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Foreword: Shape and topology optimization

• Shape optimization aims to minimize a function of the domain.

• Such problems can be traced back to the early human history...

• They are now as topical as ever, because of the needs to realize
energy savings and to get free from fossile fuels.

• Despite its extensive academic and industrial treatments, the
discipline keeps raising fascinating issues:

- Develop mathematical tools, e.g. to measure the sensitivity
of a quantity with respect to the domain.

- Develop efficient numerical methods, that leverage recent
achievements in scientific computing, machine learning, etc.

- Address novel, challenging physical situations.

- Propose realistic optimal design models, that notably take
into account uncertainties and fabrication constraints.

Hooke’s principle: “As hangs
the flexible chain, so but

inverted stands the rigid arch”.

Optimized design of a landing
gear (courtesy of Ansys).
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Outline of the presentation

1 Motivation and background
Some basic material about shape optimization
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2 Towards realistic shape and topology optimization models
Shape optimization under uncertainties
Modeling fabrication constraints: the example of additive manufacturing

3 Asymptotic analysis for new types of shape variations
Optimization of boundary conditions
Topological ligaments

4 An ongoing project: Evolution of shapes via Laguerre diagrams
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Shape and topology optimization in a nutshell (I)

• A shape and topology optimization problem reads:

min
Ω

J(Ω) s.t. C(Ω) ≤ 0,

where

- The shape Ω is a bounded Lipschitz domain in Rd ;

- J(Ω) measures the physical performance of Ω;

- C(Ω) is a constraint functional.

⌦

<latexit sha1_base64="JJ945yD6gjOgLdDQqgZ7NwybIdQ="></latexit>

⌦

• In applications, J(Ω) and C(Ω) depend on the physical behavior of Ω, via a state
uΩ, solution to a boundary value problem posed on Ω.

• The theoretical and numerical treatments of such problems rely on the
“derivatives” of Ω 7→ J(Ω) and Ω 7→ C(Ω)...

... a notion that can be understood in various ways.
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Shape and topology optimization in a nutshell (II)

Thermal (or electric) conduction

• Ω is a thermal cavity;

• uΩ : Ω→ R is the temperature within Ω, solution
to the conductivity equation;

• J(Ω) is the mean, or maximum temperature in Ω;

• C(Ω) is a constraint on the volume of Ω.

<latexit sha1_base64="omIz52IXYj7nxpuF+GQ+8qBuaVo=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUZcbwEv3oxgFkiG0NOpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLyZ+M0n0IYp+WBHCYSC9CWLGSXWSY3OnYA+6ZbKfsWfAi+SICdllKPWLX11eoqmAqSlnBjTDvzEhhnRllEO42InNZAQOiR9aDsqiQATZtNrx/jYKT0cK+1KWjxVf09kRBgzEpHrFMQOzLw3Ef/z2qmNr8KMySS1IOlsUZxybBWevI57TAO1fOQIoZq5WzEdEE2odQEVXQjB/MuLpHFaCS4q5/dn5ep1HkcBHaIjdIICdImq6BbVUB1R9Iie0St685T34r17H7PWJS+fOUB/4H3+AF+8jvw=</latexit>
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�D

Structural mechanics

• Ω is a mechanical part;

• uΩ : Ω→ Rd is the displacement of Ω, solution
to the linear elasticity system;

• J(Ω) is the compliance of Ω;

• The constraint C(Ω) concerns the volume of
Ω, its von Mises stress, etc.

�D

<latexit sha1_base64="UHDZLsblZ0/z+SyYBrMuuPjr8bk="></latexit>

u(x)
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Shape and topology optimization in a nutshell (III)

• A shape and topology optimization problem reads:

min
Ω

J(Ω) s.t. C(Ω) ≤ 0,

where

- The shape Ω is a bounded Lipschitz domain in Rd ;

- J(Ω) measures the physical performance of Ω;

- C(Ω) is a constraint functional.

⌦

<latexit sha1_base64="JJ945yD6gjOgLdDQqgZ7NwybIdQ="></latexit>

⌦

• In applications, J(Ω) and C(Ω) depend on the physical behavior of Ω, via the
solution uΩ to a boundary value problem posed on Ω.

• The theoretical and numerical treatments of such problems rely on the
“derivatives” of Ω 7→ J(Ω) and Ω 7→ C(Ω)...

... a notion that can be understood in various ways.
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Different sensitivities with respect to the domain (I)

Hadamard’s boundary variation method.

Variations Ω of a shape are considered under the form

Ωθ := (Id + θ)(Ω),

where θ ∈W 1,∞(Rd ;Rd) is a “small” vector field.
<latexit sha1_base64="ZiAld7nUoCOCxmBZUPdycIvvZw0="></latexit>

⌦✓
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⌦

<latexit sha1_base64="FsaAv9uJIhJLwbNEg2fWy1S4gvQ="></latexit>•
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<latexit sha1_base64="FsaAv9uJIhJLwbNEg2fWy1S4gvQ="></latexit>•
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Definition 1.
The shape derivative J ′(Ω)(θ) of a function J(Ω) is the Fréchet derivative of the
underlying mapping θ 7→ J(Ωθ):

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o(θ).

� A. Henrot and M. Pierre, Shape Variation and Optimization, EMS Tracts in
Mathematics Vol. 28, 2018.
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Different sensitivities with respect to the domain (II)

Nucleation of a tiny hole.

Variations of Ω are considered under the form

Ωx0,r := Ω \ B(x0, r),

where x0 ∈ Ω and r � 1. ⌦

•
r
x0

Definition 2.
A function J(Ω) has a topological derivative dJT (Ω)(x0) at x0 if the following
expansion holds:

J(Ωx0,r ) = J(Ω) + rddJT (Ω)(x0) + o(rd).

� A. A. Novotny and J. Sokołowski, Topological derivatives in shape optimization,
Springer Science & Business Media, 2012.
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Different sensitivities with respect to the domain (III)

• The calculations of J ′(Ω)(θ) and dJT (Ω)(x) rely on the adjoint method.

• Their expressions depend on uΩ and an adjoint state pΩ.

• Assuming regularity of uΩ and pΩ, shape derivatives have the structure

J ′(Ω)(θ) =

∫
∂Ω

vΩ(uΩ, pΩ) θ · n ds,

where vΩ(uΩ, pΩ) : ∂Ω→ R has a closed form expression.

• A descent direction for J(Ω) is easily revealed from this structure:

θ = −vΩ(uΩ, pΩ)n on ∂Ω ⇒ J ′(Ω)(θ) < 0,

i.e. “small deformations” of Ω according to θ decrease the value of J(Ω).

• Points x ∈ Ω s.t. dJT (Ω)(x) < 0 indicate where it is beneficial to drill tiny holes.

� J.-L. Lions, Optimal control of systems governed by partial differential equations,
Grundlehren der mathematischen Wissenschaften, (1971), Springer-Verlag.
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A numerical algorithm
Joint work with G. Allaire & P. Frey

A steepest-descent strategy:

• At each iteration n = 0, . . ., the shape Ωn is equipped with a mesh T n.

• The finite element computations for uΩn and pΩn are performed on T n.

• A descent direction θn is obtained from J ′(Ωn), C ′(Ωn).

• The mesh updates T n → T n+1 leverage a mesh evolution algorithm.

• Topological derivatives are periodically used to nucleate small holes inside Ω.
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A word of advertisement

The algorithms involved in this strategy are available as free, open-source codes.

• ISCDtoolbox: Algorithms for the level set method.

https://github.com/ISCDtoolbox

• Mmg: A general purpose remeshing library.

https://www.mmgtools.org

https://github.com/MmgTools/mmg
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Optimization of a nanophotonic duplexer (I)
Joint work with A. Gliere, K. Hassan, N. Lebbe & E. Oudet

• Nanophotonic devices are the basic components
of photonic integrated circuits.

• In these, light is transported by wave guides.

• The attached electric and magnetic fields are gov-
erned by Maxwell’s equations.

• Duplexers steer incoming waves to different out-
put channels, depending on their wavelength.

• The shape Ω of air inclusions in the Si core is
optimized to achieve this effect.

⌦

One nanophotonic component inside a complete photonic circuit.
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Optimization of a nanophotonic duplexer (II)

Optimization of the shape of a nanophotonic duplexer.
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Optimization of the shape of a 3d heat exchanger (I)
Joint work with G. Allaire, F. Feppon & P. Jolivet

• A thermal chamber D is made of

- A phase Ωf ,hot conveying a hot fluid;

- A phase Ωf ,cold conveying a cold fluid;

- A solid phase Ωs .

• The Navier-Stokes equations are satis-
fied in Ωf ,hot, Ωf ,cold.

• The stationary heat equation accounts
for the temperature diffusion within D.

• The heat transferred from Ωf ,hot to
Ωf ,cold is maximized.

• A constraint is imposed on the minimal
distance between Ωf ,hot and Ωf ,cold:

d(Ωf ,hot,Ωf ,cold) ≥ dmin.

• Volume and pressure drop constraints are
added on Ωf ,hot, Ωf ,cold.

<latexit sha1_base64="5oenEh6kbltwl2zuTtid8F4oDM8="></latexit>

Thot
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Tcold
<latexit sha1_base64="ouEb2DAFxRfTCQ8xs7nciPvaGyg="></latexit>

⌦f,cold

<latexit sha1_base64="QlE8D7HQ6Em6D0/3sR052CXDwp0="></latexit>

⌦f,hot

<latexit sha1_base64="gOdBkBWeYJgNYircDbTdkq3CSJA="></latexit>

dmin
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D
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⌦s
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Optimization of the shape of a 3d heat exchanger (II)

Optimization of the shape of a heat exchanger.
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Robustness and fabrication constraints
Realistic optimal design studies are often expected to be aware of:

• Uncertainties about the parameters of the physical models.

⇒ We introduce various robust optimal design formulations, depending on the
available information about uncertainties.

• The constraints imposed on (the geometry of) the design by fabrication processes.

dmin

•
•

x

y
n(y)

n(x)

Thin parts are likely to break during cooling.
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⇠3

Molding processes make undercuts undesirable.

⇒ We consider the overhang constraints imposed by the promising additive
manufacturing technologies.

� K. Maute, Topology optimization under uncertainty, in Topology optimization in
structural and continuum mechanics, (2014), pp. 457–471.
� G. Michailidis, Manufacturing constraints and multi-phase shape and topology
optimization via a level-set method, PhD thesis, Ecole Polytechnique, (2014).

