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Abstract: A new shallow-depth approximation model for lava flow advance and cooling on a
quantized topography is presented in this paper. To apply the model, lava rheology is described
using a non-isothermal three-dimensional viscoplastic fluid in which the rheological properties
are assumed to be temperature dependent. Asymptotic analysis allows a three-dimensional flow
scenario to be reduced to a two-dimensional problem using depth-averaged equations. These equa-
tions are numerically approximated by an autoadaptive finite element method, based on the Rheo-
lef C++ library, which allows economy of computational time. Here, the proposed approach is
first evaluated by comparing numerical output with non-isothermal experimental results for a
flow of silicon oil. Finally, the December 2010 eruption of Piton de la Fournaise (La Réunion
Island) is numerically reproduced and compared with available data.

More than 500 million people live near active vol-
canoes. It is thus essential to understand the risks
presented by volcanic eruptions and to understand
how to respond to an effusive emergency (Tilling
1989; Kusky 2008; Roult et al. 2012). In this regard,
the purpose of lava flow simulation should be to
forecast lava flow path with some degree of preci-
sion so as to protect the population (Hidaka et al.
2005; Cappello et al. 2010; Rongo et al. 2011).
Lava flows are complex phenomena that combine
non-Newtonian fluid dynamics and thermodynam-
ics. Risk assessments for lava flows pose a difficult
challenge for numerical modelling because they are
three-dimensional thermo-mechanical entities with
a free surface. The movement of lava can thus be
approximated using fluid dynamic equations (such
as Navier–Stokes) coupled with models that
account for lava cooling as obtained from a thermal
balance equation, which integrates the diffusion–
convection in the lava, radiation and convection in
the air, and conduction in the substrate (Wooster
et al. 1997; Wright et al. 2000; Harris & Rowland
2009). Thus, to predict flow path, the simulation
code must be faster than real-time flow, yet take
into account all of these physical realities.

This paper describes a new robust and efficient
numerical method that is based on asymptotic
analysis. This approach is used to resolve the shal-
low-depth approximation for three-dimensional
non-isothermal viscoplastic flow on a pre-described
topography, while incorporating a temperature-
dependent consistency index and yield strength

measure. The first section presents the three-dimen-
sional problem, its two-dimensional surface and the
numerical resolution of the associated equations.
The second section provides validation for our
approach based on comparisons between numerical
simulation and experimental measurements per-
formed using a flow of non-isothermal silicone oil.
The third, and final, section develops (in detail) a
comparison between our numerical predictions and
real data obtained for the lava flow of December
2010 on Piton de la Fournaise.

Statement of the problem

To overcome the natural complexities inherent in
lava flow modelling, some authors propose a
probabilistic approach based on the topography. In
these cases, the flow path is determined by the line
of steepest descent, for example the DOWNFLOW
(Tarquini & Favalli 2011) and ELFM (Damiani
et al. 2006) codes. Such codes require a short com-
putational time and minimal input data, which is an
advantage. However, this approach cannot predict
the spatial extent of flow through time, its thickness
or its final emplacement. A deterministic approach
results in a more constrained description of the phe-
nomena. Harris & Rowland (2001) proposed a kine-
matic one-dimensional thermo-rheological model
for lava flow in a confined channel (the FLOWGO
code). In Hidaka et al. (2005), a three-dimensional
model for a Newtonian fluid, which includes energy
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conservation, solidification and free surface, was
presented. A variant on the deterministic approach
is the cellular automata method. This allows two-
dimensional computation ¼ based on spatial parti-
tion of mass and energy into cells whose state
evolves according to that of their neighbours. Such
models thus, also, involve a transition function
that describes the exchanges of heat and mass
between the lava control volume and its surround-
ings. Take, for example, the MAGFLOW code of
Vicari et al. (2007) which evaluates ¼ flow of a
Bingham fluid on an inclined plane, or the SCIARA
code of Spataro et al. (2010) which is based on a
minimization rule based on the difference in height
between neighbouring cells, while lava cooling
takes into account radiation at the free surface and
the heat exchange owing to lava mixing. We argue
that such cellular automata methods cannot quanti-
tatively predict the distribution of lava through
time because such models do not solve the full
suite of fluid dynamics-based equations.

