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ABSTRACT. In this paper we study a one dimensional model of ferromagnetic
nano-wires of finite length. First we justify the model by I'-convergence argu-
ments. Furthermore we prove the existence of wall profiles. These walls being
unstable, we stabilize them by the mean of an applied magnetic field.

1. INTRODUCTION

This paper is concerned with stabilization of wall configurations in a mono-
dimensional model of finite length nanowire. This kind of object can be found in
nano electronic devices. The three dimensional model is the following (see [2], [11]
and [18]). We denote by m : RS x ©, — R? the magnetic moment, defined on
the ferromagnetic domain 2. We assume that the material is saturated, so that m
satisfies the constraint:

for almost every (¢,z) € RT x Q, |m(t, z)| = 1.

The magnetic moment links the magnetic induction B with the magnetic field H
by the relation B = H + m, where m is the extension of m by zero outside 2. The
behavior of m is governed by the Landau-Lifschitz equation:

%—T:—m/\He—m/\(m/\He),
(1) H, = A2Am + Hy(m) + H,,
g—: =0 on 01,

where

e A2 is the exchange constant, depending on the material,
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e the demagnetizing field Hy(m) is characterized by
(2) curl Hy(m) = 0 and div (Hg(m) +m) = 0 in R3.

We remark that —Hy is the orthogonal projection (for the L? inner product)
onto the curl free vector fields, so that

[ Ha(m)||L2@sy < [Im]lp2(q)-

e H, is an applied magnetic field,
e n is the outward unit normal on 02.

The effective field is derived from the micromagnetism energy: H, = —0mEmic
with

A? 1
Emic(m) = —/ |Vm|? dw + 7/ |Ha(m)|? dw —/ H, -m dw.
2 Q 2 R3 (9]

Existence of weak solutions for (1) is established in [5], [13] and [17]. Existence
of strong solutions is proved in [6] and [7]. Numerical simulations are performed
n [14]. For thin domains, equivalent 2-d models are justified in [1], [4], [15]. For
nanowires, 1-d models are discussed in [8], [9] and [16].

In this paper we deal with ferromagnetic nanowires. We assume that the wire
is a cylinder of length 2L and radius n. Taking the limit by Gamma convergence
arguments when 7 tends to zero, we obtain an asymptotic one dimensional model
(see Section 2).

After renormalization, the one dimensional wire is assimilated to the segment
] - AL\/E’ %ﬁ[elv where (ey,es,e3) is the canonical basis of R3. The magnetic

moment m is then defined on R} x| — AL\/T Aiﬁ[ The equivalent demagnetizing
field (after renormalization) is given by

ha(m) = —maea — mses,

i.e. —hg is the orthogonal projection onto the plane orthogonal to the wire. In
addition we assume that we apply a magnetic field in the direction of the wire
axis, and we denote by h, its renormalized intensity. Therefore we deal with the
following system:

a—m:—m/\He—m/\(m/\He),
ot
82
H.= 6‘7;; — maez — mges + hger,
(3)
om L om L
b ——F)=5-—%)=0,
856( A\/ﬁ) 817( A\/ﬁ)
with m : R} x] — AL\/E’AL\/E[—} R3, |m| =1,

associated to the energy

Liave [ 2 1 2 2
£(m) = / Liauml? + L(maf2 + msf2) — hamy ) da.
—L/A\/§ 2 2
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In [8] and [9], we studied a similar model of infinite nanowire. After renormal-
ization, the model was the following: the wire is assimilated to the real axis Req,
and the one dimensional Landau-Lifschitz equation is in this case:

0
aL::_mAHe—m/\(mAHe),
4 9?m
@) Hezw_m2€2_m363+haely
with m : R} x R, — R3, |m| =1,

This system is invariant by translation in the x variable and by rotation around
the wire axis, that is, if m is a solution of (4), then for ¢ and 7 in R, (¢,z) —
pr(m(t,z— o)) is another solution of (4), where p, is the rotation of angle 7 around
the e axis:

1 0 0

pr=1| 0 cost —sinT

0 sinT cosT
We dealt with wall configurations for this model, that is solutions separating a left
hand side domain where the magnetization is closed to —e; to a right hand side
domain where the magnetization is closed to +e;. Such solutions are described
by rotations and translations of the canonical profile z — (thz,1/chz,0). In
[8] and [9], we proved the asymptotic stability and the controlability for these
configurations.

