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I. I NTRODUCTION

The now well known Empirical Mode Decomposition (EMD), introduced by Huang et al. [1], is a data-

driven signal processing method aiming at recovering the original AM/FM components (called Intrinsic

Mode Functions (IMFs)) of a multicomponent signal. Due to its ability to deal with non-stationarities

and nonlinearities, the EMD is widely used in signal processing [2], [3]. However, the sifting procedure

(SP) computing the IMFs is based on ad hoc parameters and lacks mathematical foundations. Recently,

variants of the SP, based either on partial differential equations [4], [5] or optimization methods [6], [7],

have been proposed, providing a better mathematical framework. Nevertheless, this improvement is often

achieved to the detriment of the interesting properties of the EMD.

The present paper introduces a new EMD-like decomposition where a constrained optimization step

replaces the SP. Our goal is to show that it reproduces (or evenimproves) the behavior of the EMD but in

a much clearer mathematical setting. After a brief overviewof the EMD and its properties in section II, the

new decomposition is detailed in section III. Section IV discusses the sensitivity of the new decomposition

to its parameters. The beginning of section V is devoted to illustrations of the proposed method and then

comparisons with the EMD on controlled situations. This enables us to obtain quantitative measures of

the quality of the decomposition. We finally address the noiseissue to conclude that one had rather

denoise the signal before decomposing it. In this regard, wealso put the emphasis on the SP working

on its initialization. This enables us to obtain meaningful modes even in a noisy context.

II. EMPIRICAL MODE DECOMPOSITION

The EMD aims at decomposing a multicomponent signals(t) into a numberJ of so-called IMFs

hj(t), 1 ≤ j ≤ J :

s(t) =

J
∑

j=1

hj(t) + r(t), (1)

where the modeshj oscillate decreasingly with increasingj, andr is a monotonic residue. In this context,

an IMF is defined as an oscillating function having a symmetricenvelope.

Each IMFhj is computed frommj−1 defined by:

mj(t) =















s(t), j = 0

s(t)−
j
∑

i=1
hi(t), j ≥ 1.

(2)
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The computation of the IMFhj from mj−1 is carried out through a sifting procedure (SP) which defines

hj as the limit of the following sequence(hnj )n≥0:










h0j = mj−1

hn+1
j = hnj −

Emax(hn
j )+Emin(hn

j )

2 := φ(hnj ),
(3)

where the so-called upper envelopeEmax(h
n
j ) (resp. lower envelopeEmin(h

n
j )) is the cubic spline

interpolant tohnj at its local maxima (resp. minima). In practice, the SP stops when an ad hoc stopping

criterion is met, leading to the IMFhj . This criterion can be of Cauchy-type [1] or related to the symmetry

of the envelope [8]. In most cases, the SP produces modes(hj)1≤j≤J having an approximately symmetric

envelope but there exist serious limitations to this approach. First, the symmetry of the envelope, in a

cubic spline interpolation framework, would imply that theupper and the lower envelopes ofhj are cubic

polynomials on the whole time span [9]. Second, given a stopping criterion and a signal, there is no

reason why the SP should stop in a finite number of steps.

When it works, the EMD computeshj from mj−1 and thenmj from mj−1 andhj through:

mj = mj−1 − hj . (4)

In that context,hj corresponds to the level-j detail whilemj is the level-j mean. The above definition

of the EMD shows that it is a nonlinear multiscale adaptive decomposition which is known to satisfy the

two following properties:

• it behaves on average like a dyadic filter bank [10],

• it is a quasi-orthogonaldecomposition [1], i.e., the modes(hj)1≤j≤J are almost orthogonal.

Even if these properties are of empirical nature, they have greatly contributed to the success of the EMD

and should be kept in mind when introducing new methods for modes computation.

III. O PTIMIZATION -BASED EMD FOR MULTICOMPONENT SIGNALS

In this section, we propose a new EMD-like multicomponent signal decomposition. We show that, by

replacing the SP by a constrained optimization procedure, the problem of the determination of the modes

becomes solvable. In our framework, instead of determiningthe modehj from mj−1 as the SP does,

we had rather estimatemj from mj−1 and then deducehj using (4). Note that the method has the same

recursive structure as the EMD. Indeed, one first extracts the level-1 meanm1 from the signals and then

deduce the level-1 detail h1, the procedure is then repeated onm1, and so on. For that reason, we only

need to describe the computation of level-1 mean and detail, denoted bym andh hereafter, froms.
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More precisely, we split the signals into the level-1 meanm, plus a level-1 detail, h, by beginning

with an estimatêm of m and then findingm by a constrained optimization problem that forces the detail

curveh to have approximately symmetric envelopes. The calculationof m from s consists of two steps:

• Compute an estimatêm of m in Πk
τ the spline space of orderk defined on some knot sequenceτ

(see section III-A).