19 / 76



1 Motivation and background
Some basic material about shape optimization
Two recent numerical realizations

2 Towards realistic shape and topology optimization models
Shape optimization under uncertainties
Modeling fabrication constraints: the example of additive manufacturing

3 Asymptotic analysis for new types of shape variations
Optimization of boundary conditions
Topological ligaments

4 An ongoing project: Evolution of shapes via Laguerre diagrams

20 / 76



Foreword: uncertainties in structural optimization

• A concrete shape optimization problem reads:

min
Ω
C(Ω, ξ) (+ constraints),

where ξ ∈ Ξ represents physical parameters.

• In structural mechanics, ξ may stand for:
- The loads;

- The material properties (e.g. Young’s modulus);

- The geometry of the system itself.

• In practice, these parameters are often uncertain:
- They are identified via error-prone measurements,

- They are altered with time (wear) and depend on
the conditions of the ambient medium.

• The cost C(Ω, ξ) (and the optimality of Ω) is usually
very sensitive to even small perturbations of ξ.

⇒ Need to somehow anticipate uncertainties when
designing and optimizing shapes.

Drag on the wing of an aircraft (from
https://mximillinblogbll.blogspot.com)

A worn out brake pad
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Various uncertainty paradigms: Worst-case design (I)
Joint work with G. Allaire

• When nothing is known about ξ but a (small) bound m on its amplitude around a
mean value ξ0, worst-case formulations are considered:

min
Ω

Jwc(Ω), where Jwc(Ω) := sup
||ξ−ξ0||Ξ≤m

C(Ω, ξ). (WC)

• Formal idea: We linearize the cost C(Ω, ξ) with respect to ξ:

C(Ω, ξ) ≈ C(Ω, ξ0) +
∂C
∂ξ

(Ω, ξ0)(ξ) + o(m),

and then formally approximate

Jwc(Ω) ≈ sup
||ξ−ξ0||Ξ≤m

(
C(Ω, ξ0) + ∂C

∂ξ
(Ω, ξ0)(ξ)

)
= C(Ω, ξ0) + m

∣∣∣∣∣∣ ∂C∂ξ (Ω, ξ0)
∣∣∣∣∣∣

Ξ∗
,

where ||·||Ξ∗ is the dual norm of || · ||Ξ.

• The resulting approximation of (WC) can be tackled by standard adjoint methods.
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Various uncertainty paradigms: stochastic approaches (I)
Joint work with G. Allaire

• Stochastic approaches assume a random distribution

ξ ≡ ξ(ω), ω ∈ O, with law P ∈ P(Ξ) : ∀A ⊂ Ξ, P(A) =

∫
O
1{ξ(ω) ∈A} dω.

• The robust optimal design problem involves a moment of the cost C(Ω, ξ), e.g.:

min
Ω

Jmean(Ω), where Jmean(Ω) :=

∫
Ξ

C(Ω, ξ) dP(ξ).

• We rely on the following assumptions about the uncertain parameters ξ(ω):

¶ ξ(ω) is “small”, e.g. the norm ||ξ||Lp(O;Ξ) is “small” for some p ≥ 1.
· ξ(ω) is “finite-dimensional”:

ξ(ω) = ξ0 +
N∑
i=1

ξiαi (ω),

where ξ0, ξ1, . . . , ξN are deterministic parameters,∫
O
αi (ω) dω = 0, and

∫
O
αi (ω)αj(ω) dω = δij , i , j = 1, . . . ,N.

Such a reduced structure is obtained e.g. by a Karhunen-Loève expansion.
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Various uncertainty paradigms: stochastic approaches (II)

• Formal idea: We linearize the cost C(Ω, ξ) around the mean value ξ0:

C(Ω, ξ) ≈ C(Ω, ξ0) +
∂C
∂ξ

(Ω, ξ0)(ξ) +
1
2
∂2C
∂ξ2 (Ω, ξ0)(ξ, ξ) + o(||ξ − ξ0||2Ξ).

• Injecting the structure of ξ(ω) and taking the mean value, it follows:

Jmean(Ω) ≈ C(Ω, ξ0) +
1
2

N∑
i=1

∂2C
∂ξ2 (Ω, ξ0)(ξi , ξi ).

• This shape functional can be analyzed by standard adjoint techniques.

• A similar treatment yields an approximate variance or probability of failure:

Jvar(Ω) :=

∫
Ξ

(
C(Ω, ξ)− Jmean(Ω)

)2
dξ and Jfail(Ω) = P

{
ξ ∈ Ξ, C(Ω, ξ) > α

}
,

where α is a safety threshold.
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A numerical example

1.5

2

<latexit sha1_base64="plHx5hU9foZyzkxDHI/sd1UKbh0="></latexit>

f0

0.2
0.2 0.2

Optimized bridge considering (Top row) Random loads with the objective Jmean(Ω) and m = 1, 2, 5, 10; (middle
row) Random loads with the objective Jmean(Ω) + δJvar(Ω)1/2 and δ = 3,m = 1, 2, 5, 10; (bottom row) The
worst-case approach with m = 1, 2, 5, 10.
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Shortcomings of worst-case and stochastic approaches

Beyond computational aspects, neither of these paradigms is truly satisfactory.

• Worst-case approaches are pessimistic:

Anticipating the (unlikely) worst-case scenario yields shapes with poor nominal
performance.

• Stochastic approaches suffer from a major conceptual flaw:

The law P of the uncertain parameters ξ(ω) is not known, and can at best be
estimated from (a few) observed samples.
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Distributionally robust formulations
Ongoing work with F. Iutzeler, J.Prando & B. Thibert

• Distributionally robust formulations only assume an estimate P of the law of the
uncertain parameter ξ, that belongs to a compact set Ξ ⊂ Rk .

• The worst mean value of C(Ω, ξ) is minimized among laws Q that are “close” to P:

min
Ω

Jdr(Ω), where Jdr(Ω) = sup
Q∈P(Ξ)
d(Q,P)≤m

∫
Ξ

C(Ω, ξ) dQ(ξ).

• The distance d(Q,P) between probability measures is the Wasserstein distance:

W (Q,P) = inf
π∈P(Ξ×Ξ)
π1=Q, π2=P

∫
Ξ×Ξ

c(ξ, ζ) dπ(ξ, ζ),

where c(ξ, ζ) := |ξ− ζ|2 is the ground cost of sending a unit of matter from ξ to ζ.

� H. Rahimian and S. Mehrotra, Distributionally robust optimization: A review, arXiv
preprint arXiv:1908.05659 (2019).
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The Wasserstein distance (I)

• A coupling is a probability measure π ∈ P(Ξ× Ξ).

• The marginals π1, π2 ∈ P(Ξ) of π ∈ P(Ξ× Ξ) are defined by:

∀ϕ ∈ C(Ξ),

∫
Ξ×Ξ

ϕ(ξ)dπ(ξ, ζ) =

∫
Ξ

ϕ(ξ) dπ1(ξ), and∫
Ξ×Ξ

ϕ(ζ)dπ(ξ, ζ) =

∫
Ξ

ϕ(ζ) dπ2(ζ).

• Interpretation: π(ξ, ζ) ≈ amount of mass of P at ζ coming from mass at ξ in Q.

• W (Q,P) thus measures the optimal way to transport the mass from Q to P.

• It is a “geometric” quantity to appraise the difference between P and Q.
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⇡(⇠, ⇣2)
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The Wasserstein distance (II)

The blurred, entropy-regularized Wasserstein distance is used:

Wε(Q,P) = inf
π∈P(Ξ×Ξ)
π1=Q, π2=P

(∫
Ξ×Ξ

c(ξ, ζ)dπ(ξ, ζ) + εH(π)

)
,

where the entropy H(π) of a coupling π is:

H(π) =

{ ∫
Ξ×Ξ

log
(

dπ
dπ0

)
dπ if π is a.c. w.r.t. π0

+∞ otherwise,

and the reference coupling π0 is:

π0(ξ, ζ) = P(ξ)dνξ(ζ), with dνξ(ζ) := αξe
− c(ξ,ζ)

2σ 1Ξ(ζ)dζ,

for some σ > 0 and a normalization factor αξ, i.e.

π0 “spreads” the mass of P at ξ over a characteristic length σ.

� G. Peyré and M. Cuturi, Computational optimal transport: With applications to data
science, Foundations and Trends in Machine Learning, 11 (2019), pp. 355–607.
� F. Santambrogio, Optimal transport for applied mathematicians, Birkäuser, 2015.
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Ongoing work: distributionally robust formulations (III)

We use the following result from convex duality.

Theorem 1.

Let f : Ξ→ R be a continuous function, and P ∈ P(Ξ) be a probability measure.
Then, for any m > 0 and for σ small enough,

sup
Wε(P,Q)≤m

∫
Ξ

f (ζ) dQ(ζ) = inf
λ≥0

{
λm + λε

∫
Ξ

log

(∫
Ξ

e
f (ζ)−λc(ξ,ζ)

λε dνξ(ζ)

)
dP(ξ)

}
.

The distributionally robust problem has a tractable reformulation:

min
Ω,λ≥0

D(Ω, λ), where

D(Ω, λ) := λm + λε

∫
Ξ

log

(∫
Ξ

e
C(Ω,ζ)−λc(ξ,ζ)

λε dνξ(ζ)

)
dP(ξ).

� W. Azizian, F. Iutzeler and J. Malick, Regularization for Wasserstein distributionally robust
optimization, ESAIM: Control, Optimisation and Calculus of Variations, (2023), 29, 33.
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Ongoing work: distributionally robust formulations
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Distributionally robust shapes of the cantilever for various values of m.
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Additive manufacturing in a nutshell

• Additive manufacturing technologies (a.k.a. 3d printing) proceed by decomposing
the shape into horizontal layers, which are assembled one on top of the other.

• 3d printing technologies differ on how each individual layer is fabricated.

Material extrusion methods (e.g. FDM), used to process
plastic (ABS), act by deposition of a molten filament.

Powder bed fusion methods (e.g. EBM, SLS) process
metals; metallic powder is spread within the build
chamber, and a laser binds the grains together.

• 3d printing techniques can allegedly process arbitrarily complex shapes.
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The overhang issue

All additive manufacturing technologies experience trouble when assembling shapes
with large overhangs, i.e. regions hanging over void.

• In the case of FDM processes, this amounts to assembling over void.

• In powder-bed methods, these regions cannot efficiently evacuate heat,
inducing residual stress and warpage during cooling.

• A common, but cumbersome strategy to handle overhangs is to erect a
sacrificial scaffold structure alongside the construction of the shape.

⇒ Desire to add an overhang constraint P(Ω) in the optimal design problem.