Here, in the case of a finite wire, the situation is quite different.

Definition 1.1. We call canonical wall profile a static solution for (3) of the form
My = (sinfg, cos by, 0) such that 6y : [fﬁ,%ﬂ] — [-7/2,7/2] is a non de-
creasing map satisfying Oo(—m/2) <0 < Oo(7w/2) .

In the following theorem, we claim that the wall profiles exist if and only if the
wire is long enough compared to the exchange length:

Theorem 1.2. There exists a wall profile if and only if A%/i > 7. This profile is
unique and is centered in the middle of the wire, that is 6y(0) = 0.

Remark 1. In the infinite wire case, the corresponding canonical profiles are o0b-
tained taking 0g(x) = Arcsinth(x/2), and all its translation in the x variable (be-
cause of he invariance of (4) by translation). In the finite wire case, we only have
invariance by rotation, and we loose the invariance by translation, so we have only
one canonical profile.

Concerning the stability, we obtained in [8] the stability of the wall profile. In
that case, the invariance by rotation-translation induces that 0 is a double eigen-
value of the linearized version of (4) around the wall profile. In the finite wire
case, the lack of invariance by translation induces that the linearized version of
(3) around the canonical profile has one negative eigenvalue, and therefore we can
prove that the wall profile given by Theorem 1.2 is unstable.

Theorem 1.3. Assume that AL\/i > m. Let 0y given by Theorem 1.2. The static so-

lution My = (sinfp, cos by, 0) in linearly unstable for the Landau-Lifschitz equation
(3) with he = 0.
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Remark 2. This phenomenon was expected. Let us consider a small translation
of the centered wall. Without energetic cost, the Landau-Lifschitz equation induces
then a displacement of the wall and pushes it outside the wire. Then the magnetic
moment tends to +m /2 or —m/2 (i.e the minimizers of the ferromagnetism energy
E). In the case of an infinite wire, obviously, this translation cannot make the wall
desappear, and we have stability.

We prove now a stabilization result. We control the system by an applied field
parallel to the wire axis.

Theorem 1.4. Let L and A as in Theorem 1.2, and let My = (sin g, cos 6y, 0) be
the canonical profile given by this theorem. We consider the following control:

A (A
_ﬁ/ . ml(t,s)ds .

Avz
Then My is stable for the Landau Lifschitz equation controled with the applied field
ha = h(m).

h(m(t,.)) =

Remark 3. The control given here is quite natural: for example when the wall is
translated to the right hand side, then the average of the profile first component is
negative and our applied field hey (with h > 0) pushes the wall to the left hand side.

The paper is organized as follows. In Section 2 we justify the one dimensional
model by Gamma convergence arguments. In Section 3 we prove the existence of
a canonical wall profile. We address the unstability of this profile in Section 4 by
linearization of the Landau-Lifschitz equation. The last section is devoted to the
stabilization of the wall by a convenient applied magnetic field.

2. MODELIZATION

In this section, we address the justification of the one dimensional model by I"
convergence arguments.

FIGURE 1. Domain §2,,.

At the beginning we deal with the three-dimensional static case. The finite 3d
wire is the cylinder ,, =] — L, L[xB5(0, ), where Bg(x,r) is the ball of radius r
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and center 2 in R?. We assume that we apply on the wire a magnetic field in the
direction e1: H, = hq,eq, where h, € R.
The micromagnetism energy on €2, is given by

A? 1
Ep(v) = 7/9 |Vol? dw + 3 /]RS |Hy(v)|? dw—ha/Q v-ey dw for v € H*(Q,; S?).

