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Foreword: optimal design and robustness

• The mathematical description of realistic systems in-
volves physical parameters, e.g.
- In structure mechanics: loads, elastic coefficients.

- In fluid mechanics: viscosity, density of the fluid.

• These are often known imperfectly, through measure-
ments, because either
- They are measured or estimated,

- They are altered during the use of the design.

• The optimality of a design is very sensitive to the
parameters describing its environment,

⇒ Need for “Robust” optimal design.

• All the formulations of this requirement suffer from
drawbacks.

• The idea of distributional robustness is a remedy to
the main conceptual flaw of stochastic approaches.

Turbine blades operate un-
der very uncertain load
and temperature conditions.

The wavelength of light injected
into nanophotonic components is
uncertain.
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A generic, abstract optimal design setting (I)

• The design h is sought within a set Uad:

• h : D → [0, 1] may be a “grayscale” density function, defined on a large “hold-all” domain D;

• h may be a “black-and-white” shape Ω ⊂ Rd .

• The physical parameters are aggregated into an element ξ in a set Ξ ⊂ Rk ,
When h is an elastic structure, ξ may represent the loads applied on h, or the material parameters (Young’s

modulus, Poisson’s ratio).

• The cost of h when the parameters ξ are at play is C(h, ξ).
When h is a structure, C(h, ξ) may be the compliance of h, depending on the elastic displacement uh,ξ .

D D

⌦
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A generic, abstract optimal design setting (II)

• The nominal optimal design problem, when ξ is known exactly, reads:

min
h∈Uad

C(h, ξ),

where constraints are omitted for simplicity.

• The optimal character of a design is strongly dependent on the actual value of ξ.
<latexit sha1_base64="A9GoMI3NromAOkedNc7XPwhLrto=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMSl2PAi8cEzALJEHo6NUmbnp6hu0cIQ77AiwdFvPpJ3vwbO4sQtwcFj/eqqKoXJIJr47ofTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LWjBP0IzqQPOSMGivVB71iySu7MxD3F/mySrBArVd87/ZjlkYoDRNU647nJsbPqDKcCZwUuqnGhLIRHWDHUkkj1H42O3RCTqzSJ2GsbElDZuryREYjrcdRYDsjaob6pzcV//I6qQmv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsyksh/A/aZ6VvYvyeb1SqlYWceThCI7hFDy4hCrcQA0awADhAZ7g2blzHp0X53XemnMWM4fwDc7bJ8z/jOg=</latexit>g <latexit sha1_base64="9o+i01a0ZtEDdO+GEiOOf/B/2UI=">AAAB83icdVDJSgNBFHzjGuMW9eilMQiCEGYkLseAF48RzAKZIfR03iRNenqG7h4hDPkNLx4U8erPePNv7CxC3AoeFFXv8YoKU8G1cd0PZ2l5ZXVtvbBR3Nza3tkt7e03dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8nvite1SaJ/LOjFIMYtqXPOKMGiv5fXJKfDSUYNfrlspexZ2CuL/Il1WGOerd0rvfS1gWozRMUK07npuaIKfKcCZwXPQzjSllQ9rHjqWSxqiDfJp5TI6t0iNRouxIQ6bq4kVOY61HcWg3Y2oG+qc3Ef/yOpmJroKcyzQzKNnsUZQJYhIyKYD0uEJmxMgSyhS3WQkbUEWZsTUVF0v4nzTPKt5F5fy2Wq5V53UU4BCO4AQ8uIQa3EAdGsAghQd4gmcncx6dF+d1trrkzG8O4Buct08jXZBs</latexit>

g + ⌘e1

<latexit sha1_base64="VBWhl/yvFwd5oi65jcZj2fFA1G4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA/a9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVvbyvVeq1PI4inMApnIMH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDtuY2J</latexit>e1

<latexit sha1_base64="qCZ8izdyzrae/6L/EbW8i+RZIXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7rFf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb3L6sVdvdKo53EU4QRO4Rw8uIIG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfvPY2K</latexit>e2

The optimal elastic microstructure to cope with a vertical traction load ξ for the compliance C(h, ξ) is also the
worst one when an arbitrarily small horizontal component is added to ξ: C(h, ξ + ηe1) =∞ [CheChe].

⇒ Need for a means to incorporate “robustness” into the optimal design problem.
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The worst-case design approach

When no information is available about ξ except for a maximum bound m,
robustness with respect to ξ is usually enforced via the worst-case program:

min
h∈Uad

Jwc(h), where Jwc(h) = sup
||ξ||≤m

C(h, ξ).