(Left) Warpage caused by residual constraints in EBM (from [PoFarCoMa]); (right) Supporting scaffold
structure (from https://filament2print.com).
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Insufficiency of geometric constraints: the “dripping effect”

• Geometric attempt: P(Ω) penalizes regions of ∂Ω “close” from horizontal, e.g.

P(Ω) =

∫
∂Ω

ϕ(nΩ) ds, where ϕ : Rd → R is given.

• The results are undesirable: such functions induce “many” local minima”, where
the constraint is satisfied “almost everywhere”.

Optimized shape of a 2d MBB Beam (without manufacturing constraint).

Optimized shape accommodating a geometric constraint, which is fulfilled “almost everywhere”!
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A mechanical constraint for overhang features (I)
Joint work with G. Allaire, R. Estevez, A. Faure & G. Michailidis

We rely on a mechanical constraint P(Ω) which appraises the physical behavior of
the shape at each stage of its construction.

• Ω is enclosed in the build chamber D = S ×
(0,H), where S ⊂ Rd−1,

• Ωh := {x = (x1, ..., xd) ∈ Ω, xd < h} is the in-
termediate shape at height h.

• The boundary ∂Ωh is decomposed as ∂Ωh =
Γ0 ∪ Γu

h ∪ Γl
h, where

- Γ0 = {x ∈ ∂Ωh, xd = 0} is the contact region be-
tween Ωh and the build table,

- Γu
h = {x ∈ ∂Ωh, xd = h} is the upper side of Ωh,

- Γl
h = ∂Ωh \ (Γ0 ∪ Γu

h) is the lateral surface.

D

h

e1
e2

e3

�u
h

�l
h

�0
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A mechanical constraint for overhang features (II)

• Each intermediate shape Ωh is only subjected to gravity effects g ∈ H1(Rd)d .

• The displacement uc
Ωh

of Ωh during construction (6= final use) satisfies:
−div(Ae(uΩc

h
)) = g in Ωh,

uc
Ωh

= 0 on Γ0,

Ae(uc
Ωh

)n = 0 on Γl
h ∪ Γu

h.

• The self-weight of each intermediate shape Ωh is:

cΩh :=

∫
Ωh

Ae(uc
Ωh

) : e(uc
Ωh

) dx =

∫
Ωh

g · uc
Ωh

dx .

• The manufacturing compliance of Ω aggregates the self weights of its intermediate
shapes:

Psw(Ω) =

∫ H

0
j(cΩh ) dh,

where j : R→ R is a smooth function.
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A mechanical constraint for overhang features (III)

• The shape derivative of the constraint Psw(Ω) can be calculated.

• Other models may be used for the physical behavior of intermediate shapes Ωh, e.g.

- The problem for the displacement uc
Ωh

of Ωh could be replaced by:
−div(Ae(ua

Ωh
)) = gh in Ωh,

ua
Ωh

= 0 on Γ0,

Ae(ua
Ωh

)n = 0 on Γl
h,

Ae(ua
Ωh

)n = 0 on Γu
h,

where gh(x) =

{
g if xd ∈ (h − δ, h),
0 otherwise,

is the force applied by the printing tool on the upper side of Ωh.

- In [AlJak], the constraint P(Ω) involves the solution TΩh to a thermal
cooling problem posed on Ωh, to model residual stresses in the final shape Ω.
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A mechanical constraint for overhang features (IV): example

Optimized 2d MBB Beams obtained using the modified manufacturing compliance Paf(Ω) and parameters (from
top to bottom) αc = 0.30, αc = 0.10, αc = 0.05, and αc = 0.03.
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Asymptotic analysis: foreword

Asymptotic analysis generally deals with the effect of “small perturbations” on the
solution to a boundary value problem, indexed by ε� 1. They may be

• Regularized versions of a singular boundary value problem,

• Singular perturbations of “smooth” partial differential equations.

A representative issue of the second category is the analysis of the effect of small
inhomogeneities within a background medium.
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Small inhomogeneities in a background medium (I)

• Background situation: u0 is the potential associated to a
smooth conductivity γ0 within D ⊂ Rd :{

−div(γ0∇u0) = f in D,
u0 = 0 on ∂D.

<latexit sha1_base64="I/U0ZJQI55mz2jmdNTm/L4AVEwc="></latexit>

D

• Perturbed situation: γ0 is replaced by another smooth
conductivity γ1 inside a “small” subset ωε b D:{
−div(γε∇uε) = f in D,

uε = 0 on ∂D,

where γε(x) :=

{
γ1(x) if x ∈ ωε,
γ0(x) otherwise.

<latexit sha1_base64="I/U0ZJQI55mz2jmdNTm/L4AVEwc="></latexit>

D

<latexit sha1_base64="Yvh6sKB4wH7xX9R16ocEwflszrQ="></latexit>!"

What is the behavior of the perturbed potential uε by the presence of
inclusions ωε of conductivity γ1 in the background medium?
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Small inhomogeneities in a background medium (II)
• A general representation formula for uε is (up to a subsequence of the ε):

uε(x) = u0(x) + |ωε|
∫
D

M(y)∇u0(y) · ∇yN(x , y) dµ(y) + o(|ωε|),

where

- µ is a positive measure indicating the “limiting position” of the sets ωε;

- The polarization tensorM(y) encodes the limiting “near field” uε inside ωε;

- N(x , y) is the Green’s function for the background problem.

• Under “mild” conditions, the quantity J(uε) :=
∫
D
j(uε) dx has the expansion:

J(uε) = J(u0)− |ωε|
∫
D

M(y)∇u0(y) · ∇p0(y) dµ(y) + o(|ωε|),

where the adjoint state p0 is defined by
{
−div(γ0∇p0) = −j ′(u0) in D,

p0 = 0 on ∂D.

� Y. Capdeboscq and M. S. Vogelius, A general representation formula for boundary
voltage perturbations caused by internal conductivity inhomogeneities of low volume fraction,
ESAIM: M2AN, 37 (2003), pp. 159–173.
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Small inhomogeneities in a background medium (III)

Diametrically small inhomogeneities

ωε = x0 + εω,

where ω b Rd is a given bounded subset.

• µ is a multiple of δx0 ,

• M involves the solution to an exterior problem,
posed on ω and Rd \ ω.
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A 3d diametrically small inhomogeneitySmall tubular inhomogeneities

ωσ,ε =
{
x ∈ Rd , d(x , σ) < ε

}
,

where σ b D is an (open or closed) curve in Rd .

• µ is an integration measure on σ,

• M is diagonal in a local basis (τ, n1, . . . , nd−1)
attached to σ.

• These have been seldom considered [BCGF, CGK].
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A 3d tubular inhomogeneitiy.
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Foreword

We investigate two forays of asymptotic analysis in shape and topology optimization.

Optimization of the regions supporting boundary conditions
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perturbation

Optimization of the topology of shapes by the graft of thin ligaments

<latexit sha1_base64="YgAeRhYAIoh9WooBctetzOgInIE="></latexit>

⌦

<latexit sha1_base64="T4EFL9NF3dJ6f6vLLo5tafws9Kk=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4KjOl1C4LLnRZwT6gHUomzbShmcyQ3BHL0KUbf8WNC0Xc+gnu/BszfYBaDwQO59zDzT1+LLgGx/myVlbX1jc2c1v57Z3dvX374LCpo0RR1qCRiFTbJ5oJLlkDOAjWjhUjoS9Yyx9dZn7rjinNI3kL45h5IRlIHnBKwEg9+6QL7B7SK0UCwFGACYYhl1jwAQmZhEnPLjhFZwrsFEvlasmtYHehLEgBzVHv2Z/dfkSTLEwF0brjOjF4KVHAqWCTfDfRLCZ0RAasY6g0a7SXTg+Z4DOj9HEQKfMk4Kn6M5GSUOtx6JvJkMBQ//Uy8T+vk0BQ9VIu4wSYpLNFQSIwRDhrBfe5YhTE2BBCFTd/xXRIFKFgusubEpZOXibNUtGtFCs35UKtPK8jh47RKTpHLrpANXSN6qiBKHpAT+gFvVqP1rP1Zr3PRleseeYI/YL18Q2tDpm9</latexit>

Graft of a thin ligament
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1 Motivation and background
Some basic material about shape optimization
Two recent numerical realizations

2 Towards realistic shape and topology optimization models
Shape optimization under uncertainties
Modeling fabrication constraints: the example of additive manufacturing

3 Asymptotic analysis for new types of shape variations
Optimization of boundary conditions
Topological ligaments

4 An ongoing project: Evolution of shapes via Laguerre diagrams
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Optimization of boundary conditions: examples

Thermal conduction

• The temperature uΩ : Ω→ R inside Ω is the
solution to the conductivity equation;

• Dirichlet b.c. account for a known profile;

• Neumann b.c. represent an imposed heat flux.
Optimization of the screws of a
mandibular prosthesis [LaBa].

Structure mechanics

• The displacement uΩ : Ω→ Rd of Ω is solution to
the linear elasticity system;

• Ω is attached at the regions equipped with
homogeneous Dirichlet b.c. ;

• Neumann b.c. represent applied surface loads. Optimized cooling process for a structure
produced by molding [WeWuShi].
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A model situation (I)

• The considered shapes Ω are smooth,
bounded domains in Rd , with boundaries:

∂Ω = ΓD ∪ ΓN ∪ Γ.

• We assume that ΓD ∩ ΓN = ∅ and denote

ΣD = ∂ΓD , and ΣN = ∂ΓN .

• The behavior of Ω is dictated by the solution
uΩ ∈ H1(Ω) to the conductivity equation:

−div(γ∇uΩ) = f in Ω,
uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on Γ,

γ ∂uΩ
∂n

= g on ΓN ,

where

• γ is the conductivity of the medium,

• f ∈ L2(Ω) is a source (or a sink),

• g ∈ L2(ΓN) is a heat flux.