The static configurations satisfy the minimization problem:

n

find w in H'(Q,, 5?) such that
(5)
Ey(u) = minye 1 (a,,s52) En(v),
In order to work with a fixed domain, we introduce the following rescaling: for
v € HY(Q,;5?), we define v € H'(Q4;5?) by
o(@,y, 2) = vz, ny,12).
In addition, for v € H'(;5?), we denote by H(v) the rescaled demagnetizing
field:
Hg(v)(x,y,2) = Ha(v)(z, ny,m2),
where v € H'(,); S?) is deduced from v by v(z,y,2) = v(x,y/n, z/n).
We deal with the rescaled energy defined for v € H'(Q1;S%) by £(v) = 5&,(v):

n
A2 9 1 9 1 9 1 )
— 2/Ql(lagcvl +E|8yyl +?|829| )dw+§ /Rd |HJ(v)]? dw—hq /91 veey dw.

and the problem (5) is rescaled in the following equivalent problem:
find w in H*(2, S?) such that

E(v)

(6)

§7](@) = minQGHl(Ql,Sz) én(y)a
Proposition 1. For all (v,),cg+ in H(Q4,8?), sequence of minimizers of (5),
(€, (vy)), er+ is a bounded sequence of R.
Proof. Let (v,),cg+ , be a sequence of minimizers of (5) in H'(Q4,5%). We denote
by v, the rescaled of v,: v,(z,y, 2) = v, (z,y/n,2/n).

In order to exhibit an upper bound for £, (v,), we write:
Y € RY, E(vy) < Ey(en),
then )
&) < ~2harfrLt 5 [ e do
R3

< 2n°Lx(1 — hy).
Then, the lower bound is obtained by canceling the positive contributions of the
energy and maximizing the external contribution:

—n?2homL < E,(vy).
So, we can conclude
—2hawL < én(yn) < 2L7(1 — hy).
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We introduce the limit energy : we define H'(;; S?) by
H'(Q4;5%) = {uec H'(Q1;5%),0,u = 0,u = 0}.
For v € ﬂl(Ql; S?), we set:
W) = ’f/ﬂ 0.0 dw+ [ (ol +lu?) do—ho [ weer do
1

Ql Ql

A2
= =7 ‘azQ‘QdiU + E/ (|22|2 + |23|2) dx — 7rha/ v-eyde.
2 - ) | - L.L|

The limit minimization problem is given by:
find » in ﬂl(ﬂl, S?) such that
(7)

E(u) = min, e y1(q,,s2) £(v),
The main result of this section is the following:
Theorem 2.1. £, gamma-converges to £ in sense of HY(Q1,R3), it is to say:

(i) (lower semi continuity) for all sequence (v,), cp+ of H'(Q:1,5?%) such that

7171_,1%277 = QO and (én(yn))neRj bounded,

the limit v, is an element of H (Q1,5?) such that:
li;n jgf E,(v,) > E(vy),

(i) (construction) for all uy € H*(Q1,S?), there ewists (Uy)pert s sequence of
HY(Qq,S?), such that:

},E,%Qn = Uy,

and
hIrI]l Lsup E,(v,) < E(uy).
Proof. (i) Lower semi-continuity: let (v,), be a sequence in H'(€;;S?) such
that v, tends to v in Hl(Ql) and such that there exists ¢ such that for all 5
(8) &, <c
Extracting a subsequence, we can assume that v, tends to v almost everywhere, so
lv| =1 a.e.

Using (8), we remark that since ‘le ynq’ < meas({y),

10y, 17260,y + 1022, 1720,y < Cn?,

so Oyv = 0,v = 0, that is
ve H' (Q;57%).
From straightforward arguments,
AQ
— |0,0]? dw — h v-e; dw

2 (o5 9 Q1

L A 1 1
< lim mf<2 00+ 10,4 00, ) do = b [ w,ex dw).

Q
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Concerning the demagnetizing field, the sequence (HJ(v,))y is bounded in L*(R?).
Indeed, we denote by v, the rescalled of v,: v,(,y,2) = v, (v,y/n, z/n). We have

1
IIﬂ(yn)lle(R3> = EHHd(Un)HLZ(W) (by change of variable in the integral)

IN

1
—||vnllL2(rs) (since —Hg is an orthogonal projection in L?)
n
1 2\ 1 .
< —(Lmn*)2 (since |v,| = 1)
Ui

< «2r L.