Drawbacks of this approach:

• This yields a difficult and costly bi-level optimization problem, which can often
be addressed only via coarse approximations

• Such formulations often lead to “pessimistic” designs, showing poor nominal
performance for the sake of anticipating an unlikely worst-case scenario.
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Stochastic approaches (I)

• Stochastic approaches assume the knowledge of the law of ξ, as a probability
measure Ptrue ∈ P(Ξ):

∀A ⊂ Ξ, the probability that ξ belong to A is Ptrue({ξ ∈ A}) =

∫
A

dPtrue(ξ).

• Stochastic optimal design problems involve a probabilistic quantity of C(h, ξ), e.g.

- The mean value
E(h) :=

∫
Ξ

C(h, ξ) dPtrue(ξ).

- Other quantiles such as the variance

V (h) =

∫
Ξ

(C(h, ξ)− E(h))2 dPtrue(ξ).

- A probability of failure:

P(h) := Ptrue ({ξ ∈ Ξ s.t. C(h, ξ) > CT}) ,

where CT is a safety threshold.
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Stochastic approaches (II)

Drawbacks of this approach:

• The evaluation of the stochastic integrals at play is very costly.

• The probability law Ptrue of ξ is assumed to be known, while often, this law is
only accessible through a set of samples ξi , i = 1, . . . ,N.

The recent idea of distributionally robustness alleviates the need for an exact
knowledge of the law of ξ, and demands only an “estimate” P of the latter:

Minimize the worst value sup
Q “close ” to P

∫
Ξ

C(h, ξ) dQ(ξ) of the mean value of C(h, ξ)

when the uncertainty law Q ∈ P(Ξ) is “close” to P.

� P. Mohajerin Esfahani and D. Kuhn, Data-driven distributionally robust optimization
using the wasserstein metric: Performance guarantees and tractable reformulations,
Mathematical Programming, 171 (2018), pp. 115–166.
� F. Lin, X. Fang, and Z. Gao, Distributionally robust optimization: A review on theory
and applications, Numerical Algebra, Control & Optimization, 12 (2022), p. 159.
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The distributionally robust approach (I)

• The only available information about the uncertainty ξ ∈ Ξ is a nominal law P,
which is e.g. the empirical mean of observed samples ξi , i = 1, . . . ,N:

P :=
1
N

N∑
i=1

δξi .

• The distributionally robust optimal design problem reads:

min
h∈Uad

Jdr(h), where Jdr(h) = sup
Q∈U(P)

∫
Ξ

C(h, ξ) dQ(ξ),

where the ambiguity set U(P) ⊂ P(Ξ) is made of the probability laws Q which are
“close” to P.
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The distributionally robust approach (II)

• The ambiguity set U(P) may be of various natures:

- U(P) may be the set of probability measures on Ξ whose moments are
“close” to those of P, up to a certain order k:

U(P) =

{
Q ∈ P(Ξ) s.t. sup

|α|≤k

∣∣∣∣∫
Ξ

ξα dP(ξ)−
∫

Ξ

ξα dQ(ξ)

∣∣∣∣ ≤ m

}
.

- U(P) may be the set of probability measures which are “close” to P,

U(P) =
{
Q ∈ P(Ξ), d(P,Q) ≤ m

}
,

where d(·, ·) is a suitable notion of “distance” on P(Ξ).

• Depending on U(P), the problem may be amenable to a tractable reformulation.

• We shall consider ambiguity sets of the latter type, relying on the
entropy-regularized Wasserstein distance on P(Ξ).
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The Wasserstein distance (I)

• A coupling is a probability measure π ∈ P(Ξ× Ξ).

• The first and second marginals π1, π2 ∈ P(Ξ) of π ∈ P(Ξ× Ξ) are defined by:

∀ϕ ∈ C(Ξ),

∫
Ξ×Ξ

ϕ(ξ)dπ(ξ, ζ) =

∫
Ξ

ϕ(ξ) dπ1(ξ), and∫
Ξ×Ξ

ϕ(ζ)dπ(ξ, ζ) =

∫
Ξ

ϕ(ζ) dπ2(ζ).

