller than 4, then for ¢ > 4, p,,(t) will be significantly smaller than ¢, so a competitor p such
that p(t) is closer to t for t > 4 will contradict the minimality of p,,, in (B.3). Because we chose r very small on
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the interval [3, 4] (see Figure 3), we can define a competitor p independently on [0, 3] and [4, T], without paying
much for the behavior of p on [3,4].
Case one: pm(4) € [3.5,4]. Let us define a competitor p for (B.3):

0 if ¢t€]0,3]
p:[0,T] =R, p(t)=<4(t—3) if te[3,4].
pm(t) +4—pm(4) if t>4
Let us call F(p) the functional appearing in (B.3). We have, from the definition of r and p,

4 T T
Flp) = /3 (16 —4m(t — 3))T(t)dt + /4 (p;%(t) - mpm(t)) r(t)dt — m(4 — pm(4))[l r(t)dt

<160 1070+ [ (520) - mpn () 01 0 (B.4)

SO

F(p) = F(p) <16-10° = [ (2(0) = mp (1)) r(t)
<16-1071° - /2 P2 (t)r(t) dt + m/4 pm(t)r(t) dt
1 0
<16-10710 — /2 P2 (t)r(t) dt + m/4 2t dt
1 0

2
=16-10"% —/ P2 (t)r(t) dt + 16m. (B.5)
1

We are left to bound from below the integral term in (B.5). By the Holder inequality we have

2 2 /2 2 1/2
Joms([3) ()
1 1 T 1

/2 pﬁr > (o (2) ; ll)m(l))2 > (pm(2) — pm(1)>2’ (B.6)

1 r

and so

by the construction of r. Now we use the fact u, = u,,, which means that ‘Vuil’ <1, and so |p},| < 1. With
the running assumption p,,(4) > 3.5, this implies p,(2) > 1.5. As pp,(1) < 1, we get pm(2) — pm(1) > 0.5.
Then, (B.6) and (B.5) yield
F(p) — Fpm) < 16-1071° - 0.25 + 16m. (B.7)
Recalling that we have chosen m = 10710, it contradicts the minimality of p,, in (B.3).
Case two: pm(4) < 3.5. We use the same competitor p as in case one. We even perform similar estimates,
the only difference being that we don’t estimate the term —m(4 — pp,(4)) f(41T) r(t)dt by 0 as in (B.4). Thus

(B.5) becomes instead:
2 T
Flp) — Flpm) < 1610710 — / P2 )r(t)dt + 16m — m(4 — pm(4))/ r(t)dt.
1 4
T
<16-1071 +16m — O.5m/ r(t)dt
4

T—-1
<16-1071 +16m — 0.5m/ r(t)dt.
5

Recalling that we have chosen m = 1071, T'=10'° and r > 1 between 5 and T — 1, it contradicts the minimality
of pm in (B.3). This concludes the proof. ([l
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