So, up to the extraction of a subsequence, we can assume that H] (v,) — H for the
weak topology in L?(R?).
We denote the coordinates of Hj(v,) and those of H by:

h 0

Hj(v,) = h? | and H= [ h?
3 3

h;, h

Writting (2) in the rescalled coordinates, we obtain first that

10z (hy 4 v}) 4 0y (h2 + v2) + 0.(hd +v3) = 0,
so taking the weak limit, we have:
(9) 8y (h? +v2) + 9.(h® + %) = 0.
In addition, from the curl free condition, we obtain that
Byh3 — 0.h2 = 0

7)6$h727 — 8yh}7 =0

n@wh% — 8Zh717 =0,
so, taking the weak limit we get
oyht =0,k =00 h' =0,
and
dyh* — 9.h* = 0.
So H is deduced from v by the relations:
By(h? + %) + 0.(h* + 1%) =0,

0,h3 — 9.h? =0

Wl =0,

that is for a fixed x, H(x,-) is defined from v(x,-) by the 2-d demagnetizing field.
In the following lemma we calculate the 2-d demagnetizing field induced by a con-
stantly magnetized 2-d disk.
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Lemma 2.2. Let & = (&,&3) € R? be a fived vector. Let V. = (V2 V3) ¢
L?(R?;R?) such that

curl o, pV :=7ayv3 —-9,V? =0, o

div QD(V +€) = 8y(V2 -‘1-52) + 6Z(V3 + 53) =0,

where &(y,z) = ExB0,1) (Y, 2) (we denote by Xp(o,1) the indicatriz function of
B(0,1)). Then

~5E i (1,2) € Ba(0,1),
(10) V(y’ Z) = 52(y2 — 22) — 243yz

1 1

N if (y,z) ¢ B2(0,1),

—&(y? — 2%) — 262

and
/ V[? dydz = z|§|2-
R2 2

Proof. We have (see [3] or [13]), for X = (y,2) € R?:

1 X-Y
veo = o | bV )da(Y),
21 Jyeons01) | X —Y?

where v is the unit normal on 0B5(0, 1).

Using complex notations, we write V(X) = V2(X) +iV3(X), X = y + iz,
& = & + €5 and we have:

1 3
V(X) / S S

= — 1
27 Jzeco1) 2Xw(w — %)
If | X| < 1, the only pole is 0, and by the residu formula, V(X) = —2£. If | X| > 1,

there are two poles, 0 and 1/X, and we obtain V(X) = %% which is equivalent to
(10).
In addition, by a direct calculation, we obtain that:

/ V(X[ dydz = TleP.
. 2

We apply the previous lemma to calculate the weak limit H:

1 0
5 v?(x) if (y, z) € B2(0,1),
v ()
ﬂ(xa Y, Z) = 0
1 v (x)(y® — 2%) — 203 (x)yz

1 .
A if (y,2) ¢ B2(0,1),

—3(y? — 22) — 20%yz
and by a direct calculation,
7r

2 = — v (2)]? + |v¥(2)]?)de.
[ 1t Pdedyz = 5 [ (2@ + 12 @)R)a
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We remark now that since —Hy is an orthogonal projection for the L? inner product,

/ |Hg(yn)|2 dw = — H:i’(yn) ‘v, dw.
R3 — Ql -
Thus we can take the limit in this integral, and we obtain that:

/ |Hj (v, dw — — [ H-vdw :/ |H|? dw.
R3 Q R3

So, in fact, H](v,) tends to H strongly in L*(R?), and we obtain that

1
z/(|y2(x)|2+|y3(x)|2)dx:1im inff/ (0, dw.
4 Jy 2 Jos 1A\

Therefore,
E(v) <lim inf €, (v,,)-

(ii) Reconstruction. Let ug € H'(Q1;52). For n > 0, we define u
Then,

n

A2

1
Euy) =5 [ Wl ot 5 [ )P do o [ ugeer de.
=72 Jo, 2 Jps —2

1951

As in the previous step, we have:
1
[ )P o — 3 [ (1P + () do,

that is
én(gn) e g(UO)

O

This theorem gives the behavior of minimizers for the one dimensional limit case:

the limit energy, for u € H'(] — L, L[; S?) is then £(u) = E(u - xB2(0,1)):

A? d
E(U):% \d—u|2 dx—l—%/ (Juz|? + |us|?) dx—hw/ v-ep dz,
]7L’L[ x ]7 ) [ ]7L7L[
then, in order to find out the effective field, we write (see [11]):
d&
He = T
du
it is to say
22 Pu
H = e E(ug es +us e3) +mh ey.
The boundary conditions for the minimizers are:
Ju

— =0atz=—-Land x =L,
ox

since we minimize the energy without Dirichlet boundary conditions.