• Search form in C(m̂), a non-empty closed convex set ofΠk
τ , by solving the quadratic optimization

problem:

m = argmin
m̃∈C(m̂)

∥

∥

∥
m̃(2)

∥

∥

∥

2
, (5)

where‖.‖ is the classicalL2 norm and where the closed convex setC(m̂) is defined by linear constraints

on m̃ which tend to forceh to have an approximately symmetric envelope (see section III-B). The

notationm(n) denotes the nth derivative of the one-dimensional functionm.

Remark:Among all splines in the set of constraintsC(m̂), the optimizer chooses the smoothest one.

Note also that this choice for the minimization functional imposes thatk ≥ 3.

A. Computation of the Estimatêm

Let x̂ = (x̂i)1≤i≤L be a vector estimating the location of the extremaxi of h. It is most commonly

chosen to be equal to the location of the extrema ofs, but can be of other types, as explained later in

section III-C. To build the estimatêm, we compute, as in [11], the points(t̄i, s̄i)i=1...L−1 by:

s̄i =
1

x̂i+1 − x̂i

∫ x̂i+1

x̂i

s(t) dt

t̄i =

∫ x̂i+1

x̂i
t|s(t)− s̄i|

2 dt
∫ x̂i+1

x̂i
|s(t)− s̄i|2 dt

, (6)

and also boundary point(t̄0, s̄0) (resp.(t̄L, s̄L)), as the symmetrical point of(t̄1, s̄1) (resp.(t̄L−1, s̄L−1))

with respect tox̂1 (resp. x̂L). s̄i is the mean value ofs on the interval[ti, ti+1], while t̄i is the time

barycenter.̂m will finally be a spline of orderk interpolating theseL+1 points and defined on some knot

sequenceτ = (τi)0≤i≤L+k, i.e., m̂ is a piecewise polynomial of degreek − 1 on the intervals bounded

by the knot sequenceτ having global regularityCk−2.

We need to define the knot sequenceτ from t̄ to ensure the existence and the uniqueness of the spline

interpolant. Such a knot sequenceτ can be obtained using the classical definition of DeBoor [12]:

• multiple knots are defined at boundary points:τ0 = . . . = τk−1 = t̄0 andτL+1 = . . . = τL+k = t̄L,
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• and single knots elsewhere:

∀i ∈ k . . . L, τi =
1

k − 1

i−1
∑

p=i+1−k

t̄p. (7)

Now, let us considerNk
i,τ , theith B-spline function of orderk defined on the subdivisionτ and supported

on [τi, τi+k]. Since (7) implies that∀i ∈ 0, . . . , L, Nk
i,τ (t̄i) > 0, the Schoenberg-Whitney theorem ensures

the existence of a unique spline interpolantm̂ of orderk at (t̄i, s̄i)0≤i≤L (see for example [13]).

B. Computation ofm

Referring to (5), the definition of the level-1 meanm requires the knowledge ofτ and the set of

constraintsC(m̂) on which we now focus. The motivation supporting the design ofthe setC(m̂) is that

the envelope ofh should approximately be symmetric. Let us now detail the linear constraints that make

up C(m̂). Recall thatx = (xi)1≤i≤L is the vector of the location of the extrema ofh and letλi be the

ordinate associated withxi on the segment delimited by(xi−1, h(xi−1)) and(xi+1, h(xi+1)) (see Figure

1, for an illustrative example):

λi =
h(xi+1)− h(xi−1)

xi+1 − xi−1
(xi − xi−1) + h(xi−1), (8)

which is only valid for i = 2, · · · , L − 1. To defineλ1 and λL, we extend the signal by mirror

1 1.5 2 2.5 3
−1

−0.5

0

0.5

1

t

h(
t)

h(x
1
)

λ
2

h(x
2
)

λ
3 h(x

4
)

h(x
3
)

Fig. 1: Definition ofλ2 and ofλ3

extension with respect to the points(x1, h(x1)) and (xL, h(xL)) and then define(x0, h(x2)) (resp.
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(xL+1, h(xL−1))), the symmetrical point of(x2, h(x2)) (resp.(xL−1, h(xL−1))). We finally getλ1 and

λL by applying (8) to the extended set{(x0, h(x2)), (xi, h(xi))1≤i≤L, (xL+1, h(xL−1))}.