Lava flows generally extend over several kilo-
metres, although their thickness remain relatively
small, being generally in the range of 1–10 m, in
regard to their length and width. An asymptotic
analysis based on these aspect ratios allows the
three-dimensional set of conservation laws and
constitutive equations to be reduced to a two-
dimensional system of equations. For inertia-domi-
nated flows, we obtain the classical Saint-Venant
shallow water model (Barré de Saint-Venant 1871),
in which viscous terms are neglected. Gerbeau &
Perthame (2001) proposed a modified Saint-Venant
system in which viscous effects are maintained
through a wall friction term. Costa & Macedonio
(2005) extended this viscous variant by including
non-isothermal and viscous heating effects for lava
flows. Note that free surface viscoplastic lava
flows are highly viscous and, thus, these inertia-
dominated models could be improved. Huppert
(1982) investigated Newtonian viscous flows. Rheo-
logical studies (e.g. Shaw 1969; McBirney & Mur-
ase 1984; Pinkerton & Norton 1995) indicated that
lava flows are non-Newtonian and that the macro-
scopic flow can be described by a Bingham (1922)
model, or (by its extension), the Herschel & Bulkley
(1926) model, as shown in Figure 1. Shallow-flow
approximations for a viscoplastic fluid flow in a hor-
izontal dam break problem were first studied by Liu
& Mei (1989) and revisited by Balmforth and
Craster (Balmforth et al. 2006). Computations for
specific three-dimensional topographies were next
performed using specific axisymmetric coordinate
systems using a curved channel (Mei & Yuhi
2001) and a conical surface (Yuhi & Mei 2004).
Recently, an extension applicable to an arbitrary
topography has been presented by the authors of this
paper (Bernabeu et al. 2013). Taking cooling and

increase in viscosity and yield strength into account
during cooling is more complex with the asymptotic
analysis approach. That is, the problem does not
reduce to a two-dimensional one, but remains fully
three dimensional. To overcome this difficulty,
different approaches based on a depth-average ver-
sion of the heat equation were investigated by Ber-
covici & Lin (1996) for a Newtonian fluid so as to
model the cooling of mantle plume heads with tem-
perature-dependent buoyancy and viscosity. Balm-
forth and Craster then applied this approach to the
evolution of a lava dome (Balmforth et al. 2004)
for viscoplastic fluids with a temperature-dependent
consistency index and yield strength.

Any computational model thus requires physi-
cal parameters of the lava to be input (as listed in
Tables 1 & 2) and the three-dimensional topography
to be well-defined, together with the location of
events and their lava output rates. To build our
shallow-depth averaged model, we thus made the
following assumptions:

† (H1) flow can be described by viscoplastic
Herschel–Bulkley behaviour;

† (H2) the flow is laminar;
† (H3) there is a thin film approximation;
† (H4) temperature can be modelled by a polyno-

mial function in the vertical direction.

Assumption (H1) coupled with thermo-dependence
of rheological parameters makes it possible to
model cooling and stipping conditions. Assump-
tions (H2) and (H3) have generally been verified for
lava flows (Balmforth et al. 2001). This knowledge
thus allows the dynamic equations required to define

Fig. 1. Viscoplastic rheologies: shear-thinning and
yield stress effects.
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the two-dimensional lava flow surface to be defined.
Assumption (H4) is a closure equation necessary
to reduce the heat-balance equation into a two-
dimensional problem. This assumption is more
debatable than the others, but it is mathematically
the simplest way to reduce the heat equation into a
solvable problem. In particular, it limits the need
to model abrupt vertical temperature variations,
and is more appropriate for very viscous (aa) than
very thin (pahoehoe) lava flows. We aim to develop
a more complex multilayer vertical temperature pro-
file in the future. Here, though, we present a first
polynomial approximation which, despite its limita-
tions, produces interesting results.

Three-dimensional formulation

The viscoplastic Herschel–Bulkley constitutive
equation (Herschel & Bulkley 1926) expresses the
deviatoric part of the stress tensor versus the rate
of deformation tensor ġ = ∇u +∇uT. As a result,
we can write:

t = K(u)|ġ|n−1ġ+ ty(u)
ġ

|ġ| when ġ = 0,

|t | ≤ ty otherwise.