Then, the limit dynamic system is obtain using the Landau Lifchitz combined

with the new effective field H.,.

We perform the following rescaling in time ¢’ = 7¢ and in space 2’ = /AV?2,
we denote by hl, = 2h, the rescaled applied field. The resulting rescaled system is

then given by (3) as we expected.
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3. EXISTENCE OF PARTICULAR EQUILIBRIUM STATES: THE WALLS

In this section we are interested in characterizing equilibrium states of the mag-
netization in a finite nano-wire when h = 0, it is to say when there is no external
magnetic field. In this case, we look for solutions which can be written as follows:

sin 6y

L L
My(x) = | cosby | , Vo €] — ——=, ——=]|,
where 6 is a non decreasing map from | — AL\/T A%/i[ into R satisfying 90(—%\/5) <
0 < 90(%\@), and such that M is a stationary solution to (3). In fact, we want
My to verify:

L L
—MoANH.—MoAN(MoNH,) =0,V €] — ——=, ——=]|,
0 0 ( 0 ) ] A\/§ A\/i[
with
92 M,
Heziax2 —cos by ea,

then, one has the following relation
L

L
11 -6 —sinfy cosfy =0, Vx €] — —, ——=
(11) i —sinfy cos by x]A\/iA\/?

B

with, on the boundary

(12) 0o (—

Setting vo = GO(fﬁ) (70 is supposed to be non negative, that is we look for a
non decreasing solution ), we have, integrating the equation (11) and using (12):
(13) (66)? + sin? y = sin” 7.

The length of the nano-wire has to be such that the function 6y goes from —vq to
vo. From formula (13), we deduce the length:

Yo da
)
—~o /sin? Yo — sin® 6

Using the length expression computed above, we Prove now Theorem 1.2:

(v) =

Proof. In order to ensure the existence of an equilibrium state as defined above, we

L
must verify that there exists 79 > 0 such that ¢(y9) = 2——=. First of all, one has

AV
o= [ 2

1 SiIl")/o 1— sin20
sin? o

lim_£(y0) = +o0.

Yo— 3

we then see that

The first remark is that 7o is in the interval ]0, 7[. Now, computing the derivative
of £(+p) with respect to o, we conclude that £ is strictly increasing on ]0, ]. Then,
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the comparison could be done at the limit vg =0 :

1
d
lim () = lim / ,’YO Y
Yo—0 Yo—0 J_q sinyp 1— sin?(u 7o)
sin? 5o

_/1 du
N —1 \/1—u2

= 2m,

L
then, we require that 2—— > 2.

AV2

4. UNSTABILITY OF WALLS WITHOUT APPLIED FIELD

Let us consider L, A and ~y > 0 given by Theorem 1.2. We denote by My the
wall profile
sin O ()
My(z) = | cosbp(z)
0

This profile is a static solution to (3) with h, = 0. We aim to calculate the
linearized equation of (3) around My. In order to calculate this linearization taking
into account that we are only interested in the perturbations of M, satisfying the
constraint |m| = 1, we describe the small perturbations of My as follows:

m(t,z) =r1 My +re Ma+ /1 —1r} —r3 My,

where the mobile frame (My(z), M;(x), Ms) is given by

sin O (x) —cos by(x) 0
(14) My(z) = | cosbp(z) | , Mi(z) = | sinbo(z) |, Ma(z)=10],
0 0 1
L L
fOI' xr 6] — T\/i7 Tﬁ[

The new unknown is now r = (r1,72) taking its values into R2. The profile My
corresponds to r = 0, so the linearized of (3) around My in the variable r is the

following equation:
(oo
aﬂ" =J ( ETQ ,

with
-1 -1
* /= < 1 —1)’
® Y = QO(L/A\/i)7
o L1 = —0y,72 + gore, where go(z) = sin® 6y — (6)).
The linear unstability of the wall structure computed in the previous section is

given by the study of the operator L.