• Interpretation: If π ∈ P(Ξ× Ξ) is a coupling with marginals P,Q ∈ P(Ξ),

π(ξ, ζ) ≈ proportion of the mass of Q at ζ coming from the mass at ξ in P.
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<latexit sha1_base64="R67haT99Cy+ootLXGtbsyYt4r1g=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSJUkJKU+lgW3LisYB/QhDCZTtqhk0mYuSnW0D9x40IRt/6JO//GaZuFth64cDjnXu69J0g4U2Db30ZhbX1jc6u4XdrZ3ds/MA+P2ipOJaEtEvNYdgOsKGeCtoABp91EUhwFnHaC0e3M74ypVCwWDzBJqBfhgWAhIxi05Jumm7CK+8gu3CcK2K+d+2bZrtpzWKvEyUkZ5Wj65pfbj0kaUQGEY6V6jp2Al2EJjHA6LbmpogkmIzygPU0FjqjysvnlU+tMK30rjKUuAdZc/T2R4UipSRTozgjDUC17M/E/r5dCeONlTCQpUEEWi8KUWxBbsxisPpOUAJ9ogolk+laLDLHEBHRYJR2Cs/zyKmnXqs5V9fK+Xm7U8ziK6ASdogpy0DVqoDvURC1E0Bg9o1f0ZmTGi/FufCxaC0Y+c4z+wPj8AWv0ktc=</latexit>

⇡(⇠, ⇣2)

π(ξ, ζ) is the amount of mass at ζ in the second marginal Q coming from the mass at ξ in the first marginal P.
14 / 32



The Wasserstein distance

Definition 1.
Let Ξ be a compact subset of Rk ; the Wasserstein distance W (P,Q) between two
probability measures P, Q ∈ P(Ξ) is

W (P,Q) = inf
π∈P(Ξ×Ξ)
π1=P, π2=Q

∫
Ξ×Ξ

c(ξ, ζ) dπ(ξ, ζ),

where the ground cost c(ξ, ζ) on Rd is chosen to be quadratic c(ξ, ζ) = |ξ − ζ|2.

• The Wasserstein distance “lifts” the ground cost c(ξ, ζ) on Ξ into a distance over
measures on Ξ.

• It is a flexible means to evaluate the distance between P,Q ∈ P(Ξ), which can
smoothly identify differences (e.g. translations) on the supports of P and Q.

� G. Peyré and M. Cuturi, Computational optimal transport: With applications to data
science, Foundations and Trends in Machine Learning, 11 (2019), pp. 355–607.
� F. Santambrogio, Optimal transport for applied mathematicians, Birkäuser, 2015.

15 / 32



Entropy-regularization of the Wasserstein distance

• For a variety of purposes, this quantity is often regularized [Cu]:

Wε(P,Q) = inf
π∈P(Ξ×Ξ)
π1=P, π2=Q

(∫
Ξ×Ξ

c(ξ, ζ) dπ(ξ, ζ) + εH(π)

)
,

where the entropy H(π) of a coupling π is:

H(π) =

{ ∫
Ξ×Ξ

log dπ
dπ0

dπ if π is absolutely continuous w.r.t. π0,
∞ otherwise.

• The fixed reference coupling π0 ∈ P(Ξ× Ξ) plays the role of a “prior”.

• A judicious choice about π0, with nice statistical guarantees, is

π0(ξ, ζ) = P(ξ)dνξ(ζ), with dνξ(ζ) := αξe
− c(ξ,ζ)

2σ 1Ξ(ζ)dζ,

for some σ > 0 and a normalization factor αξ [AIMa]:

For all ϕ ∈ C(Ξ× Ξ),

∫
Ξ×Ξ

ϕ(ξ, ζ) dπ0(ξ, ζ) =

∫
Ξ

(∫
Ξ

ϕ(ξ, ζ) dνξ(ζ)

)
dP(ξ).

• Intuition: π0 “spreads” the mass of P at ξ over a characteristic length scale σ.
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The distributionally robust optimal design problem

The entropy-regularized distributionally robust optimal design problem reads:

min
h∈Uad

Jdr,ε(h), where Jdr,ε(h) = sup
Q∈P(Ξ)

Wε(P,Q)≤m

∫
Ξ

C(h, ξ) dQ(ξ).

This problem looks very difficult to treat at first glance... but it can be given a
tractable reformulation up to the use of convex duality.
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A convex duality result (I)

Proposition 1.

Besides “mild” assumptions, suppose that:

• Ξ is a convex and compact subset of Rk ,

• f : Ξ→ R is a continuous function,

• P ∈ P(Ξ) is a probability measure.

For any m > 0, and for a sufficiently small value of σ, the following equality holds:

sup
Wε(P,Q)≤m

∫
Ξ

f (ζ) dQ(ζ) = inf
λ≥0

{
λm + λε

∫
Ξ

log

(∫
Ξ

e
f (ζ)−λc(ξ,ζ)

λε dνξ(ζ)

)
dP(ξ)

}
.