Bearing in mind the symmetry of the envelope ofh, we seek constraints onh of the following kind:

|h(xi) + λi| ≤ εi. (9)

Indeed, assumeh(xi) is a maximum (resp. minimum) forh, then(xi, h(xi)) belongs to the upper (resp.

lower) envelope ofh, while (xi, λi) belongs to the affine interpolant to the lower (resp. upper) envelope

of h. As h should ideally have a symmetric envelope, this motivates (9). As the thresholdεi ought to

depend on the local amplitude ofh, it is natural to chooseεi = α |h(xi) − λi|, whereα is a global

parameter. Note that ifh has an approximately symmetric envelope,|h(xi)− λi| approximates twice the

amplitude ofh. Finally, the sought constraints can be written in the form:

|h(xi) + λi| ≤ α|h(xi)− λi|. (10)

To linearize these constraints onh, we replacex by x̂ whenever it appears in (10) andh andλi by their

estimatess− m̂ and λ̂i on the right hand side of (10). Defining:

λ̂i(m) =
(s−m)(x̂i+1)− (s−m)(x̂i−1)

x̂i+1 − x̂i−1
(x̂i − x̂i−1) + (s−m)(x̂i−1), (11)

the new constraints can be written as

|(s−m)(x̂i) + λ̂i(m)| ≤ α|(s− m̂)(x̂i)− λ̂i(m̂)|. (12)

These define the set of constraintsC(m̂) and enable us to rewrite the optimization problem, defined in

(5), in the following form:

m =











argmin
m̃∈C(m̂)

∥

∥m̃(2)
∥

∥

2

C(m̂) =
{

m̃ ∈ Πk
τ , ∀i ∈ 1 . . . L, |λ̂i(m̃)+(s−m̃)(x̂i)|

|λ̂i(m̂)−(s−m̂)(x̂i)|
≤ α

}

.

(13)

Let us note that the functional we minimize is quadratic and can be written asMTHM , whereM

is the coefficients matrix ofm in the B-spline basis(Nk
i,τ )i and H is the stiffness matrix defined by

Hiq =
∫ 1
0 (N

k
i,τ )

′′(t)(Nk
q,τ )

′′(t) dt.

Theorem 1:For α ≥ 0, the problem (13) has a unique solutionm.

Proof: As the functional is quadratic, it suffices to show thatC(m̂) is convex and non-empty. The

convexity comes from the fact thatC(m̂) is a convex polyhedron (defined by linear constraints). Hence

the uniqueness of the solution. Then,C(m̂) is non-empty if there exists a splinẽm in Πk
τ such that

λ̂i(m̃) + (s− m̃)(x̂i) = 0, i = 1, . . . , L. (14)
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As λ̂i(m̃) is a linear function of the vector((s− m̃)(x̂i))i=1,...,L (see (11)), there exists a solution to

(14) if

m̃(x̂i) = s(x̂i), i = 1, . . . , L. (15)

We recall that, in section III-A, we constrained the knot sequenceτ to satisfy:∀i ∈ 0, . . . , L, Nk
i,τ (t̄i) > 0.

This relation implies:∀i ∈ 0, . . . , L, τi ≤ t̄i ≤ τi+k. In addition, we have, by definition of̄ti, that

∀i ∈ 1, . . . , L, t̄i−1 < x̂i < t̄i. It follows that for i ∈ 1 . . . L, eitherNk
i−1,τ (x̂i) > 0 or Nk

i,τ (x̂i) > 0 and

then, by the Schoenberg-Whitney theorem [13], there exists at least one splinẽm interpolating(x̂i, s(x̂i))i

and belonging toΠk
τ , which proves (15), hence theorem 1.

C. Computation of the Estimatêx

To start with, we note that the estimatex̂ is both used in the definition of̂m and of the convex set

C(m̂), making the quality of this estimate a key point of the proposed method. Let us recall that, in the

EMD, x̂ is the location of the extrema ofs. The role of the SP is then to iteratively change this estimate

to make it fit the location of the extrema ofh. As our optimization formulation does not use any iterative

procedure, our concern is to estimate directly, and with good accuracy, the location of the extrema ofh.

As explained in [14], the location of the extrema of even-order derivatives ofs are more likely to

provide better estimates of that ofh than that ofs does. In [14], the estimation of the location of the

extrema ofh by that ofs(2) is investigated whens is as follows:

s(t) =

J
∑

i=1

ai cos(2fiπt),

whereai > 0 and fi is assumed to be decreasing withi. It is proved there, using a maximal deviation

argument, that the location of the extrema ofs(2) better estimates that ofs1(t) = a1 cos(2f1πt) than the

extrema ofs does. However, from a practical point of view, the maximal deviation may not be sufficiently

informative. To argue upon this, one considers the following simple two-tone signal:

s(t) = cos(2πt) + a cos(2πft) 0 < f < 1, a ∈ R
∗
+. (16)

As f < 1, the high-frequency tone is alwayss1(t) = cos(2πt). If one refers to Proposition 1 of [15],

when af < 1 the rate of extrema fors, i.e., the average number of extrema per second, is exactly the

same as that fors1, while whenaf2 > 1 the rate of extrema fors is exactly the same as that fors2 (which

equalsa cos(2πft) here). This proposition can then be generalized to even higher-order derivatives: the
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number of extrema ofs(2p) equals that ofs1 (resp.s2) whenaf2p+1 < 1 (resp.af2p+2 > 1). In spite of

the proof of this proposition being very similar to that of Proposition 1 of [15], we recall it in Appendix

A for the reader’s convenience.