⎧⎨
⎩ (1)

where u is the velocity field, u is the tempera-
ture, K(u) . 0 is the temperature-dependent

Table 1. Physical parameters for the laboratory experiments (Garel et al. 2012)

Physical quantities Symbol Value Unit

Experimental supply rate Q 2.2 × 1028 m23 s21

Initial temperature of the injected fluid ue 315.15 K
Initial temperature of air and Polystyrene ua 293.151 K
Fluid density r 954 kg m23

Air density ra 1.2 kg m23

Herschel–Bulkley power index n 1 –
Fluid viscosity at ue temperature Ke 3.4 Pa s
Fluid emissivity E 0.96 –
Thermal conductivity of the fluid k 0.15 W m21 K21

Fluid specific heat Cp 1500 J m21 K21

Convective heat transfer coefficient with air l 1–3 W m22 K21

Thermal conductivity of the polystyrene ks 0.03 W m21 K21

Thermal diffusivity of the polystyrene ks 6 × 1027 m2 s21

Vent radius re 2–4 mm
Constant in Arrhenius law (13) a 8 × 1023 K21

Constant in Huppert (Huppert 1982) formula a 0.715 dimensionless

Table 2. Physical parameters for the lava flow

Physical quantities Symbol Value Unit

Average eruption flow rate Q 9.7 m23 s21

Eruption duration de 15:15 h:min
Initial temperature of the fluid ue 1423 K
Initial temperature of air and substrate ua 303 K
Lava density r 2200 kg m23

Air density ra 1.2 kg m23

Lava viscosity at ue temperature Ke 104 Pa s
Lava yield stress at ue temperature ty,e 102 Pa s
Lava emissivity E 0.95 –
Lava thermal conductivity k 2 W m21 K21

Lava specific heat Cp 1225 J m21 K21

Convective heat transfer coefficient with air l 80 W m22 K21

Flow characteristic thickness H 1 m
Flow characteristic length L 1000 m
Constant in viscosity Arrhenius law a 0.016 K21

Constant in yield stress Arrhenius law b 0.116 K21

See Villeneuve et al. (2008), McBirney & Murase (1984), Pinkerton & Norton (1995), Shaw (1969) and Roult
et al. (2012) for the 2010 eruption data.
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consistency index, n . 0 is the power-law index
and ty(u) is the temperature-dependent yield
strength. The consistency index and the yield
strength generally decrease with the temperature.
Here |t| = ((1/2)

∑3
i,j=1 t

2
ij)1/2 denotes the norm

of a symmetric tensor, t. The total Cauchy stress ten-
sor can be described by s ¼ 2p.I + t where p is ¼
pressure and I the identity tensor. When ty ¼ 0 and
n ¼ 1, the fluid is Newtonian; and K is viscos-
ity. When ty ¼ 0 and n . 0 the fluid corresponds
to a quasi-Newtonian power law. When ty . 0 and
n ¼ 1, the model reduces to the Bingham (1922)
law. Constitutive equation (1) should be supple-
mented by the mass, momentum and energy conser-
vation laws, so that:

div u = 0 (2)

r(∂tu + u.∇u) − div(−p.I + t) = rg (3)

rCp(∂tu+ u.∇u) − div(k∇u) − t:ġ

2
= 0. (4)

where r is density, Cp is specific heat, k is thermal
conductivity and g is gravity. Note that there are
four equations (1–4) and four unknowns t, u ¼
(ux, uy, uz), p and u. The problem can thus be solved
by defining the boundary and initial conditions.

We consider a flow over a variable topography
as erupted from a vent that feeds a flow that then
undergoes cooling (see Fig. 2). For any time t . 0,
the flow domain is represented by:

L(t) = {(x, y, z) [ V× R;

f (x, y) , z , f (x, y) + h(t, x, y)}

where V is an open and bounded subset R2. The
function f denotes the topography and h is the flow
height because the vent is described by an open sub-
set Ve of V (see Fig. 2) and Vs = V\�Ve denotes
its complement. The boundary ∂L(t) of the lava
flow volume L(t) can be split into three parts (see
Fig. 2): the basal topography at the vent Ge, basal
topography beyond the vent Gs and the flow
(upper) free surface Gf (t).