<latexit sha1_base64="hW8JK//SWnCfKb8eloNUbUT5Q4k=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjPidgwo6DGCWSAZQk2nJ2nS3TN29whhyE948aCIV3/Hm3/jZBHi9qDg8V4VVfWCWHBjXffDyS0sLi2v5FcLa+sbm1vF7Z26iRJNWY1GItLNAA0TXLGa5VawZqwZykCwRjC4GPuNe6YNj9StHcbMl9hTPOQUbSY121coJXYuO8WSV3YnIO4v8mWVYIZqp/je7kY0kUxZKtCYlufG1k9RW04FGxXaiWEx0gH2WCujCiUzfjq5d0QOMqVLwkhnpSyZqPMTKUpjhjLIOiXavvnpjcW/vFZiw3M/5SpOLFN0uihMBLERGT9PulwzasUwI0g1z24ltI8aqc0iKsyH8D+pH5W90/LJzXGpcjyLIw97sA+H4MEZVOAaqlADCgIe4AmenTvn0XlxXqetOWc2swvf4Lx9ApxLj6k=</latexit>

�D

<latexit sha1_base64="AgRzaO+72C7CafdtfGVpj/ZEe5Y=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbB07JbavVY8KAnqWA/oF1KNs22oUl2TbJCKf0TXjwo4tW/481/Y9quUEUfDDzem2FmXphwpo3nfTq5ldW19Y38ZmFre2d3r7h/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHF3O/NYDVZrF8s6MExoIPJAsYgQbK7W7V1gI3LvpFUu+682BPLda9stexZJM+bZKkKHeK350+zFJBZWGcKx1x/cSE0ywMoxwOi10U00TTEZ4QDuWSiyoDibze6foxCp9FMXKljRori5PTLDQeixC2ymwGerf3kz8y+ukJroIJkwmqaGSLBZFKUcmRrPnUZ8pSgwfW4KJYvZWRIZYYWJsRIXlEP4nzbLrV92z20qpVsniyMMRHMMp+HAONbiGOjSAAIdHeIYX5955cl6dt0VrzslmDuEHnPcvwTCPwg==</latexit>

�N

<latexit sha1_base64="DlSzi9AAkQ1nmpCO8JuoQzxAIXg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbshRo8BLx4TMA9IljA76U3GzD6YmRXCki/w4kERr36SN//GSbJCFC1oKKq66e7yE8GVdpxPa219Y3Nru7BT3N3bPzgsHR23VZxKhi0Wi1h2fapQ8AhbmmuB3UQiDX2BHX9yM/c7DygVj6M7PU3QC+ko4gFnVBupORqUyq7tLEAcu1ZxK07VkFz5tsqQozEoffSHMUtDjDQTVKme6yTay6jUnAmcFfupwoSyCR1hz9CIhqi8bHHojJwbZUiCWJqKNFmoqxMZDZWahr7pDKkeq9/eXPzL66U6uPYyHiWpxogtFwWpIDom86/JkEtkWkwNoUxycythYyop0yab4moI/5N2xXZr9mWzWq5X8zgKcApncAEuXEEdbqEBLWCA8AjP8GLdW0/Wq/W2bF2z8pkT+AHr/QvivIz3</latexit>g

<latexit sha1_base64="x7SZXoqYfufiIPlmGdfR9cWvZD8=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48WYEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u3eCDnCvXPGr/gxomQQ5qUCOeq/81e0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmz2bUTdOKUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq5EILFl5dJ86waXFYv7s8rtfM8jiIcwTGcQgBXUINbqEMDCDzCM7zCm6e8F+/d+5i3Frx85hD+wPv8AV47jvc=</latexit>

⌦

<latexit sha1_base64="j73hC4L0Fze/iTasZkR6yoYuJTs=">AAAB73icdVDJSgNBEK2OW4xb1KOXxiB4CjPidgzowWNEs0AyhJ5OT9Kku2fs7hHCkJ/w4kERr/6ON//GziLE7UHB470qquqFieDGet4Hyi0sLi2v5FcLa+sbm1vF7Z26iVNNWY3GItbNkBgmuGI1y61gzUQzIkPBGuHgYuw37pk2PFa3dpiwQJKe4hGnxDqp2b7hPUk6l51iyS97E2DvF/mySjBDtVN8b3djmkqmLBXEmJbvJTbIiLacCjYqtFPDEkIHpMdajioimQmyyb0jfOCULo5i7UpZPFHnJzIijRnK0HVKYvvmpzcW//JaqY3Og4yrJLVM0emiKBXYxnj8PO5yzagVQ0cI1dzdimmfaEKti6gwH8L/pH5U9k/LJ9fHpcrxLI487ME+HIIPZ1CBK6hCDSgIeIAneEZ36BG9oNdpaw7NZnbhG9DbJ7Hbj7c=</latexit>

⌃D

<latexit sha1_base64="IBxPYnT06mSCTR92i7rue1N6gOY=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbB07JbavVY8OJJKtoPaJeSTbNtaJJdk6xQSv+EFw+KePXvePPfmLYrVNEHA4/3ZpiZFyacaeN5n05uZXVtfSO/Wdja3tndK+4fNHWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR5czv/VAlWaxvDPjhAYCDySLGMHGSu3uLRsI3LvuFUu+682BPLda9stexZJM+bZKkKHeK350+zFJBZWGcKx1x/cSE0ywMoxwOi10U00TTEZ4QDuWSiyoDibze6foxCp9FMXKljRori5PTLDQeixC2ymwGerf3kz8y+ukJroIJkwmqaGSLBZFKUcmRrPnUZ8pSgwfW4KJYvZWRIZYYWJsRIXlEP4nzbLrV92zm0qpVsniyMMRHMMp+HAONbiCOjSAAIdHeIYX5955cl6dt0VrzslmDuEHnPcv1sCP0A==</latexit>

⌃N
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A model situation (II)

• We consider a shape functional of the form

J(Ω) :=

∫
Ω

j(uΩ) dx , for some smooth j : R→ R,

which depends on Ω, but also on the repartition of ΓD , ΓN and Γ on ∂Ω.

• We aim to

¶ Calculate the shape derivative J ′(Ω)(θ) when deformations θ do not vanish
near ΓD .

· Calculate “topological derivatives”, measuring the sensitivity of J(Ω) to the
insertion of a small Dirichlet subset ωε inside Γ.

• The presented methods can be generalized to

- Other types of regions (derivative of ΓN 7→ J(Ω), transitions between
homogeneous / inhomogeneous Dirichlet conditions, etc.),

- Other physical contexts (linear elasticity, acoustics, etc).
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Shape derivatives of regions supporting boundary conditions
Joint work with N. Lebbe & E. Oudet

J ′(Ω)(θ) has an intricate expression because of the limited regularity of uΩ near ΣD :

• There is a neighborhood W of each x ∈ Ω \ (ΣD ∪ΣN) s.t. uΩ is smooth in Ω∩W .

• uΩ is weakly singular near ΣD (i.e. H3/2−η for all η > 0).

Illustration: In 2d, assuming a flat boundary ∂Ω near ΣD = {s0, s1}

<latexit sha1_base64="l+ytFV5XuLuPY4VwPYAg3h66Q+c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr4tQ8OKxgrWFNpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1PBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWSKYZNlohEtUOqUXCJTcONwHaqkMahwFY4up36rSdUmifywYxTDGI6kDzijBortXSPkxvi9ao1z/VmIMvEL0gNCjR61a9uP2FZjNIwQbXu+F5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BX3x5mTyeuf6le3F/Xqu7RRxlOIJjOAUfrqAOd9CAJjAYwTO8wpuTOi/Ou/Mxby05xcwh/IHz+QP2A46e</latexit>

si = 0

<latexit sha1_base64="QwuOKgOaXbgeiHNUYT6ckfJtWAo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr2PBi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbRSuxdmUnLsV2ue681BVolfkBoUaPSrX71BwrKYK2SSGtP1vRSDnGoUTPJppZcZnlI2pkPetVTRmJsgn587JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n9eN8PoNsiFSjPkii0WRZkkmJDZ72QgNGcoJ5ZQpoW9lbAR1ZShTahiQ/CXX14lrQvXv3avHi5rdbeIowwncArn4MMN1OEeGtAEBmN4hld4c1LnxXl3PhatJaeYOYY/cD5/AHVNj5o=</latexit>•
<latexit sha1_base64="CgeK0V02eUfNFTP1+sGkCU/TEiE=">AAAB7XicdVDLSgNBEJyNrxhfUY9eFoPgadkNGj0GPOgxgnlAsoTeyWwyZh7LzKwQlvyDFw+KePV/vPk3TpIVomhBQ1HVTXdXlDCqje9/OoWV1bX1jeJmaWt7Z3evvH/Q0jJVmDSxZFJ1ItCEUUGahhpGOokiwCNG2tH4aua3H4jSVIo7M0lIyGEoaEwxGCu1etfAOfTLlcDz53B9r1YNqv6ZJbnybVVQjka//NEbSJxyIgxmoHU38BMTZqAMxYxMS71UkwTwGIaka6kATnSYza+duidWGbixVLaEcefq8kQGXOsJj2wnBzPSv72Z+JfXTU18GWZUJKkhAi8WxSlzjXRnr7sDqgg2bGIJYEXtrS4egQJsbECl5RD+J62qF9S889uzSt3L4yiiI3SMTlGALlAd3aAGaiKM7tEjekYvjnSenFfnbdFacPKZQ/QDzvsXamSO+w==</latexit>

�
<latexit sha1_base64="fNJHOK30mdaxyZvPnFTcRfefgCE=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4Gibidgwo6DGCWSAZQk2nJ2nS3TN29whhyE948aCIV3/Hm3/jZBHi9qDg8V4VVfWCWHBjPe/DyS0sLi2v5FcLa+sbm1vF7Z26iRJNWY1GItLNAA0TXLGa5VawZqwZykCwRjC4GPuNe6YNj9StHcbMl9hTPOQUbSY121coJXYuO8VS2fUmIN4v8mWVYIZqp/je7kY0kUxZKtCYVtmLrZ+itpwKNiq0E8NipAPssVZGFUpm/HRy74gcZEqXhJHOSlkyUecnUpTGDGWQdUq0ffPTG4t/ea3Ehud+ylWcWKbodFGYCGIjMn6edLlm1IphRpBqnt1KaB81UptFVJgP4X9SP3LLp+7JzXGp4s7iyMMe7MMhlOEMKnANVagBBQEP8ATPzp3z6Lw4r9PWnDOb2YVvcN4+AZp9j6M=</latexit>

�D

<latexit sha1_base64="MUstrvPIG28EmY1S//Z84r0OWKw=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4GmbE7Rjw4s0IZoFkCD2dStKml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqurFCWfGBsG3V1hZXVvfKG6WtrZ3dvfK+wcNo1JNoU4VV7oVEwOcSahbZjm0Eg1ExBya8ehm6jefQBum5IMdJxAJMpCszyixTmp07gQMSLdcCfxgBrxMwpxUUI5at/zV6SmaCpCWcmJMOwwSG2VEW0Y5TEqd1EBC6IgMoO2oJAJMlM2uneATp/RwX2lX0uKZ+nsiI8KYsYhdpyB2aBa9qfif105t/zrKmExSC5LOF/VTjq3C09dxj2mglo8dIVQzdyumQ6IJtS6gkgshXHx5mTTO/PDSv7g/r1T9PI4iOkLH6BSF6ApV0S2qoTqi6BE9o1f05invxXv3PuatBS+fOUR/4H3+AFxtjvE=</latexit>