Intuition: We introduce a Lagrange multiplier λ for the constraint on Wε(P,Q):

sup
Wε(P,Q)≤m

∫
Ξ

f (ζ) dQ(ζ) = sup
Q∈P(Ξ)

inf
λ≥0

(∫
Ξ

f (ζ) dQ(ζ) + λ(m −Wε(P,Q))
)
,

= inf
λ≥0

sup
Q∈P(Ξ)

(∫
Ξ

f (ζ) dQ(ζ) + λ(m −Wε(P,Q))
)
,

where the exchange of the infimum and supremum proceeds from convex duality.
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A convex duality result (II)

Inserting the definition of Wε(P,Q), it follows:

sup
Wε(P,Q)≤m

∫
Ξ

f (ζ)dQ(ζ) = inf
λ≥0

sup
π∈P(Ξ×Ξ)
π1=P

{
λm +

∫
Ξ

(
f (ζ)− λc(ξ, ζ)− λεH(π)

)
dπ(ξ, ζ)

}
,

Given the definition of H(π), the maximization holds over couplings π of the form

π(ξ, ζ) = a(ξ, ζ)π0(ξ, ζ), for some function a ∈ L1(Ξ× Ξ),

and so:

sup
Wε(P,Q)≤m

∫
Ξ

f (ζ) dQ(ζ) = inf
λ≥0

sup
α∈L1(Ξ×Ξ)∫

Ξ α(ξ,ζ) dνξ(ζ)=1

{
λm

+

∫
Ξ

(
f (ζ)− λc(ξ, ζ)− λε logα(ξ, ζ)

)
α(ξ, ζ) dπ0(ξ, ζ)

}
.

Exploiting the Euler-Lagrange equation for the inner maximization, we obtain:

α(ξ, ζ) =

(∫
Ξ

e
f (ζ)−λc(ξ,ζ)

λε dνξ(ζ)

)−1
e

f (ζ)−λc(ξ,ζ)
λε .

and the desired result follows.
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A convex duality result (III)

• The entropy-regularized distributionally robust optimization problem rewrites:

min
h∈Uad
λ≥0

D(h, λ), where

D(h, λ) := λm + λε

∫
Ξ

log

(∫
Ξ

e
C(h,ζ)−λc(ξ,ζ)

λε dνξ(ζ)

)
dP(ξ).

• This problem can be solved by a standard optimization algorithm based on the
derivatives of the objective functional D(h, λ) with respect to h and λ.

• Constraints could be added to the problem without additional conceptual difficulty.
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Topology optimization of a 2d mast (I)

• We consider the topology optimization of a 2d
mast.

• The uncertain parameter ξ is the (constant)
load vector applied on the two arms ΓN .

• The considered problem is

min
h∈Uad

Jdr,ε(h) s.t. Vol(h) = VT ,

built from the compliance as the cost C(h, ξ):

C(h, ξ) =

∫
D

ξ · uh,ξ dx .

• The nominal law is made from a single obser-
vation

P = δξ1 , where ξ1 = (0,−1).
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Topology optimization of a 2d mast (II)

nominal m = 0 m = 0.25

m = 0.5 m = 0.75 m = 1

Optimized density in the mast topology optimization example.
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Shape optimization of a 2d cantilever (I)

• We consider the shape optimization of
a 2d cantilever.

• The uncertain parameter ξ is the (con-
stant) load vector applied on ΓN .
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• The considered problem is

min
Ω

Jdr,ε(Ω) s.t. Vol(Ω) = VT ,

where the cost C(Ω, ξ) is the compliance:

C(Ω, ξ) =

∫
Ω

ξ · uΩ,ξ dx .

• The nominal law is made from a single observation

P = δξ1 , where ξ1 = (−1, 0).
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Shape optimization of a 2d cantilever (II)

m = 0 m = 1

m = 1.5 m = 2

Optimized shape in the 2d cantilever shape optimization example.
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Conclusion and perspectives

Conclusions:

• Distributional robustness considers the minimization of the worst case

h 7→ sup
Q “close” to P

Eξ∼Q(C(h, ξ))

of the mean value of a cost C(h, ξ) when the law Q of ξ is close to a nominal law P.

• One relevant notion of distance between probability laws is the
(entropy-regularized) Wasserstein distance.

• The distributionally robust optimization problem can be given a tractable
reformulation owing to convex duality.

Perspectives:

• Application of this methodology to more realistic problems, e.g. with nominal laws
built from multiple samples.

• Distributionally robust versions of other probabilistic quantities of the cost:
variance, quantiles, conditional value at risk, ...
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Thank you !

Thank you for your attention!
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