Also, S = {(x, y, z)} [ Vs × R; z , f (x, y)}
denotes the substratum. For cases where t . 0,
boundary conditions at the flow base are a non-
slip condition on Gs (beyond the vent) and a verti-
cal profile on Ge (in the vent) for the velocity
field, and natural zero normal stress on the free
surface:

ux = uy = 0 and uz = we on Ge < Gs (5)

s.nf = 0 on Gf (t) (6)

where vf denotes the unit outward vector of ∂L(t)
on Gf(t). Here, we is the lava eruption velocity,
defined as ]0, + 1[ × Ge, and satisfying we = 0
on Ge and we ¼ 0 on Gs. For the temperature, an
isothermal boundary condition at the vent, a con-
duction flux at the flow base to the flow substratum
(beyond vent) and radiative and convection
fluxes with air at the flow free surface are accounted
for by:

u = ue on Ge (7)

kns.∇u = ksns.∇us on Gs (8)

Fig. 2. Lava flow erupted from a vent on a variable topography. The flow loses heat to the air through radiation and
convection, and to the ground through conduction.
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knf .∇u + E sSB(u 4 − u 4
a) + l(u− ua)

= 0 on Gf (t)
(9)

where ue is the initial eruption temperature, us is
the temperature of the substratum, ua is the temper-
ature of the air, ks is the thermal conductivity of the
substratum, ns is the unit outward vector of ∂L(t) on

Gs, [ is the emissivity, sSB is the Stefan–Boltz-
man constant and l is the convective heat transfer
coefficient. Here, the term ksns.∇us represents the
heat flux from the substratum (its derivation is
described in Appendix A.1).

The free surface heat flux is described byGf (t), in
which z ¼ f + h, and heat is transported away from
the flow surface by the u velocity field as described
by the advection equation:

∂th+ ux∂x( f + h) + ∂y( f + h) = uz in]0, +1[ ×V

(10)

This is a first-order transport equation for the
height h that should be supplemented by an initial
condition:

h(t = 0, x, y) = hinit, ∀(x, y) [ V (11)

in which hinit is given. The solution of this equation
system is completed by definition of an initial con-
dition for the velocity u and the temperature u:

u(t = 0) = uinit and u(t = 0) = uinit in L(0).

(12)

To summarize, the three-dimensional problem
requires the following input data: flow height h,
the stress tensor t, the velocity field u, pressure p
and temperature u. This allows us to solve equations
(1)–(12). For lava flow applications, the finite ele-
ment of finite difference discretizations of this prob-
lem led to a huge nonlinear and time-dependent set
of equations. Appendix A presents a reduction to a
two-dimensional problem.

Comparison with a silicone oil pancake

experiment

Experimental setup and physical parameters

The evolution of lava domes was studied numeri-
cally by Balmforth and Craster using yield stress flu-
ids (Balmforth et al. 2004). In 2012, Garel presented
a laboratory experiment of a dome with silicone oil

Fig. 4. The Piton de la Fournaise December 2010 lava flow (credit N. Bernabeu, May 2014).

Fig. 3. Steady-state surface temperature u(z ¼ f + h) in
8C v. radius r in cm at t ¼ 7480 s and l ¼ 2
W m22 K21. Comparison between different simulation
variants and experimental measurments from Garel
et al. (2012). The label P2 is linked to a constant
viscosity model similar to those of Bercovici and Lin
(Bercovici & Lin 1996): the viscosity is set at its value
at the eruption temperature Ke (see Table 1), the
temperature profile u = w �u is approximated with a
second-order polynomial w in the vertical direction and
the term div(h(wu|| − u||))�u is ignored. The label P3

denotes a constant viscosity model where w is
approximated by a third-order polynomial that satisfies
wu|| = �u|| . Finally, the label K(�u) − P3 denotes a
non-constant viscosity model based on the
Arrhenius law.

MODELLING LAVA FLOW ADVANCE
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Fig. 5. (a) View of the aligned cones along the fault line associated with different vents (credit N. Bernabeu, 2014).
(b) Schematic view of the different vent positions and the two separate zones of the observed flow’s final
emplacement.
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(Newtonian fluid) that allowed surface temperature
measurements (Garel et al. 2012). In this case, the
fluid was supplied through a pipe (2 or 4 mm radius)
along a horizontal plane at a constant supply rate Q.
The fluid was initially heated to ue above the ambi-
ent temperature ua and a system of optical and infra-
red cameras was used to follow dome growth and
surface temperature evolution. Table 1 details the
relevant physical parameters used for this experi-
ment. Fluid viscosity was measured for the full
experimental temperature range, and data were
first presented in Garel (2012, pp. 60–62). It should
be observed that viscosity is here approximated by
an Arrhenius law:

K(u) = Keea(ue−u) (13)

where a ¼ 81023 K21, as obtained by a linear
regression. The flow though the vent was intended
to be a steady Poiseuille flow. Because the vent
was circular with a radius of re, vertical velocity
we is a second-order polynomial in relation to the
radius. Thus: we(r) = c max(0, r2

e − r2) where
c . 0 is such that

�re

0
we(r)r dr = Q, that is,

c = 2Q/(pr4
e ). Consequently, at time t ¼ 0, fluid

has not yet arrived on the flow-plane, so hinit ¼ 0,
uinit and uinit do not need to be defined because
L(0) = ∅.