⌦

<latexit sha1_base64="QwuOKgOaXbgeiHNUYT6ckfJtWAo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr2PBi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbRSuxdmUnLsV2ue681BVolfkBoUaPSrX71BwrKYK2SSGtP1vRSDnGoUTPJppZcZnlI2pkPetVTRmJsgn587JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n9eN8PoNsiFSjPkii0WRZkkmJDZ72QgNGcoJ5ZQpoW9lbAR1ZShTahiQ/CXX14lrQvXv3avHi5rdbeIowwncArn4MMN1OEeGtAEBmN4hld4c1LnxXl3PhatJaeYOYY/cD5/AHVNj5o=</latexit>•
<latexit sha1_base64="Acl1ins240079o8Ibz55JWgh6EA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8Lbvi6xjw4jEB84BkCbOT3mTM7OwyMyuGkC/w4kERr36SN//GSbIHTSxoKKq66e4KU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNR1SaJ/LejFIMYtqXPOKMGivVnrqlsud6M5Bl4uekDDmq3dJXp5ewLEZpmKBat30vNcGYKsOZwEmxk2lMKRvSPrYtlTRGHYxnh07IqVV6JEqULWnITP09Maax1qM4tJ0xNQO96E3F/7x2ZqKbYMxlmhmUbL4oygQxCZl+TXpcITNiZAllittbCRtQRZmx2RRtCP7iy8ukce76V+5l7aJccfM4CnAMJ3AGPlxDBe6gCnVggPAMr/DmPDgvzrvzMW9dcfKZI/gD5/MH43WM8g==</latexit>

x
<latexit sha1_base64="35NOao54LO4HF5rmRaO4FLdAHt0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8eAF48JmAckS5id9CZjZmeXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXmAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hobua3nlBpnsgHM04xiOlA8ogzaqxUV71yxXO9Ocgq8XNSgRy1Xvmr209YFqM0TFCtO76XmmBCleFM4LTUzTSmlI3oADuWShqjDibzQ6fkzCp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FtMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbEo2BH/55VXSvHD9a/eqflmpunkcRTiBUzgHH26gCvdQgwYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2l2M7A==</latexit>

r

<latexit sha1_base64="QU7RZOlUsrxp/YpjTN7o6scDqH4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr2PBi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2il+67KetWa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwug5yodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+6F3fntbpbxFGGIziGU/DhCupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH1wfjc0=</latexit>

⌫

uΩ = ui
r + c iS i near si , where

- ui
r belongs to H2(Ω ∩ V ),

- ci is a scalar coefficient,

- S i (r , ν) = r
1
2 cos

(
ν
2

)
.

� P. Grisvard, Elliptic problems in nonsmooth domains, SIAM, (2011).
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Approximation of the optimization problem (I)

• We introduce a regularized problem:
−div(γ∇uΩ,ε) = f in Ω,

γ
∂uΩ,ε

∂n
+ hεuΩ,ε = 0 on Γ ∪ ΓD ,

γ
∂uΩ,ε

∂n
= g on ΓN .

• hε(x) := 1
ε
h

(
d∂Ω

ΓD
(x)

ε

)
is made from:

- The geodesic signed distance d∂Ω
ΓD

to ΓD ,

- A smooth profile h : R→ R such that:

0 ≤ h ≤ 1,

 h ≡ 1 on (−∞,−1],
h(0) > 0,
h ≡ 0 on [1,∞).

<latexit sha1_base64="7MHxzPkoAHES8/Gt7AIwCCt4TeI=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadkttfZY8OKxgm2FdinZdLYNzSZrki2Upb/DiwdFvPpjvPlvTL9ArQ8GHu/NMDMvTDjTxvO+nNzG5tb2Tn63sLd/cHhUPD5paZkqCk0quVQPIdHAmYCmYYbDQ6KAxCGHdji6mfntMSjNpLg3kwSCmAwEixglxkrBsNcdEwWJZlyKXrHkud4c2HPLlVrZr2J/paxICS3R6BU/u31J0xiEoZxo3fG9xAQZUYZRDtNCN9WQEDoiA+hYKkgMOsjmR0/xhVX6OJLKljB4rv6cyEis9SQObWdMzFD/9Wbif14nNVEtyJhIUgOCLhZFKcdG4lkCuM8UUMMnlhCqmL0V0yFRhBqbU8GGsPbyOmmVXb/qXt1VSvXKMo48OkPn6BL56BrV0S1qoCai6BE9oRf06oydZ+fNeV+05pzlzCn6BefjG1wvknY=</latexit>

h"

<latexit sha1_base64="hW8JK//SWnCfKb8eloNUbUT5Q4k=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjPidgwo6DGCWSAZQk2nJ2nS3TN29whhyE948aCIV3/Hm3/jZBHi9qDg8V4VVfWCWHBjXffDyS0sLi2v5FcLa+sbm1vF7Z26iRJNWY1GItLNAA0TXLGa5VawZqwZykCwRjC4GPuNe6YNj9StHcbMl9hTPOQUbSY121coJXYuO8WSV3YnIO4v8mWVYIZqp/je7kY0kUxZKtCYlufG1k9RW04FGxXaiWEx0gH2WCujCiUzfjq5d0QOMqVLwkhnpSyZqPMTKUpjhjLIOiXavvnpjcW/vFZiw3M/5SpOLFN0uihMBLERGT9PulwzasUwI0g1z24ltI8aqc0iKsyH8D+pH5W90/LJzXGpcjyLIw97sA+H4MEZVOAaqlADCgIe4AmenTvn0XlxXqetOWc2swvf4Lx9ApxLj6k=</latexit>
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• Intuitively,

- hε = 0 “well inside” Γ (≈ homogeneous Neumann b.c.),
- hε = 1

ε
≈ ∞ in ΓD (≈ homogeneous Dirichlet b.c.).

• For a fixed ε > 0, standard elliptic regularity implies that uΩ,ε is smooth on Ω.
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Approximation of the optimization problem (II)

• This approximation gives rises to an approximate shape functional:

Jε(Ω) =

∫
Ω

j(uΩ,ε) dx .

• Its shape derivative can be calculated by standard adjoint methods and is simple
to handle in algorithms.

• Under “mild” assumptions, the following convergence results hold true:

- The function uΩ,ε converges to uΩ strongly in H1(Ω): for any 0 < s < 1
4 ,

||uΩ,ε − uΩ||H1(Ω)≤ Csε
s ||f ||L2(Ω).

- The approximate functional Jε(Ω) converges to its exact counterpart J(Ω).

- The approximate shape derivative J ′ε(Ω) converges to the exact one J ′(Ω):

sup
||θ||

W1,∞(Rd ,Rd )
≤1
|J ′ε(Ω)(θ)− J ′(Ω)(θ)| ε→0−−−→ 0.
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Topological derivatives for boundary condition regions (I)
Joint work with E. Bonnetier, C. Brito-Pacheco & M. Vogelius

• Let ωε ⊂ Γ be the surface disk with center x0 and radius ε.

• The background and perturbed potentials uΩ and uε are the H1(Ω) solutions to:
−div(γ∇uΩ) = f in Ω,

uΩ = 0 on ΓD ,

γ ∂uΩ
∂n

= 0 on Γ,

γ ∂uΩ
∂n

= g on ΓN .


−div(γ∇uε) = f in Ω,

uε = 0 on ΓD ∪ ωε,
γ ∂uε
∂n

= 0 on Γ \ ωε,
γ ∂uε
∂n

= g on ΓN .
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Theorem 2.
The following asymptotic expansion holds at any point x ∈ Ω, x /∈ Σ ∪ {x0}:

uε(x) =

 uΩ(x)− π

|log ε|γ(x0)uΩ(x0)N(x , x0) + o
(

1
|log ε|

)
if d = 2,

uΩ(x)− 4εγ(x0)uΩ(x0)N(x , x0) if d = 3.
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Topological derivatives for boundary condition regions (II)

The corresponding perturbed version of J(Ω) reads:

J(ε) =

∫
Ω

j(uε) dx .

Corollary 3.
The function J(ε) has the following asymptotic expansion at 0:

J(ε) =

 J(0) +
π

|log ε|γ(x0)uΩ(x0)pΩ(x0) + o
(

1
|log ε|

)
if d = 2,

J(0) + 4εγ(x0)uΩ(x0)pΩ(x0) + o(ε) if d = 3,

where pΩ is the unique solution in H1(Ω) to the boundary value problem:
−div(γ∇pΩ) = −j ′(uΩ) in Ω,

pΩ = 0 on ΓD ,

γ ∂pΩ
∂n

= 0 on ΓN .

⇒ The negativity of the first non-trivial term indicates where to add Dirichlet b.c.
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Example: Optimization of a micro-osmotic mixer (I)

• Electro-osmotic mixers achieve the mixture of two fluids inside a device Ω by
maximizing the electric field induced by electrodes on ∂Ω.

• The boundary of Ω is decomposed as:

∂Ω = ΓC ∪ ΓA ∪ Γ,

where

- ΓC is the cathode,

- ΓA is the anode,

- Ω is insulated on Γ.

• The potential inside Ω is the solution to:
−div(γ∇uΩ) = 0 in Ω,

uΩ = 0 on ΓC ,
uΩ = uin on ΓA,

γ ∂uΩ
∂n

= 0 on Γ.
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• We aim to maximize the electric power inside Ω with respect to ΓA and ΓC :

J(Ω) = −
∫

Ω

|γ∇uΩ|2 dx ,

under constraints on the surface measures of ΓA and ΓC .
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Example: Optimization of a micro-osmotic mixer (II)

Optimization of (top) the anode, (bottom) the cathode of a micro-osmotic mixer.
56 / 76


Create videos with https://clipchamp.com/en/video-editor - free online video editor, video compressor, video converter.

osm.mp4
Media File (video/mp4)



1 Motivation and background
Some basic material about shape optimization
Two recent numerical realizations

2 Towards realistic shape and topology optimization models
Shape optimization under uncertainties
Modeling fabrication constraints: the example of additive manufacturing

3 Asymptotic analysis for new types of shape variations
Optimization of boundary conditions
Topological ligaments

4 An ongoing project: Evolution of shapes via Laguerre diagrams
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An exotic notion of sensitivity with respect to the domain

Besides boundary perturbations and small holes, there is
one third means to define “small” variations of Ω:

Ωσ,ε := Ω ∪ ωσ,ε,
where

ωσ,ε :=
{
x ∈ Rd , d(x , σ) < ε

}
is a tube with thickness ε� 1 around a curve σ. ⌦

�

"
!�,"
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Such variations pave the way to a notion of topological ligament derivative:

J(Ωσ,ε) = J(Ω) + εd−1︸︷︷︸
≈|ωσ,ε|

dJL(Ω)(σ) + o(εd−1).