Now, assume that the number of extrema ofs1 is correctly estimated. The main observation that makes

the estimate of the location of the extrema ofs1 better when using even higher-order derivatives ofs is

the following. Since

s(2p)(t) = (−1)p(2π)2p
(

cos(2πt) + af2p cos(2πft)
)

,

s(2p) looks like s, but with a low-frequency tones2 attenuated by a factorf2p. As the attenuation factor

decreases whenp increases, the location of the extrema ofs1 is better estimated in that case. However,

numerical instabilities are created by high-order differentiation, which is a strong restriction to its use.

This remark leads us to build a trade-off procedure to determine a good order of differentiation to both

estimate the number of extrema ofs1 and then locate them. This procedure consists of computing the

smallestp such thats(2p) has supposedly the same number of extrema ass1.

Let us denote byt[0] (resp.t[2], t[4]) the location of the extrema ofs (resp.s(2), s(4)) and by|X| the

cardinality of any setX. The procedure to compute the estimatex̂ is the following:

• if |t[0]| = |t[2]|, then x̂ = t[0],

• otherwise, if|t[2]| = |t[4]| and |t[2]| > |t[0]|, then x̂ = t[2],

• otherwise,x̂ = t[4].

To compute the second-order derivative, we use its fourth-order approximation:

s(2)(t) ≈ −s(t−2δ)+16s(t−δ)−30s(t)+16s(t+δ)−s(t+2δ)
12δ2 , (17)

whereδ is the sampling period. The fourth-order derivative is obtained by iterating this formula twice.

At the boundaries, we use a shifted version of (17). Let us remark that δ must neither be too large, to

prevent discretization errors, nor too small, to avoid numerical errors caused by the round-off unit. Note

also that, to guard against potential sampling artifacts, we take the sampling rate to be at least equal to

five times the Nyquist rate [16].

The results of this adaptive selection procedure of the differentiation order are displayed on Figure

2, for the signal defined in (16). Each color corresponds to a particular value forx̂, i.e., eithert[0], t[2]

or t[4]. Recalling thats1 has as many extrema ass when af < 1, as many ass(2) when af > 1 and

af3 < 1, as many ass(4) whenaf3 > 1 andaf5 < 1, we conclude that the selection procedure manages

to find the number of extrema ofs1 in almost any cases ifaf4 < 1. Whenaf4 > 1 the procedure finds

as many extrema ass2 and the first mode is not extracted. We shall finally mention thathorizontal stripes
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Fig. 2: Result of the procedure to determine the order of differentiation ofs used to computêx. From

left to right, we display the regions wherêx equalst[0] (in black), x̂ equalst[2] (in gray) or x̂ equals

t[4] (in white). The equations of the three curves are, from bottom-left to top-right: af = 1, af3 = 1,

af4 = 1. These curves determine almost exactly the three different domains, except for some horizontal

instabilities.

on Figure 2 stem both from the finiteness of the signal and numerical approximations in the computation

of the derivative.

D. Discussion on the Method

From now on, we callOS-decomposition(OS meaning Optimization on Splines) the decomposition

(hj)1≤j≤J obtained by recursively applying the optimization procedure described in III-B. In the following

x̂j , m̂j andC(m̂j) are obtained frommj−1 in the same way aŝx, m̂ andC(m̂) from m0 = s. Table

I summarizes the differences between the OS-decomposition and the EMD. Let us now discuss some

parameters of the optimization procedure.

1) Parameterα: The constraints, defined in (10), which force the symmetry of the modehj involve

a parameterα. Relation (10) is very similar to the stopping criterion, proposed in [8], where the SP (see

3) stops when

σ(hnj )(t) =
|Emax(h

n
j )(t) + Emin(h

n
j )(t)|

|Emax(hnj )(t)− Emin(hnj )(t)|
≤ αSP , (18)
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OS-decomposition EMD

Input : a signals, a stop parameterα

Output : the IMFsh1, h2, . . . , hJ and a residuer

m0 := s; j = 0;

while mj has more than3 extrema repeat while mj has more than3 extrema repeat

j := j + 1 j := j + 1.