Comparison between experiments and

simulations

Figure 3 plots computed surface temperature as
obtained by numerical simulations for different var-
iants of our model. These simulations are also
compared with experimental measurements from
Garel et al. (2012): experiment C14. Note the

good ressemblance between all simulations and
experimental data for this silicone oil lava flow.
Results are very close for all model runs; the com-
parison is shown for time t ¼ 7480 s, but this
close relation is still valid for other times. In fact
we find that a change from a P2 to a P3 model has
little effect on numerical computations. The fact
that a change from a P3 to a K(�u) − P3 model has lit-
tle effect can be seen from the imperceptible differ-
ence between the two curves in Figure 3. Note that,
in this experimental setup, viscosity varies by about
a factor of 2 across a temperature range of 20 to
60 8C. Based on an autosimilar solution for the
lava dome problem, Huppert (1982) proposed an
explicit formula of the reference height href and
dome front radius rf(t) for the isothermal case:

href = a
(r− ra)gQ3

3K

( )1/4

and

rf (t) = a2/3 3KQ

(r− ra)g

( )1/8

t1/2

(14)

in which a is a constant and ra is air density. Note
that the viscosity K appears in (14) under 1/4 and
1/8 exponents: as a consequence, the dependence
on temperature is negligible in the silicone oil
flow evolution experience. This situation changes
dramatically for real lava flows, as presented in
the next section.

Comparison with a real lava flow

Description of the eruption

Piton de la Fournaise, a volcano on La Réunion
Island, is among the most active volcanoes in the

Fig. 6. Digital elevation model of the Piton de la Fournaise Volcano in 2008, with a 5 m horizontal resolution (left).
Zoom of the observed flow’s final emplacement (right). The dimensions of the rectangle are about 1700 × 1000 m.
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world (see Roult et al. 2012). An effusive eruption
occurred between the 9 and 10 December 2010
emplacing a lava flow on the north flank of the

volcano. The duration of the eruption de is esti-
mated as being 15 h 15 min, the average eruption
flow rate Q was about 9.7 m23 s21, the total erupted

Fig. 7. Uniform (a) and dynamic (b) auto-adaptive meshes. Zoom near the front (c). This mesh was automatically
generated for the lava flow simulation presented at t ¼ 5 h.
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volume was about 0.53 × 106 m3 and the flow
length was almost 2 km. These data were estimated
by the Volcanological Observatory of Piton de
la Fournaise as published in Roult et al. (2012).
Figure 4 plots the final area of the lava flow field.
Table 2 presents all of the relevant physical quanti-
ties for the simulation. The fluid is represented by
a Bingham viscoplastic rheological model (with
a power law index of n ¼ 1). The substrate and the
lava have similar properties, such as density and
thermal conductivity, because the substrate is
composed of old cooled lava of the same composi-
tion of the erupted volume. The consistency index
and the yield strength depend on temperature and
vary over a large range of magnitude. Here, we
assume that fluid viscosity and the yield strength
follow an Arrhenius law (Dragoni 1989): K(u) =
Keea(ue−u) and ty(u) = ty,eeb(ue−u) in which a ¼
b ¼ 0.016 K21. Finally, at time t ¼ 0, the lava has
not yet arrived on the cold ground, so hinit ¼ 0,
uinit and uinit do not need to be defined because
L(0) = ∅. Fieldwork was necessary to accurately
locate the different vents (see Fig. 5a). Note on
Figure 5b that the 2010 lava flow splits into two
separate zones, denoted A and B, in which the differ-
ent vents are numbered from 1 to 6.