This topic has been seldom investigated in the literature. Unfortunately,

• The mathematical derivation of such asymptotic formulas is very difficult.
• The resulting expressions are difficult to use in practice.

� S. Nazarov and J. Sokolowski, The topological derivative of the dirichlet integral due to
formation of a thin ligament, Siberian Mathematical Journal, 45 (2004), pp. 341–355.
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A model problem in linear elasticity

Background situation
The displacement uΩ ∈ H1(Ω)d is the solution to:

−div(Ae(uΩ)) = 0 in Ω,
uΩ = 0 on ΓD ,

Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ,

The performance of Ω equals J(Ω) =
∫

Ω
j(uΩ) dx .

D⌦
�D

�N

g

Perturbed situation
The perturbed displacement uε ∈ H1(Ωσ,ε)d satisfies:

−div(Ae(uε)) = 0 in Ωσ,ε,
uε = 0 on ΓD ,

Ae(uε)n = g on ΓN ,
Ae(uε)n = 0 on Γ ∪ ∂ωσ,ε.

The performance of Ωσ,ε reads J(ε) :=
∫

Ωσ,ε
j(uε) dx .

D⌦
�D

�N

g

�

!�,"
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The general strategy to add a tube to a shape (I)

We approximate this setting by “filling the void” D \ Ω with a soft material ηA, η � 1.

D⌦
�D

�N

g

≈

D⌦
�D

�N

g


−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.


−div(Aηe(uη) = 0 in D,

uη = 0 on ΓD ,
Aηe(uη)n = g on ΓN ,

Aηe(uη)n = 0 on ∂D \ (ΓD ∪ ΓN),

Aη =

{
A if x ∈ Ω,
ηA otherwise.
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The general strategy to add a tube to a shape (I-b)

We may as well use a smoothed Hooke’s tensor Aη.

D⌦
�D

�N

g

≈

D
�D

�N


−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.


−div(Aηe(uη)) = 0 in D,

uη = 0 on ΓD ,
Aηe(uη)n = g on ΓN ,

Aηe(uη)n = 0 on ∂D \ (ΓD ∪ ΓN),

Aη = (smoothed)
{

A if x ∈ Ω,
ηA otherwise.
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The general strategy to add a tube to a shape (I-c)

We make a similar approximation for the perturbed problem.

D⌦
�D

�N

g

�

!�,"

≈

D

!�,"

�
�D

�N


−div(Ae(uε)) = 0 in Ωσ,ε,

uε = 0 on ΓD ,
Ae(uε)n = g on ΓN ,
Ae(uε)n = 0 on Γ ∪ ∂ωσ,ε.


−div(Aη,εe(uη,ε)) = 0 in D,

uη,ε = 0 on ΓD ,
Aη,εe(uη,ε)n = g on ΓN ,

Aη,εe(uη,ε)n = 0 on ∂D \ (ΓD ∪ ΓN),

Aη,ε =

{
A if x ∈ ωσ,ε,
Aη otherwise.
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The general strategy to add a tube to a shape (II)

• We make the formal approximations:

J(Ω) ≈ J(0) =

∫
D

j(uη) dx , and J(Ωσ,ε) ≈ J(ε) :=

∫
D

j(uη,ε) dx .

• The asymptotic behavior of uη,ε as ε→ 0 boils down to a problem of thin tubular
inhomogeneities for the linear elasticity system.

• A (tedious) analysis yields:

uη,ε(x) = uη(x) + εd−1
∫
σ

M(y)e(uη) : ey (N(x , y)) d`(y) + o(εd−1),

and
J(ε) = J(0)− εd−1

∫
σ

M(y)e(uη) : e(pη) d`(y) + o(εd−1),

whereM(y) is a suitable polarization tensor and the adjoint state pη satisfies:
−div(Aηe(pη)) = −j ′(uη) in D,

pη = 0 on ΓD ,

Aηe(pη)n = 0 on ∂D \ (ΓD ∪ ΓN).

⇒ The negativity of the first non trivial term indicates that it is beneficial to graft a
thin tube based on σ to Ω.
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Application: Insertion of a bar in the course of a shape evolution (I)

• We minimize the compliance of a shape Ω under a volume constraint:

min
Ω

J(Ω) s.t. Vol (Ω) ≤ VT ,

where J(Ω) :=

∫
Ω

Ae(uΩ) : e(uΩ) dx , and Vol(Ω) =

∫
Ω

dx .

• The optimized shape is prone to falling into local minima with trivial topologies.

• To remedy this, we periodically interrupt the optimization process to insert bars.
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Application: Insertion of a bar in the course of a shape evolution (II)

The “benchmark” 2d cantilever test case is considered.

• The shape Ω is optimized with a boundary variation algorithm.

• Every now and then, the process in interrupted and a bar is added to Ω at an
“optimal location”.
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Application: Insertion of a bar in the course of a shape evolution (III)

The optimization of a 3d bridge Ω is considered.

• We minimize the compliance of Ω

J(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx .

• A volume constraint is enforced.

• Every now and then, a bar is added to Ω at an “optimal location”.
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Application: A “clever” initialization for truss structures (I)

• Truss structures are collections of bars.

• Many truss optimization methods rely on the
ground structure approach: an initial, dense
network of bars is iteratively decimated.

• We propose instead to start from void and

¶ Incrementally add bars to the structure.

· (Optionally) Take on the optimiza-
tion with a more “classical” boundary-
variation algorithm.

Example of a truss structure
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<latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>•
<latexit sha1_base64="mHqZQgMBB+YKKjElkQETL53wa20=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbshJB4DXjwmYB6QLGF20puMmX0wMyuEJV/gxYMiXv0kb/6Nk2SFKFrQUFR1093lJ4Ir7Tif1sbm1vbObmGvuH9weHRcOjntqDiVDNssFrHs+VSh4BG2NdcCe4lEGvoCu/70ZuF3H1AqHkd3epagF9JxxAPOqDZSazwslV3bWYI4dq3iVuoVQ3Ll2ypDjuaw9DEYxSwNMdJMUKX6rpNoL6NScyZwXhykChPKpnSMfUMjGqLysuWhc3JplBEJYmkq0mSprk9kNFRqFvqmM6R6on57C/Evr5/q4NrLeJSkGiO2WhSkguiYLL4mIy6RaTEzhDLJza2ETaikTJtsiush/E86Fdut2W6rWm5U8zgKcA4XcAUu1KEBt9CENjBAeIRneLHurSfr1XpbtW5Y+cwZ/ID1/gXoq4z4</latexit>g

<latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>•

<latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>•

<latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>•

<latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>•

<latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>• <latexit sha1_base64="++t6xCVkLWyUThHk1etgnu6Vk58=">AAAB7nicdVDJSgNBEK2JW4xb1KOXwSB4CjMi6jHgxWMEs0AyhJ5OTdKkp2forhHCkI/w4kERr36PN//GziLE7UHB470qquqFqRSGPO/DKaysrq1vFDdLW9s7u3vl/YOmSTLNscETmeh2yAxKobBBgiS2U40sDiW2wtH11G/dozYiUXc0TjGI2UCJSHBGVmp1w0xKpF654le9GVzvF/myKrBAvVd+7/YTnsWoiEtmTMf3UgpypklwiZNSNzOYMj5iA+xYqliMJshn507cE6v03SjRthS5M3V5ImexMeM4tJ0xo6H56U3Fv7xORtFVkAuVZoSKzxdFmXQpcae/u32hkZMcW8K4FvZWlw+ZZpxsQqXlEP4nzbOqf1H1b88rtfNFHEU4gmM4BR8uoQY3UIcGcBjBAzzBs5M6j86L8zpvLTiLmUP4BuftE3dTj50=</latexit>•
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Initialization of a truss optimization
algorithm by the ground structure approach

67 / 76



Application: A “clever” initialization for truss structures (II)

We consider the optimization
of the shape of a 2d crane Ω.

• The compliance

J(Ω) :=

∫
Ω

Ae(uΩ) : e(uΩ) dx

is minimized.

• A volume constraint is
enforced.
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1 Motivation and background
Some basic material about shape optimization
Two recent numerical realizations

2 Towards realistic shape and topology optimization models
Shape optimization under uncertainties
Modeling fabrication constraints: the example of additive manufacturing

3 Asymptotic analysis for new types of shape variations
Optimization of boundary conditions
Topological ligaments

4 An ongoing project: Evolution of shapes via Laguerre diagrams
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Evolution of shapes via Laguerre diagrams (I)
Ongoing work with B. Levy & E. Oudet

• The domain D is equipped with a Laguerre diagram:

D =
N⋃
i=1

Lagi (s, ψ), where
{

s1, . . . , sN ∈ D are seeds,
ψ1, . . . , ψN ∈ R are weights,

and the i th cell Lagi (s, ψ) is defined by:

Lagi (s, ψ) =
{
x ∈ D, |x−si |2−ψi ≤ |x−sj |2−ψj ,∀j 6= i

}
.

• The diagram can be parametrized by the seeds
s1, . . . , sN and the measures ν1, . . . , νN of the cells.

• This induces a decomposition of D into convex poly-
gons, with vertices q1, . . . , qM .

• The shape Ω ⊂ D is represented as a subdiagram:

Ω =

NΩ⋃
i=1

Lagi (s, ψ).
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A Laguerre diagram of D

Representation of Ω ⊂ D as a
subdiagram.
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Evolution of shapes via Laguerre diagrams (II)

• We consider a shape optimization problem:

min
Ω⊂D

J(Ω) + (constraints),

where J(Ω) involves e.g. the elastic displacement uΩ.

• The discretized version of this problem reads:

min
s, ν

J(s, ν).

• The mechanical calculations for uΩ (and the adjoint
pΩ) hinge on the Virtual Element Method.

• This naturally yields the derivatives of J with respect
to the vertices q1, . . . , qM of the polygonal mesh.

• These derivatives are “transferred” at the seeds s and
volumes ν by a suitable adjoint method.

Virtual Element solution of the linear
elasticity system.

Sensitivity of J w.r.to vertices,
then seed points.
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Evolution of shapes via Laguerre diagrams (III): Numerical example

This framework is Lagrangian; yet, it naturally accounts for topological changes.
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Thank you!