Extraction ofhj : OS process Extraction ofhj : Sifting Process

Estimation of the extremâxj of hj from mj−1 Initialization n := 0;hn
j := mj−1;

Building of the estimatêmj of mj while hn
j is not an IMF do

Computation of the level-j meanmj in a B-spline space hn+1

j = φ(hn
j );n := n+ 1;

hj = hn
j ;

hj := mj−1 −mj mj := mj−1 − hj ;

TABLE I: Comparison between the OS-decomposition and the EMD.

is satisfied for somen and almost allt, typically for 95% of the signal duration. Here also the parameter

αSP controls the symmetry ofhj and seems very similar to our parameterα, but our approach is different

in that the constraints are only verified atx̂j and not at each timet. This point is essential to ensure that

the set of constraintsC(m̂j) is non-empty (see Theorem 1). The sensitivity of the optimization procedure

to the parameterα will be discussed in section IV-A.

2) The choice of the approximation space:B-splines are particularly well-adapted to our optimization

procedure for the following reasons:

• to represent smooth functions using splines reduces the dimension of the space and fixes the

optimization step,

• the advantage of B-splines over other parameterizations, such as piecewise Hermite interpolation, in

the context of instantaneous frequency estimation has beenpointed out in [17]. The authors show

there that the Hilbert transform of B-splines is computed bya simple recursion formula.

Another important parameter is the spline orderk. Indeed, after having applied the optimization procedure

to s, the method restarts the process on the spline functionm1. If m1 is a spline of orderk = 4, i.e., a

cubic spline, the estimation of the location of the extrema of h2 using higher order of differentiation of

m1 is irrelevant, sincem(4)
1 is not meaningful. Thus, the order of the spline space used in the optimization

step in the whole decomposition has to be larger or equal to6.
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3) The estimateŝxj and m̂j : The motivation for the first estimate is related to the choice ofimposing

constraints at the extrema locations ofhj , while the second estimate is involved in the constraints

linearization. We have already motivated the choice forx̂j , computed as in section III-C, by remarking

that it enables to better determine the number and the location of the extrema of the first mode than

the estimate used by the EMD does. The proposed construction for m̂j based on the local integral

computations was successfully used in the EMD context by Honget al. [11]. To study the sensitivity of

our method to this estimate, we have taken other definitions for m̂j into consideration, section IV-B will

present comparative results which show that the retrieval of the first mode is not sensitive to the choice

of m̂ = m̂1.

IV. SENSITIVITY TO THE PARAMETERS OF THEOS-DECOMPOSITION

We now address the issue of the sensitivity to the parametersof the OS-decomposition on model

signals of the following kind:

s(t) =

J
∑

i=1

si(t) :=

J
∑

i=1

ai(t) cos(Φi(t))

such that for all t,Φ′
i(t) > Φ′

i−1(t) > 0 and ai(t) > 0. Furthermore, we assume that at eacht the

different components do not interfere. A typical example ofsuch a signal is shown on Figure 3 (A) along

with its ideal time-frequency representation.
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Fig. 3: (A): the test signals and its three componentss1, s2, s3, (B): the corresponding time-frequency

representation of the components.
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In the following simulations, we will compute the EMD as in [8], where the stopping criterion in the

SP is based on two thresholdsαSP andβSP which guarantee small global fluctuations of the computed

level-j meanmj , while enabling large local excursions. Considering the function σ defined in (18), this

amounts to iterating the sifting untilσ(hj)(t) < αSP , for some prescribed fraction1− γSP of the total

duration, whileσ(hj)(t) < βSP for the remaining fraction. The parameters retained for our simulations

are (αSP , βSP , γSP ) := (αSP , 10αSP , 0.05) as recommended by authors in [8]. For the sake of fair

comparisons, we will setαSP = α in the following. Furthermore,̂x, m̂, h andm will still denote x̂1,

m̂1, h1 andm1. Note that the Matlab code is available at [18], together with a script which creates the

main figures of the paper.

A. Sensitivity of the Decomposition to the Parametersα and k

Here, we aim at numerically investigating the sensitivity of the OS-decomposition to the parameters

α andk. For that purpose, we focus on the separation of the first mode from the rest of the signal. Let

us denote byhα the first mode obtained either by applying the EMD, computed as explained before, or

the OS-decomposition for a givenα. On Figure 4, we display the discrepancy betweenhα and s1 for

the signal of Figure 3 (A), measured by the coefficient

C1 = log

(

‖s1 − hα‖

‖s‖

)

. (19)

along with the variation ratevr(α) of hα with respect toα defined by:

vr(α) =
‖hτs+α − hα‖

τs
, (20)

whereτs is the discretization period. These coefficients are drawn as afunction of the parameterα for

different values ofk.

Figure 4 (A) suggests an optimal value ofα between0.02 and0.05 for the OS-decomposition for which

the discrepancy betweenhα and the expected modes1 is significantly smaller when the OS-decomposition

is used instead of the EMD. According to Figure 4 (B), the variation rate has the same order of magnitude

for both methods, and is more regular for the OS-decomposition than for the standard EMD. The spline

orderk does not seem to have much influence providedα is not too small: whenα < 0.04 the error as

the variation rate of the solution is better whenk = 8 or k = 10.