Flow conditions and simulation parameters

The Volcano Observatory of Piton de la Fournaise
(OVPF) provided us with a three-dimensional digi-
tal elevation model (DEM) of Piton de la Fournaise
(horizontal resolution of 5 m) covering the zone of
the new eruption (Fig. 6). Because this topographic
survey predates 2010, it can be used to define the
topography function f in our model. OVPF also pro-
vided us with the detailed contours for the final
lava flow emplacement (see Fig. 6 right): this data
is used for comparison with the numerical simula-
tions. The flow rates of the two separate flows
A and B (see Fig. 5b) are estimated as being propor-
tional to their relative areas, that is, QA ¼ kQ and
QB ¼ (1 2 k)Q, where k ¼ |A|/(|A| + |B|) and |A|
and |B| denote the areas of zones A and B, respec-
tively. Note that these areas are calculated from the
detailed contours of the lava flow field final
emplacement area. In zone A, we assume that vent
1 is a circular cone with a radius of 20 m and is
active throughout the whole period of eruption. In
zone B, we assume that vents 2–6 are active consec-
utively and that they are circular. The eruption dura-
tion is denoted by de. We assume that vent 2 is active
from t ¼ 0 to de/5 with a radius of 10 m and vent i,

Fig. 8. Simulation of the lava flow after 5 and 10 h: (left) height h; (right) vertical-averaged temperature �u. The
contour of the real covered zone provided by the Volcano Observatory of Piton de la Fournaise is represented by a
thin black line. Parameter values are given in Table 2.

Fig. 9. Simulation of the lava flow after 15 and 25 h: (left) height h; (right) vertical-averaged temperature �u. The
contour of the real covered zone provided by the Volcano Observatory of Piton de la Fournaise is represented by a
thin black line. Parameter values are given in Table 2.
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3 ≤ i ≤ 6, is active from t ¼ (i 2 2de/5) to
(i 2 1)de/5 with a radius of 20 m.

Results and discussion

Numerical simulations were performed on this lava
flow field using the K(�u) − P3 model to test the abil-
ity of our model to reproduce the final deposit. The
details of the numerical algorithm are provided in
the Appendix. The computational code is based
on the general-purpose Rheolef finite element
library (Saramito 2013). A mesh adaptation tech-
nique allows the front position to be determined,
as shown in Figure 7. The minimal computational
mesh size is chosen to be the same as the DEM res-
olution: that is, 5 m; and the maximal one is 150 m.
This approach quantitatively increases the precision
of our computations, as shown in Roquet et al.
(2000) in the context of viscoplastic flows. We car-
ried out many simulations using different values of
Ke, ty,e, a and b, and we present here an empirical
choice that provides the best fit between the mod-
elled and the actual lava area. We perform a

sensibility analysis on the values of Ke and ty,e:
multiplying or dividing one of them by a factor
ten do not change the solution significantly. For a
and b, sensitivity does not change much over a
factor of about 100, because the flow is slowed or
stopped by the viscoplasticity and subsequently
cools. We also studied the influence of the distri-
bution of the lava volume between the different
vents during the eruption period, maintaining the
same total lava volume and average flow rate.
The choice presented here provides a good distribu-
tion of the lava volume between the main branches
over the input topography. We ran simulations with
more lava from vents 2, 3 and 4, but this led to too
much lava to the NW. We also ran other simula-
tions with more lava from vents 5 or 6, but this
led to too much lava to the NE. Figures 8 and 9
plot the temporal evolution of flow advance and
cooling for various times until the flow stops
advancing. The arrested state is reached at t ¼
25 h and is represented in Figure 10, as overlain
on the DEM. At approximately 10 h after the lava
supply stopped, part of the hot lava continued to

Fig. 10. Simulation of the lava flow: predicted flow final emplacement overlain onto the DEM with a colourmap
showing the flow height h. The contour of the observed deposit zone provided by the Volcano Observatory of Piton
de la Fournaise is represented by a thin white line.
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flow and cool. Our model does not take into
account solidification, so the final cessation of
flow is due to the flow still being fluid enough to
deform once supply has been cut. The value of
the yield strength increases with cooling, and the
flow stops once yield strength reaches strain rate
(e.g. Hulme 1974). Note that the predicted flow-
inundation zone is relatively close to that of the
observed one, which is represented by a thin white
line in Figure 10. Some discrepancies remain
between the simulation and the observation: the
final deposit is overestimated in certain places,
the widths of the different flow branches are not
always well predicted, and some flow bifurcations
do not appear in the simulation. There are many
possible explanations for these discrepancies. The
main problem for the simulation was the lack of
data concerning the 2010 lava flow, especially
concerning the vent positions and their correspond-
ing flow rates during the emission period. This
missing data was estimated here, and we found
that this slightly influenced the final results. A sec-
ond source of error was the accuracy of the DEM
used: its 5 m horizontal resolution can be related
to the characteristic flow height of about 1 m. At
this scale, a lot of ground detail is lost and a single
block or a minor pre-existing topographical varia-
tion on the scale of 2 or 3 m can generate a bifurca-
tion that would not be generated by the current
DEM. A third source of error could be due to the
model itself: vertical variation of the temperature
is ignored here in the viscosity and the yield
strength temperature-dependent functions, because
only a vertically averaged temperature value is
used. Future research directions could reconsider
this vertical variation. Nevertheless, considering
this lack of physical data, and our simplified shal-
low viscoplastic flow model, the numerical simula-
tions are in relatively good agreement with the
observations.