Proposition 2. L is a linear, positive operator. Its first eigenvalue, 0, is associ-
ated to the eigenfunction cosfy and its second eigenvalue, 1, is associated to the
eigenfunction sin .
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Proof. We set: f =0 tan6y, then
L =00, where { = 0, + f,

then, we can conclude that £ is a positive operator and that cosfy is in the kernel
of £. Thus 0 is the first eigenvalue of L.
Furthermore, we have:

L(siny) = sin by,

it is to say that 1 is an eigenvalue of L associated to the eigenfunction sinfy. In
addition we remark that sin 6y vanishes once in the domain, so by Sturm-Louville
theorem, 1 is the second eigenvalue of Ls. O

We can now prove Theorem 1.3.

Proof. From the previous proposition, since — cos?~yy < 0, we conclude that £ —
cos? g has one strictly negative eigenvalue, then, zero is unstable for the linearized
of (3) around M. O

5. STABILIZATION OF WALLS

Now, we discuss the stabilization of My by the command H, (the applied field).
We recall that we introduced the following command:

he = ho(m) = \;;L /m ma(t, s) ds.

We want to prove that the profile M is a stable stationary solution for the following
system:

__L_
AV2

0
87:?:—'r)’L/\I{e—Tn/\(Tn/\f‘le),

om L 0om, L

—_— ) = —(—— :O,
(15) Ox ( A\/i) oz (A\/i)
82
H. = 785:; —ma ea —mg e3 + ha(m) e;.

Proof. To start with, let us introduce My = (sin 0y, cos 0y, 0) given in Theorem 1.2.
We recall that
0 + sinfy cosfy = 0,
/ L _pl(_L _
(-5 =0(35) =0,
Furthermore, on [_T\/i’ T\/E]’

cos? 0y — (0)? = cos® o,
_L_

where vy = 90(,4\/5
):

).
Since h,(My) = 0, we remark that My is a stationary solution of (15).
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5.1. First step: moving frame. As in the previous section, in the spirit of [§],
we will describe the problem in the moving frame

(]\40(,@)7 Ml(l‘), Mg),

given by (14).
We write the solutions to (15) as:

m(t,x) = Mo(x) + r1(t, z) My (z) + ro(t,x) Mo + v(r(t, z)) Mo (z)
where v(r) = /1 —r? — 3 — 1. In this moving frame, we get
He = (g0 + ao)Mo + (a1 + a1) My + azM;
with
go = sin®0y — (0))>

ap = 200,71 + 110 — cosfysinby 71 + Oprv — v(0)* + vsin® Oy + h(r) sin by,

ar = Oper1 + cos?yory — S(r1) cos by,
ay = —20,v0) — p(r) cos by,
ay = Oppro.
where
L L
S(r1) = \/I;}L /A\f ricosfy ds, o(r)= _\/IL%L /Af v(r)sinfy ds,
Tavz Y

and h(r) = S(r1) + o(r).

Using these coordinates in the Landau-Lifchitz equation (12) and projecting on
M; and Ms yield:

(16) Or = Ar + F(z, 71, 0,7, Ogyr),
where
. —1 -1 51(7“1)
= (0 ) (2
with
L= _az:c + 90,

L1 = L — cos? Yo + cos 6y S,
and where the non linear part F' is given by
F(x, T, 81-7’, 8Ilr) = (T)al.LT + F2(T) (61.7", a.Lr) + F3($7 7’)8;7" + F4(T) + F5(T)7

with
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o [ € COO(R2;M2(R)):
( (r2)? + (v(r))? + 2v(r) v(r) —rirs )
rire — v(r) (r1)? + (v(r)? + 2v(r)
—r1 — 1o — v(r)r
+ v'(r),
r1—re —v(r)ry

o [, € C*®(R?; Ly (R?%;R?)):

Fl(’l") =

—ry —re — v(r)ry

Fy(r)(0yr, 0y7) = ( ) V' (r)(Ogr, D),

r1— 19 — v(r)ry

e 3¢ COO([—A%/T ﬁﬁ] x R?; L(R?;R?)):