B. Sensitivity to the Estimatêm

The second major issue is the sensitivity of the optimizationprocedure tom̂j . Here, we study this

issue by considering its influence on the retrieval of the first mode that isj = 1. The estimatêm gives
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Fig. 4: (A) : CoefficientC1 as a function ofα, for the test signal of Figure 3. (B) : the variation ratevr,

defined in (20), as a function ofα for the same signal. The results are given for the OS-decomposition

with different spline ordersk, and for the EMD.

access to two pieces of information regarding the optimization procedure:

• The subdivisionτ associated with the definition of the spline space.

• An estimatem̂(x̂) of the amplitude ofm at x̂.

The subdivisionτ does not influence the decomposition much, provided it is interwoven with the sequence

x̂ in such a way that Theorem 1 is valid. As for the influence ofm̂(x̂) on the decomposition, given̂x,

we consider the following three possibilities to build thisestimate:

1) The first one (called integral mean approach) described by equation (6) computeŝm(x̂) as the

spline interpolant to(t̄i, s̄i)i.

2) The second one (traditionally used in the EMD) constructsτ following equation (7), whereτi is

the middle of[x̂i, x̂i+1] and then computes the upper (resp. lower) envelope as the cubic spline

interpolant ofs at (x̂2i) (resp.(x̂2i+1)). Computing the half sum of these two envelopes, one gets

the arithmetic mean̂m(x̂) = me.

3) The third one (B-spline approach) computesm̂ following [17]. It is exactly the same procedure

as the previous method, except that the arithmetic meanme is replaced by the definition given by

equation (2.13) of [17] .

Settingk = 8, we then again compute the discrepancy betweenhα and s1 measured by the coefficient

C1 when one of the above estimatêm(x̂) is used. The results of Figure 5 confirm that the proposed
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method is slightly sensitive to this estimate.
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Fig. 5: CoefficientC1 as a function ofα, for the OS-decomposition using three different estimatesm̂(x̂),

for the test signal of Figure 3.

C. Sensitivity to the Parameters and Orthogonality Index

We here discuss the sensitivity of the decomposition to the parametersα and k as in section IV-A

but using a different measure: the orthogonality index. Indeed, let us rate the orthogonality of the

decomposition using the following orthogonality index:

io =
1

‖s‖2

∑

1≤i<j≤J

〈hi, hj〉 .

Figure 6 shows the orthogonality indexio as a function ofα computed for the signal of Figure 3 (so

J = 3 in that case), for the OS-decomposition with different values of the spline orderk and for the

EMD. Note that the orthogonality index of the theoretical decomposition(s1, s2, s3) is 3× 10−3.

We observe thatio has similar values for all methods providedk > 6, which means that the order of

the spline space has little impact on the decomposition whenk ≥ 8. For k = 6 the orthogonality index is

quite high and oscillates a lot withα, because the method computing the estimatex̂ using high order of

differentiation of the signal is inaccurate in that case (see paragraph III-D2). An interesting phenomenon

is that whenα increases, the orthogonality index of the decomposition becomes much lower for the OS-

decomposition than for the EMD. This comes directly from the definition of the functional in equation

(5), as a highα means a large set of constraintsC(m̂).
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Fig. 6: The orthogonality index for the decomposition of the test signal (Fig. 3) into three components.

io is plotted as a function of the parameterα, for the EMD and the OS-decomposition when the spline

order isk = 6, k = 8, or k = 10.

V. NUMERICAL VALIDATION

In what follows, we first compare the OS-decomposition to the EMDcomputed as in [8], in terms

of mode-mixing and narrow-band signal decomposition, still focusing on the retrieval of the first mode.

We will then deal with the noise issue, but this time considering the whole decomposition. In order to

highlight the importance ofh0j (see the definition (3) of the SP) in the EMD, we also study a slightly

different version of the EMD, called ”EMD-NI”, obtained by putting h0j = mj−1−m̂j in the initialization

of the SP, wherêmj is the estimate introduced in section III-A. In all the following tests the parameters

involved in the OS-decomposition are set tok = 8 and α = 0.03, or else we mention it. When the

EMD or the EMD-NI are computed, the same valueαSP = α is used and the extra parameters of these

methods are defined as was previously.