73 / 76



Further references I

[AlJak] G. Allaire, L. Jakabcin, Taking into account thermal residual stresses in
topology optimization of structures built by additive manufacturing, Math.
Models and Methods in Applied Sciences, 28(12), (2018), pp. 2313-2366.

[AmKa] H. Ammari and H. Kang, Reconstruction of small inhomogeneities from
boundary measurements, Springer, 2004.

[Au] F. Aurenhammer, Power diagrams: properties, algorithms and applications,
SIAM Journal on Computing, 16 (1987), pp. 78–96.

[BCGF] E. Beretta, Y. Capdeboscq, F. De Gournay, and E. Francini, Thin
cylindrical conductivity inclusions in a three-dimensional domain: a polarization
tensor and unique determination from boundary data, Inverse Problems, 25
(2009), p. 065004.

[BSCO] B. Boots, K. Sugihara, S. N. Chiu, and A. Okabe, Spatial tessellations:
concepts and applications of Voronoi diagrams, John Wiley & Sons, 2009.

74 / 76



Further references II

[CGK] Y. Capdeboscq, R. Griesmaier, and M. Knöller, An asymptotic
representation formula for scattering by thin tubular structures and an
application in inverse scattering, Multiscale Modeling & Simulation, 19 (2021),
pp. 846–885.

[CV] Y. Capdeboscq and M. S. Vogelius, A general representation formula for
boundary voltage perturbations caused by internal conductivity inhomogeneities
of low volume fraction, ESAIM: M2AN, 37 (2003), pp. 159–173.

[EsKu] P. Mohajerin Esfahani and D. Kuhn, Data-driven distributionally robust
optimization using the wasserstein metric: Performance guarantees and
tractable reformulations, Mathematical Programming, 171 (2018), pp. 115–166.

[FreSo] G. Fremiot and J. Sokolowski, Shape sensitivity analysis of problems
with singularities, Lecture notes in pure and applied mathematics, (2001), pp.
255–276.

[GiRoStu] I. Gibson, D.W. Rosen and B. Stucker, Additive manufacturing
technology: rapid prototyping to direct digital manufacturing, Springer Science
Business Media, Inc, (2010).

75 / 76



Further references III

[LaBa] J. J. Lang, M. Bastian, P. Foehr, M. Seebach, et al, Improving
mandibular reconstruction by using topology optimization, patient specific
design and additive manufacturing?—A biomechanical comparison against
miniplates on human specimen. Plos one, 16(6),(2021), e0253002.

[PoFarCoMa] P. Pourabdollah, F. Farhang Mehr, S. Cockcroft and D. Maijer, A
new variant of the inherent strain method for the prediction of distortion in
powder bed fusion additive manufacturing processes, The International Journal
of Advanced Manufacturing Technology, (2024), pp. 1–20.

[WeWuShi] Z. Wei, J. Wu, N. Shi et al, Review of conformal cooling system
design and additive manufacturing for injection molds, Math. Biosci. Eng,
17(5), (2020), pp. 5414–5431.

76 / 76


	Motivation and background
	Some basic material about shape optimization
	Two recent numerical realizations

	Towards realistic shape and topology optimization models
	Shape optimization under uncertainties
	Modeling fabrication constraints: the example of additive manufacturing

	Asymptotic analysis for new types of shape variations
	Optimization of boundary conditions
	Topological ligaments