Conclusions

A new variant on the shallow-depth equation model
for a flow of non-isothermal free-surface three-
dimensional viscoplastic fluid over a generalized
topography is presented. Both the consistency
index and the yield strength are assumed to be tem-
perature dependent. The governing equations were
numerically approximated by an autoadaptive finite
element method, allowing the flow front position to
be tracked ¼ . The proposed approach was evalu-
ated by comparing numerical predictions with
available data from both laboratory experiments
using a non-isothermal silicone oil flow and real-
world lava flows. These two tests showed that the
numerical simulations are in relatively good

agreement with observations. Future work will
use a new 1-m spatial resolution DEM of the
Piton de la Fournaise Volcano to generate more
accurate simulations, and will also explore lava
flow simulations for other volcanoes. Another
research direction is to improve our model by tak-
ing the vertical dependence of the temperature
field into account in the viscosity and yield strength
functions.
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and her fruitful comments, together with those from two
anonymous reviewers. We thank Laurent Michon (IPGP/
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2010 Piton de la Fournaise eruption.

Appendix

A. The reduction model

A.1. Reduction to a two-dimensional problem. The

asymptotic analysis approach developped here was initi-

ated by Liu & Mei (1989) and then revisited by Balm-

forth and Craster (Balmforth et al. 2006) for an

isothermal two-dimensional viscoplastic flow on a cons-

tant slope. Balmforth and Craster then extended this

analysis to the non-isothermal case with axisymmetric

geometry and applied it to a lava dome (Balmforth

et al. 2004). In Bernabeu et al. (2013), the present

authors extended this asymptotic analysis to the case of

an isothermal three-dimensional viscoplastic flow on an

arbitrarily topography. In the present paper, this analysis

is extended to the case of a non-isothermal flow: the con-

sistency index and the yield stress are assumed to be

temperature-dependent.

For any function c of ]0, + 1[ × Q(t), let us denote
�C its vertical-averaged value, defined for all (t, x,

y) [ ]0, + 1[ × V by

�C(t, x, y) =
1

h

∫ f+h

f

C(t, x, y, z) dz when h = 0,

0 otherwise.

⎧⎨
⎩

For simplicity, assume that the consistency index and

the yield stress depend only on the vertical-averaged tem-

perature: K(u) = K(�u) and ty(u) = ty(�u). This means that

the effects of a vertical variation in temperature on the con-

sistency index and the yield stress are ignored here, while

their effects in the horizontal directions x and y are still

taken into account. The problem is reformulated with

dimensionless quantities and unknowns, denoted with til-

des. The temperature is expressed as u = ua + (ue − ua)�u.

The temperature-dependent consistency index and yield

stress are rescaled as K(u) = KeK̃(ũ) and ty(u) = ty,
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et̃y(ũ) where Ke ¼ K(ue) and ty,e ¼ ty(ue). Note that

K̃(1) = 1 and t̃y(1) = 1. Let H be a characteristic flow

height and L be a characteristic horizontal length of the

two-dimensional flow domain V. Let us introduce the

dimensionless aspect ratio:

1 = H

L
.

As in Huppert (1982), let U ¼ rgH3/(hL) a charac-

teristic flow velocity in the horizontal plane, where

h ¼ Ke(U/H )n21 is a characteristic viscosity and g ¼ |g|
denotes the norm of gravity vector. The characteristic

velocity can be expanded to

U = rgH2

KeL

( )1/n

H.