A. Mode-mixing for two Tone-Signals

We first show how the adaptive choice of the differentiation order ofs to estimate the extrema locations

of s1 improves the separation of the first modeh = h1 from the rest of the signal. We again consider

the simple two-tone signal defined in (16), and we measure the quality of the separation by computing

the coefficient

C2 =
‖h− s1‖

‖s2‖
. (21)
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This quantity has already been used in [15], and is similar to the coefficientC1 except thats2 replacess

as denominator. In fact, this modification allows us to betterevaluate the method whena is small. When

C2 ≈ 0 there is a good separation, whereas whenC2 ≈ 1 the first mode has not been separated (in this

case the method returnsh ≈ s1 + s2).

We compute the quantityC2 as a function ofa and f for the OS-decomposition, the EMD and the

EMD-NI, the result being depicted on Figure 7 (A, B, C). These numerical results confirm the theoretical

expectation for the OS-decomposition: the quality of the separation of s1 from the rest of the signal

is directly related to the estimatêx. We notice that the adaptive procedure used to definex̂ in the

OS-decomposition has a positive effect on the first mode separation, while the EMD, based on a poorer

estimatêx, behaves worse with regards to this point. But, by changing the estimatêm at the first iteration

of the SP by the one proposed in section III-A (as in the EMD-NI does), the results are significantly

improved. The comparison of Figures 7 (B) and (C) suggests thatthe EMD is very sensitive to the

initialization of the SP. Furthermore, we should finally mention that stripes in the graphs of Figure 7 are

associated with both the discrete nature of the stopping criterion and some numerical effects which we

do not intend to analyze here.
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Fig. 7: CoefficientC2 defined in (21) with respect to(a, f). C2 = 0 (black areas) indicates thats1 is

correctly separated, whileC2 ≈ 1 (white areas) meanss1 is not correctly separated. The results are given

for the OS-decomposition (A), the EMD (B) and the EMD-NI (C).

B. Narrowband Signal Decomposition

Here, we compare the influence of the set of constraintsC(m̂), computed as defined previously or by

the constraints introduced in [7], on the optimization procedure. Contrary to what is done in the present
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paper, the constraints in [7] are both of equality and inequality types depending on the monotonicity of the

upper and lower envelopes, and involve more criteria than the symmetry of the envelopes. To see in detail

what these constraints are, we refer the reader to [7]. From now on, we will call EI-OS-decomposition

(EI standing for ”Equality Inequality”), the decomposition obtained by replacing the set of constraints in

the OS-decomposition by those given in [7]. In addition, we compare the method to the standard EMD

and the so-called “EMD-NI”. For that purpose, we compute

Cn
1 = log

(

‖s1 − hn1‖

‖s‖

)

, (22)

hn1 being obtained aftern sifting iterations ons in the EMD or in the EMD-NI. Of course,n = 1 for

the OS-decomposition as for the EI-OS-decomposition method since they are not iterative. The results

of Figure 8 show the convergence of the EMD to someh1 which is definitely nots1. We also notice

that, while much better than the EMD, the EMD-NI method still gives a worse estimate ofs1 than the

OS-decomposition does.
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Fig. 8: Computation of (22) with four different methods, for the test signals of Figure 3.

C. EMD and Noise

In this section, we discuss the noise issue in relation to thedifferent decompositions. To start with,

it is worth noting that the EMD was not designed to process noisy data. Indeed, the spreading of noise

over several IMFs, often produces “mode-mixing effects”, asshown in the example of Figure 10 (C),

corresponding to the decomposition of the signal of Figure 9 (A).
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The sensitivity to noise of the EMD makes the computation of theHilbert spectrum very unstable.

Different approaches have therefore been proposed to denoise the modes before computing the Hilbert

spectrum either when the modes are associated with a waveletdecomposition [19] or produced by the

EMD [20]. Rather, our approach here is to denoise the signal first and then to decompose it with the

OS-decomposition or the EMD. Indeed, in a noisy context, all the discussion on the detection of the

extrema location becomes irrelevant therefore we choose toproceed this way. In this regard, it would be

of interest in a future work to compare these denoising strategies before or after decomposition in terms

of the quality of the Hilbert spectrum.

To proceed as we do may appear a bit artificial but in many applications the denoising step and the

analysis step are disconnected. In many cases, the signal iseven low-pass filtered at an ad hoc frequency,

that removes the major part of the noise. As an illustration,on Figure 9, we display a sum of two

cosine functions with an additive Gaussian noise (σ = 0.3) along with its denoised version obtained via

wavelet SURE-shrinkage (see [21]). Then, on Figure 10 (A) and (B), we display the decompositions of

the denoised signal using the EMD and the OS-decomposition, respectively. In both cases, we obtain

the cosine functions with small perturbations, and a very low orthogonality index. To compare with, the

EMD of the noisy signal is also displayed on Figure 10 (C) clearly showing mode-mixing effect (the OS

decomposition of the noisy signal would not lead to better results).
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Fig. 9: (A): noisy signal, a sum of cosines with a white Gaussian noise,σ = 0.3. (B): the signal after

wavelet SURE-Shrinkage

D. Avoiding Mode-mixing by Using the EMD-NI

The mode-mixing phenomenon is inherent to the EMD and may arisein many instances other than

noise. Several techniques such as the masking signal [22] or the Ensemble EMD [23] have been proposed

to deal with this phenomenon. Here, our point is to show, on a example, how a better initialization of the
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Fig. 10: (A): The denoised signal (Fig. 9 (B)) decomposed by EMD, the orthogonality index isio = 0.017.