—ry —ro —v(r)r;
F3(x,r)0,r = 20)(x) 0,11

r1 — 719 — v(r)re

(r2)? + (v(r))* + 2v(r) + 1
—20/(z) V' (r)(9er),

rirg —v(r) —1

e Fy(r) e C“([—%ﬁ, %ﬁ} x R%; R?):
(r2)? + (v(r))? + 2v(r) 1
Fu(r) = (cos®>~o71) — gov(r)
rire — v(r) T2

—ry —ro —v(r)r
+((6f — cos 0y sinBy)r1 + gov(r)) .

r1 — 712 — v(1r)re

e [73 is given by

(r2)? + (v(r))? + 2v(r) 1
F5(r) = —h(r)cosby — (r) cos By

rire — v(r) -1

( —ry —ro —v(r)ry )
+h(r)sinfy .

r1 — 1o — v(r)re

Remark 4. The command h makes the linear part of (16) positive. Indeed, on
one hand, we know that £ > 0 with Ker £ = Rcosf. On the other hand, £, =
L + cos 0yS — cos? 9. On Rcos by, L1 cosby = g cos by with

L

A

(17) ap = NoT3 /Aﬁ cos® O (z)dx — cos® 4o > 0
L

AV2
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since for x €] — AL\@, A%/i[’ cos? 0y(x) > cos? vy, and on (cos )=,

£~1|(COS o)L =L — cos? By > 1 — cos® b

since £ > 1 on (cosfy)* (see Proposition 2).

5.2. Second step.

5.2.1. New unknown. The Landau Lifschitz equation (3) is invariant by rotation
around the wire axis, so we can build a one parameter family of static solutions for
(16).

For 7 € R let us introduce the rotation around the x-axis given by

1 0 0
pr=1 0 cost —sinT
0 sinT cosT

We denote M, (x) = p,My(x), and R, its projection on the moving frame:

o= (SN - (=)

Since M, is solution to (15), R, is a static solution of (16), that is
(18) AR0 +F<xaR978xR9aa$zR0) =0.

Now in order to avoid the problems due to the zero eigenvalue of A, we describe
r in the new coordinates (7,0, W) defined by

(19) rit.a) = Rey (@) + o) (P ) 1w ),

where (1,0) € C}(RT;R?) and W € C'(R*; H?) such that both coordinates of W
are in (cosfg)t.
i : 2 L_ L\ ;
Indeed, as in [12], we can prove that for a given r € H (_T\/?’T\/i) in a

neighbourhood of 0, there exists a unique (7,0, W) € R x R x W such that

pR9+U< COEHO >+W,
Wy
Wa
ow._ L ow L
or ° AV2' 0z AV2

where W is the set of the W = ( € H? satisfying the homogeneous Neu-

man Boundary condition ) = 0 and the orthogonality

condition:
_L_ L
AV2 AV2
/ Wi(x) cosbp(x)dx = / Wa(x) cos 8p(z)dz = 0.
Remark 5. On (cos )", the operators £ and £ — cos? 6 are non negative, so we
introduce the following norms on W, respectively equivalent to the H? and the H?>
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norms:
IWllhe = (I1£3 (£ = cos? 20) Wi 32 + 1£Wa 132 )

1

Wl = (I1£3(£ = cos? 20) Wi 3. + [ £3W2]3,)

5.2.2. Equation (16) with these unknowns. Plugging the decomposition (19) in (16)
and using (18) yield the following equivalent form for the Landau-Lifschitz equation
in the coordinates (7,0, W), valid for small perturbations of My:

(20)

dr _, do (cosfy _ —ag cos by
ERT T ( 0 ) +o0W =0 ( o c0s 0 + AW + G(z, 7,0, W, 0, W, 0y W).