	An ongoing project: Evolution of shapes via Laguerre diagrams

	anm6: 
	6.130: 
	6.129: 
	6.128: 
	6.127: 
	6.126: 
	6.125: 
	6.124: 
	6.123: 
	6.122: 
	6.121: 
	6.120: 
	6.119: 
	6.118: 
	6.117: 
	6.116: 
	6.115: 
	6.114: 
	6.113: 
	6.112: 
	6.111: 
	6.110: 
	6.109: 
	6.108: 
	6.107: 
	6.106: 
	6.105: 
	6.104: 
	6.103: 
	6.102: 
	6.101: 
	6.100: 
	6.99: 
	6.98: 
	6.97: 
	6.96: 
	6.95: 
	6.94: 
	6.93: 
	6.92: 
	6.91: 
	6.90: 
	6.89: 
	6.88: 
	6.87: 
	6.86: 
	6.85: 
	6.84: 
	6.83: 
	6.82: 
	6.81: 
	6.80: 
	6.79: 
	6.78: 
	6.77: 
	6.76: 
	6.75: 
	6.74: 
	6.73: 
	6.72: 
	6.71: 
	6.70: 
	6.69: 
	6.68: 
	6.67: 
	6.66: 
	6.65: 
	6.64: 
	6.63: 
	6.62: 
	6.61: 
	6.60: 
	6.59: 
	6.58: 
	6.57: 
	6.56: 
	6.55: 
	6.54: 
	6.53: 
	6.52: 
	6.51: 
	6.50: 
	6.49: 
	6.48: 
	6.47: 
	6.46: 
	6.45: 
	6.44: 
	6.43: 
	6.42: 
	6.41: 
	6.40: 
	6.39: 
	6.38: 
	6.37: 
	6.36: 
	6.35: 
	6.34: 
	6.33: 
	6.32: 
	6.31: 
	6.30: 
	6.29: 
	6.28: 
	6.27: 
	6.26: 
	6.25: 
	6.24: 
	6.23: 
	6.22: 
	6.21: 
	6.20: 
	6.19: 
	6.18: 
	6.17: 
	6.16: 
	6.15: 
	6.14: 
	6.13: 
	6.12: 
	6.11: 
	6.10: 
	6.9: 
	6.8: 
	6.7: 
	6.6: 
	6.5: 
	6.4: 
	6.3: 
	6.2: 
	6.1: 
	6.0: 
	anm5: 
	5.199: 
	5.198: 
	5.197: 
	5.196: 
	5.195: 
	5.194: 
	5.193: 
	5.192: 
	5.191: 
	5.190: 
	5.189: 
	5.188: 
	5.187: 
	5.186: 
	5.185: 
	5.184: 
	5.183: 
	5.182: 
	5.181: 
	5.180: 
	5.179: 
	5.178: 
	5.177: 
	5.176: 
	5.175: 
	5.174: 
	5.173: 
	5.172: 
	5.171: 
	5.170: 
	5.169: 
	5.168: 
	5.167: 
	5.166: 
	5.165: 
	5.164: 
	5.163: 
	5.162: 
	5.161: 
	5.160: 
	5.159: 
	5.158: 
	5.157: 
	5.156: 
	5.155: 
	5.154: 
	5.153: 
	5.152: 
	5.151: 
	5.150: 
	5.149: 
	5.148: 
	5.147: 
	5.146: 
	5.145: 
	5.144: 
	5.143: 
	5.142: 
	5.141: 
	5.140: 
	5.139: 
	5.138: 
	5.137: 
	5.136: 
	5.135: 
	5.134: 
	5.133: 
	5.132: 
	5.131: 
	5.130: 
	5.129: 
	5.128: 
	5.127: 
	5.126: 
	5.125: 
	5.124: 
	5.123: 
	5.122: 
	5.121: 
	5.120: 
	5.119: 
	5.118: 
	5.117: 
	5.116: 
	5.115: 
	5.114: 
	5.113: 
	5.112: 
	5.111: 
	5.110: 
	5.109: 
	5.108: 
	5.107: 
	5.106: 
	5.105: 
	5.104: 
	5.103: 
	5.102: 
	5.101: 
	5.100: 
	5.99: 
	5.98: 
	5.97: 
	5.96: 
	5.95: 
	5.94: 
	5.93: 
	5.92: 
	5.91: 
	5.90: 
	5.89: 
	5.88: 
	5.87: 
	5.86: 
	5.85: 
	5.84: 
	5.83: 
	5.82: 
	5.81: 
	5.80: 
	5.79: 
	5.78: 
	5.77: 
	5.76: 
	5.75: 
	5.74: 
	5.73: 
	5.72: 
	5.71: 
	5.70: 
	5.69: 
	5.68: 
	5.67: 
	5.66: 
	5.65: 
	5.64: 
	5.63: 
	5.62: 
	5.61: 
	5.60: 
	5.59: 
	5.58: 
	5.57: 
	5.56: 
	5.55: 
	5.54: 
	5.53: 
	5.52: 
	5.51: 
	5.50: 
	5.49: 
	5.48: 
	5.47: 
	5.46: 
	5.45: 
	5.44: 
	5.43: 
	5.42: 
	5.41: 
	5.40: 
	5.39: 
	5.38: 
	5.37: 
	5.36: 
	5.35: 
	5.34: 
	5.33: 
	5.32: 
	5.31: 
	5.30: 
	5.29: 
	5.28: 
	5.27: 
	5.26: 
	5.25: 
	5.24: 
	5.23: 
	5.22: 
	5.21: 
	5.20: 
	5.19: 
	5.18: 
	5.17: 
	5.16: 
	5.15: 
	5.14: 
	5.13: 
	5.12: 
	5.11: 
	5.10: 
	5.9: 
	5.8: 
	5.7: 
	5.6: 
	5.5: 
	5.4: 
	5.3: 
	5.2: 
	5.1: 
	5.0: 
	anm4: 
	4.218: 
	4.217: 
	4.216: 
	4.215: 
	4.214: 
	4.213: 
	4.212: 
	4.211: 
	4.210: 
	4.209: 
	4.208: 
	4.207: 
	4.206: 
	4.205: 
	4.204: 
	4.203: 
	4.202: 
	4.201: 
	4.200: 
	4.199: 
	4.198: 
	4.197: 
	4.196: 
	4.195: 
	4.194: 
	4.193: 
	4.192: 
	4.191: 
	4.190: 
	4.189: 
	4.188: 
	4.187: 
	4.186: 
	4.185: 
	4.184: 
	4.183: 
	4.182: 
	4.181: 
	4.180: 
	4.179: 
	4.178: 
	4.177: 
	4.176: 
	4.175: 
	4.174: 
	4.173: 
	4.172: 
	4.171: 
	4.170: 
	4.169: 
	4.168: 
	4.167: 
	4.166: 
	4.165: 
	4.164: 
	4.163: 
	4.162: 
	4.161: 
	4.160: 
	4.159: 
	4.158: 
	4.157: 
	4.156: 
	4.155: 
	4.154: 
	4.153: 
	4.152: 
	4.151: 
	4.150: 
	4.149: 
	4.148: 
	4.147: 
	4.146: 
	4.145: 
	4.144: 
	4.143: 
	4.142: 
	4.141: 
	4.140: 
	4.139: 
	4.138: 
	4.137: 
	4.136: 
	4.135: 
	4.134: 
	4.133: 
	4.132: 
	4.131: 
	4.130: 
	4.129: 
	4.128: 
	4.127: 
	4.126: 
	4.125: 
	4.124: 
	4.123: 
	4.122: 
	4.121: 
	4.120: 
	4.119: 
	4.118: 
	4.117: 
	4.116: 
	4.115: 
	4.114: 
	4.113: 
	4.112: 
	4.111: 
	4.110: 
	4.109: 
	4.108: 
	4.107: 
	4.106: 
	4.105: 
	4.104: 
	4.103: 
	4.102: 
	4.101: 
	4.100: 
	4.99: 
	4.98: 
	4.97: 
	4.96: 
	4.95: 
	4.94: 
	4.93: 
	4.92: 
	4.91: 
	4.90: 
	4.89: 
	4.88: 
	4.87: 
	4.86: 
	4.85: 
	4.84: 
	4.83: 
	4.82: 
	4.81: 
	4.80: 
	4.79: 
	4.78: 
	4.77: 
	4.76: 
	4.75: 
	4.74: 
	4.73: 
	4.72: 
	4.71: 
	4.70: 
	4.69: 
	4.68: 
	4.67: 
	4.66: 
	4.65: 
	4.64: 
	4.63: 
	4.62: 
	4.61: 
	4.60: 
	4.59: 
	4.58: 
	4.57: 
	4.56: 
	4.55: 
	4.54: 
	4.53: 
	4.52: 
	4.51: 
	4.50: 
	4.49: 
	4.48: 
	4.47: 
	4.46: 
	4.45: 
	4.44: 
	4.43: 
	4.42: 
	4.41: 
	4.40: 
	4.39: 
	4.38: 
	4.37: 
	4.36: 
	4.35: 
	4.34: 
	4.33: 
	4.32: 
	4.31: 
	4.30: 
	4.29: 
	4.28: 
	4.27: 
	4.26: 
	4.25: 
	4.24: 
	4.23: 
	4.22: 
	4.21: 
	4.20: 
	4.19: 
	4.18: 
	4.17: 
	4.16: 
	4.15: 
	4.14: 
	4.13: 
	4.12: 
	4.11: 
	4.10: 
	4.9: 
	4.8: 
	4.7: 
	4.6: 
	4.5: 
	4.4: 
	4.3: 
	4.2: 
	4.1: 
	4.0: 
	anm3: 
	3.194: 
	3.193: 
	3.192: 
	3.191: 
	3.190: 
	3.189: 
	3.188: 
	3.187: 
	3.186: 
	3.185: 
	3.184: 
	3.183: 
	3.182: 
	3.181: 
	3.180: 
	3.179: 
	3.178: 
	3.177: 
	3.176: 
	3.175: 
	3.174: 
	3.173: 
	3.172: 
	3.171: 
	3.170: 
	3.169: 
	3.168: 
	3.167: 
	3.166: 
	3.165: 
	3.164: 
	3.163: 
	3.162: 
	3.161: 
	3.160: 
	3.159: 
	3.158: 
	3.157: 
	3.156: 
	3.155: 
	3.154: 
	3.153: 
	3.152: 
	3.151: 
	3.150: 
	3.149: 
	3.148: 
	3.147: 
	3.146: 
	3.145: 
	3.144: 
	3.143: 
	3.142: 
	3.141: 
	3.140: 
	3.139: 
	3.138: 
	3.137: 
	3.136: 
	3.135: 
	3.134: 
	3.133: 
	3.132: 
	3.131: 
	3.130: 
	3.129: 
	3.128: 
	3.127: 
	3.126: 
	3.125: 
	3.124: 
	3.123: 
	3.122: 
	3.121: 
	3.120: 
	3.119: 
	3.118: 
	3.117: 
	3.116: 
	3.115: 
	3.114: 
	3.113: 
	3.112: 
	3.111: 
	3.110: 
	3.109: 
	3.108: 
	3.107: 
	3.106: 
	3.105: 
	3.104: 
	3.103: 
	3.102: 
	3.101: 
	3.100: 
	3.99: 
	3.98: 
	3.97: 
	3.96: 
	3.95: 
	3.94: 
	3.93: 
	3.92: 
	3.91: 
	3.90: 
	3.89: 
	3.88: 
	3.87: 
	3.86: 
	3.85: 
	3.84: 
	3.83: 
	3.82: 
	3.81: 
	3.80: 
	3.79: 
	3.78: 
	3.77: 
	3.76: 
	3.75: 
	3.74: 
	3.73: 
	3.72: 
	3.71: 
	3.70: 
	3.69: 
	3.68: 
	3.67: 
	3.66: 
	3.65: 
	3.64: 
	3.63: 
	3.62: 
	3.61: 
	3.60: 
	3.59: 
	3.58: 
	3.57: 
	3.56: 
	3.55: 
	3.54: 
	3.53: 
	3.52: 
	3.51: 
	3.50: 
	3.49: 
	3.48: 
	3.47: 
	3.46: 
	3.45: 
	3.44: 
	3.43: 
	3.42: 
	3.41: 
	3.40: 
	3.39: 
	3.38: 
	3.37: 
	3.36: 
	3.35: 
	3.34: 
	3.33: 
	3.32: 
	3.31: 
	3.30: 
	3.29: 
	3.28: 
	3.27: 
	3.26: 
	3.25: 
	3.24: 
	3.23: 
	3.22: 
	3.21: 
	3.20: 
	3.19: 
	3.18: 
	3.17: 
	3.16: 
	3.15: 
	3.14: 
	3.13: 
	3.12: 
	3.11: 
	3.10: 
	3.9: 
	3.8: 
	3.7: 
	3.6: 
	3.5: 
	3.4: 
	3.3: 
	3.2: 
	3.1: 
	3.0: 
	anm2: 
	2.200: 
	2.199: 
	2.198: 
	2.197: 
	2.196: 
	2.195: 
	2.194: 
	2.193: 
	2.192: 
	2.191: 
	2.190: 
	2.189: 
	2.188: 
	2.187: 
	2.186: 
	2.185: 
	2.184: 
	2.183: 
	2.182: 
	2.181: 
	2.180: 
	2.179: 
	2.178: 
	2.177: 
	2.176: 
	2.175: 
	2.174: 
	2.173: 
	2.172: 
	2.171: 
	2.170: 
	2.169: 
	2.168: 
	2.167: 
	2.166: 
	2.165: 
	2.164: 
	2.163: 
	2.162: 
	2.161: 
	2.160: 
	2.159: 
	2.158: 
	2.157: 
	2.156: 
	2.155: 
	2.154: 
	2.153: 
	2.152: 
	2.151: 
	2.150: 
	2.149: 
	2.148: 
	2.147: 
	2.146: 
	2.145: 
	2.144: 
	2.143: 
	2.142: 
	2.141: 
	2.140: 
	2.139: 
	2.138: 
	2.137: 
	2.136: 
	2.135: 
	2.134: 
	2.133: 
	2.132: 
	2.131: 
	2.130: 
	2.129: 
	2.128: 
	2.127: 
	2.126: 
	2.125: 
	2.124: 
	2.123: 
	2.122: 
	2.121: 
	2.120: 
	2.119: 
	2.118: 
	2.117: 
	2.116: 
	2.115: 
	2.114: 
	2.113: 
	2.112: 
	2.111: 
	2.110: 
	2.109: 
	2.108: 
	2.107: 
	2.106: 
	2.105: 
	2.104: 
	2.103: 
	2.102: 
	2.101: 
	2.100: 
	2.99: 
	2.98: 
	2.97: 
	2.96: 
	2.95: 
	2.94: 
	2.93: 
	2.92: 
	2.91: 
	2.90: 
	2.89: 
	2.88: 
	2.87: 
	2.86: 
	2.85: 
	2.84: 
	2.83: 
	2.82: 
	2.81: 
	2.80: 
	2.79: 
	2.78: 
	2.77: 
	2.76: 
	2.75: 
	2.74: 
	2.73: 
	2.72: 
	2.71: 
	2.70: 
	2.69: 
	2.68: 
	2.67: 
	2.66: 
	2.65: 
	2.64: 
	2.63: 
	2.62: 
	2.61: 
	2.60: 
	2.59: 
	2.58: 
	2.57: 
	2.56: 
	2.55: 
	2.54: 
	2.53: 
	2.52: 
	2.51: 
	2.50: 
	2.49: 
	2.48: 
	2.47: 
	2.46: 
	2.45: 
	2.44: 
	2.43: 
	2.42: 
	2.41: 
	2.40: 
	2.39: 
	2.38: 
	2.37: 
	2.36: 
	2.35: 
	2.34: 
	2.33: 
	2.32: 
	2.31: 
	2.30: 
	2.29: 
	2.28: 
	2.27: 
	2.26: 
	2.25: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	anm1: 
	1.200: 
	1.199: 
	1.198: 
	1.197: 
	1.196: 
	1.195: 
	1.194: 
	1.193: 
	1.192: 
	1.191: 
	1.190: 
	1.189: 
	1.188: 
	1.187: 
	1.186: 
	1.185: 
	1.184: 
	1.183: 
	1.182: 
	1.181: 
	1.180: 
	1.179: 
	1.178: 
	1.177: 
	1.176: 
	1.175: 
	1.174: 
	1.173: 
	1.172: 
	1.171: 
	1.170: 
	1.169: 
	1.168: 
	1.167: 
	1.166: 
	1.165: 
	1.164: 
	1.163: 
	1.162: 
	1.161: 
	1.160: 
	1.159: 
	1.158: 
	1.157: 
	1.156: 
	1.155: 
	1.154: 
	1.153: 
	1.152: 
	1.151: 
	1.150: 
	1.149: 
	1.148: 
	1.147: 
	1.146: 
	1.145: 
	1.144: 
	1.143: 
	1.142: 
	1.141: 
	1.140: 
	1.139: 
	1.138: 
	1.137: 
	1.136: 
	1.135: 
	1.134: 
	1.133: 
	1.132: 
	1.131: 
	1.130: 
	1.129: 
	1.128: 
	1.127: 
	1.126: 
	1.125: 
	1.124: 
	1.123: 
	1.122: 
	1.121: 
	1.120: 
	1.119: 
	1.118: 
	1.117: 
	1.116: 
	1.115: 
	1.114: 
	1.113: 
	1.112: 
	1.111: 
	1.110: 
	1.109: 
	1.108: 
	1.107: 
	1.106: 
	1.105: 
	1.104: 
	1.103: 
	1.102: 
	1.101: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