(B): same signal decomposed by OS,io = 0.009. (C): the original noisy signal of Fig. 9 (A) decomposed

into 4 IMFs using the standard EMD,io = 0.07.

SP influences favorably the decomposition in terms of mode-mixing. Indeed, We compare the EMD-NI

to the EMD for the signal of Figure 11 (A) made of the sum ofs1 and s2 displayed on Figure 11 (B)

plus an additive Gaussian noise (σ = 0.4). Looking at the EMD results on Figure 11 (C), the first IMF

mainly contains noise fort ∈ [0, 0.5] which is no longer the case in the second part of the signal where

the amplitude of the noise is too small compared to that of thesignal. As a consequence, the second and

the third IMFs are meaningless. Unlike the EMD, the EMD-NI is relevant on this signal, as it leads to the

first mode being the first IMF and the two following modes being those expected. Of course, some aspects

of the method are not relevant here especially the proceduredetermining the location of the extrema of

the first mode, and the reason for this much better behavior should be more deeply investigated. This

example however shows the potential point of interest in working on the initialization of the SP to avoid
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the mode-mixing problem.
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Fig. 11: (A): signals = s1 + s2 plus Gaussian noiseσ = 0.4. (B): the two componentss1 ands2 of the

signal. (C): the result of the EMD decomposition, the orthogonality index isio = 0.09. (D): the result of

EMD-NI, io = 0.007. The method takes automaticallyp = 2 for the first IMF andp = 0 for the second

and the third ones, in the computation of the estimatex̂.

VI. CONCLUSION

In this paper, we have introduced a new signal decompositionbased on constrained optimization.

This decomposition offers an advantage over the EMD to make thecomputation of the modes solvable.

After having studied the sensitivity of the method to its parameters, we have shown that it preserves the

interesting properties of the EMD. For realistic signals corrupted by noise, the method is still efficient

provided there is a denoising preprocessing step. Furthermore, we have also pointed out how sensitive the

EMD is to initial conditions and we have proposed a small modification of the original algorithm which

enables us to reduce the mode-mixing phenomenon. The generalization of this optimization approach
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to the bidimensional case seems, at first sight, relatively straightforward: indeed, the constraints extend

readily to interpolating functions on Delaunay triangulations, as used in [24]. This will therefore be the

subject for further development.

APPENDIX A

PROOF OF THE EXTREMA REPARTITION

Let us recall the proposition of section III-C: consider the signal s(t) = s1(t) + s2(t), with s1(t) =

cos(2πt) and s2(t) = a cos(2πft), for a > 0 and 0 < f < 1. Then, the number of extrema ofs(2p)

equals the number of extrema ofs1 (resp.s2) whenaf2p+1 < 1 (resp.af2p+2 > 1).

Proof: We first show that the sign ofs(2p+2) at the location of the extrema ofs(2p) is the same as

that of s(2p+2)
1 if af2p+1 < 1 and the same as that ofs(2p+2)

2 if af2p+2 > 1. Assuming thats(2p) admits

an extremum att = t0, we want to show that:

|af2p+2 cos(2πft0)| < | cos(2πt0)| if af2p+1 < 1

|af2p+2 cos(2πft0)| > | cos(2πt0)| if af2p+2 > 1. (23)

We first write

s(2p+1)(t0) = (−1)p+1(2π)2p+1
(

sin(2πt0) + af2p+1 sin(2πft0)
)

= 0.

Then, squaring equation (23) and using the above relation, proving (23) amounts to determining the sign

of

γ = a2f2(2p+2) cos2(2πft0) + a2f2(2p+1) sin2(2πft0)− 1.

If af2p+1 < 1 thena2f2(2p+2) < a2f2(2p+1) < 1 andγ < 0. Conversely, ifaf2p+2 > 1 thena2f2(2p+2) >

a2f2(2p+1) > 1 andγ > 0, which proves (23).

As a result,s(2p) has exactly one extremum between two zero-crossings ofs
(2p+2)
1 (resp.s(2p+2)

2 ) if

af2p+1 < 1 (resp.af2p+2 > 1), because of the alternation of maxima and minima. In conclusion, s(2p)

has as many extrema ass1 (resp.s2) if af2p+1 < 1 (resp.af2p+2 > 1).
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