Let us describe the different terms in this equation:
Concerning the time derivatives, we have

_dT , do (cos g
aﬂ" = %RT(:E)—’_ E < 0 > +atW

where

R.(2) = (— sin 7 cos 0 sin90> .

cos T cos by

Concerning the linear part, we have

—ay cos by
ag cos by

Ar—ARTJr( >U+A(W)

(see Remark 2 for the definition of ay),

Concerning the non linear part, we have
F(x,7, 051, Ogar) = F(x, Ry, 0: Ry, 0pu Ry ) + G(x, 7,0, W, 0, W, 0., W).
The last term G is obtained from F with the Taylor formula around R :
G(x,7,0,W,0.W,0,.W) =  Fi(r)(0pew) + F1(r)(w)(0pe Ry)

+2F5(r) (0w, 0x Ry ) + Fo(r)(0,w, Opw)
+Fy(r) (w) (0 Rr, 8, R;)
+F3(2, ) (0,w) + Fy(z,7)(w)d Rr) + Fu(r)(w)

+F5(T)7

where

(cos 00>
o w=

o fori= ) € L(R?%;R?) is given by

:/ F/(R; 4 sw)ds.
0
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From straightforward calculations, we see that:
Fi(r) = O(|r]*), Fi(r) = O(|r?)
Fa(r) = O(Ir]), F2(r) = 0(1)
Fy(z,r) = O(|r|), Fs(z,r) = O(1)

Ey(r)O(Ir]).
e Concerning F5, on one hand we remark that
S(r1) = S(W1) + oS(cosby)

(since S(R;) =0.)
On the other hand, p(R,;) = 0 and

L
£ AvVZ .
<P(T):*E . v(r)(w) sin O,
AV2

where

1
o(r) = / V' (Ry + sw)ds = O(|r]).
0
Therefore with all these estimates, if ||r|| g2 is sufficiently small, we have

Gl < Kllr{[z{lo] + [[Wll3e];
(21)

102Gl L2 < K7l [lo] + [|W|3es]
(see Remark 5.)

5.2.3. Separation of the unknowns. In order to separate the unknowns 7, o and

W, we first take the inner product of (20) with COZ%) and with <cog 9 ) We
o

remark that both 0;W and AW are orthogonal to these vectors, so that we obtain:
poc’ = —agpoo + G,

-7 = agpoo + G,
where

G, = /M G(z,7,0,W, 0, W, 0pe W) - (CO(S)Q‘)) dz,
__L_

Gy = /Aﬂ Gz, 7,0, W, 0, W, 0z, W) - ( 0 >d£c.
__L_

cos 0y
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By subtraction, we have:
oW =AW +G

é:G—@R;— & (COSQ‘)) + ago [( 0 ) —pOR’T] .
Jr P0 0 cos g Jr

5.2.4. equivalent formulation. We are then led to study the following equation

with

1 _
(22) = 040@0' + fGQ,
together with the system coupling:
1—
(23) o' =—apo + —Gi,
Po
with
_ 7(,6 — COS2 'YO)Wl — LWQ jod
(24) 6tW - ( (,C — 0082 'YO)Wl — »CWQ + G.

From (21), with Remark 5 we have

1 —
(25) ]pOGl (1) < Kllrllz [lo(®)]+ [W©lzes] -
In addition, since g, = pg + O(7?), since R, = ( 0 > + O(7), we get:
cos by
(26) 1Gllm < Klirle [lo®)] + W ()]

5.3. Last step: Variational estimates. Taking the inner product of (24) with
— g2

(£(£ ;;I;/%)Wl) we obtain using (26) that
2

d
2 (W) + W e < Kl [lo@)] + W () lles]

Remark 6. In order to avoid the boundary terms when we integrate by part, we
perform the previous estimates on the Galerkin approximation of (24) built on the
eigenvectors of £ with the homogeneous Neumann boundary condition.

Multiplying (23) by o, (25) yields:

d
Z0* + ago® < Kllrllu [lo@)2 + W] -
Summing up the previous estimates, we have:

d

Zlo@®F + WO ] + a0 |lo®) + [W(E) ] (1 = Kllrl <) < 0.
So there exists § > 0 such that while ||r|| =~ < 7%,

Lot + 1WWIEa] 5 [lo0F + IWOI3:] <o

that is
[lo®P + IW 03] < [lool* + [1Woll3e] e
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Now, with equation (22), we have

so while [|r|[p= <

(7] < Klo| + K [lo(®)] + W (©)lhe]
1
= 9K
7] < Irol + K [|o0] + [[Wollsea | =72

Therefore, if 79, op and ||Wy||g2z are small enough, we remain in the domain

{|Irllz~ < 5%} and all the previous estimates remain valid for all times. This
concludes the proof of Theorem 1.4.
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