Let W ¼ 1U be a characteristic velocity in the vertical

direction, T ¼ L/U be a characteristic time and P ¼ rgH a

characteristic pressure. We consider the following change

in variables:

x = Lx̃, y = Lỹ, z = Hz̃, t = T t̃, p = Pp̃, h = Hh̃

ux = Uũx, uy = Uũy, uz = Wũz.

Note the non-isotropic scaling procedure for the verti-

cal coordinate z and the vertical vector component uz of the

velocity vector. Hereafter, only the dimensionless problem

is considered: for simplicity, and since there is no ambigu-

ity, the tildes are omitted from the dimensionless variables.

After the change in variables and an asymptotic analysis

(see Bernabeu et al. (2013) for details of the isothermal

case) the problem reduces to:

(P) find h and u satisfying:

∂th + div||(h�u||) = we in ] 0, + 1[ ×V (A1)

h(t = 0) = hinit in Q(0), (A2)

∂( f + h)

∂n
= 0 in ]0, + 1[ × ∂V, (A3)

∂tu+ ux∂xu+ uy∂yu+ uz∂zu−
1

Pe
∂zzu = 0

in ]0, + 1[ × Q(t), (A4)

u(t = 0) = uinit in Q(0), (A5)

∂u

∂z
+ Rpm(u)u+ Nuu = 0 on ]0, + 1[ × Gf (t), (A6)

− ∂u

∂z
+ ks

k

Pes

pt

( )1/2

u = 0 on ]0, + 1[ × Gs, (A7)

u = 1 on ]0, + 1[ × Ge. (A8)

The problem involves six dimensionless numbers:

Bi = ty,eH

hU
the Bingham number

Pe = rCpUL

k
the Péclet number

Pes =
rsC p,sUL

ks

the Péclet number in

the substrate

Nu = lH

k
the Nüsselt number

R = HEsSB(ue − ua)3

k
a radiation number

m = ua

ue − ua

a temperature ratio number,

for radiation

where Bi compares yield stress ty,e with a characteristic

viscous stress hU/H assumed to be O(1) in 1, Pe compares

convection with diffusion and is assumed to be O(122) and

R and Nu in O(1) in 1 and which represent the importance

of radiative and convective transfer with air. Also,

pm(u) ¼ u 3 + 4mu 2 + 6m2u+ 4m3 for any u ≥ 0. Note

that problem (P) involves only h and u: the velocity com-

ponents u|| ¼ (ux, uy) and uz then involve explicit expres-

sions using h and �u:

u|| =

n

n + 1
|∇||( f + h)|1/ndir(∇||( f + h))K−1(�u)

[( f + hc(�u)−z)1+1/n − h1+1/n
c ]

when z [ [ f , f + hc(�u)],

− n

n + 1
|∇||( f + h)|1/ndir(∇||( f + h))K−1(�u)h1+1/n

c

when z [ ] f + hc(�u), f + h[

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

and

uz(t, x, y, z) = we −
∫z

f

div||(u||) dz

where

hc(t, x, y) = max 0, h − Bity(�u)

|∇||( f + h)|

( )
.

For convenience, we also denote the direction of any

non-zero plane vector as dir(v||) = v||/|v|||. In equation

(A7), the heat flux from the substratum has been estimated

as in Garel et al. (2012, p. 6), thanks to an autosimilar sol-

ution for the temperature in the substratum us(t, z) given in

Carslaw & Jaeger (1946, p. 53). This approach leads to an

explicit expression of us v. u and we then obtain a boundary

condition in terms of u alone.

A.2. Reduction of the heat equation. Note that the

reduced problem still remains three dimensional, as equa-

tion (A4) is still defined on the three-dimensional flow

domain Q(t). This equation then needs to be integrated in

the vertical direction and the problem expressed in terms

of the averaged temperature �u . For any t . 0 and

(x, y) [ V, the heat equation (A4) is integrated from

z ¼ f (t, x, y) to z ¼ f(t, x, y) + h(t, x, y). Then, using
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equation (A1) and div u ¼ 0 leads to:

h∂t
�u+ div(h�u u||) − div(h�u||)�u− we(1 − �u)

− 1

Pe
[∂zu(z = f + h) − ∂zu(z = f )] = 0.

(A9)

In order to obtain a well-resolved problem in terms of
�u instead of u, an additional relation should be intro-

duced: the so-called closure relation, that expresses u

v. �u. A vertical profile u is chosen according to �u as

u(t, x, y, z) = w(t, x, y, z)�u(t, x, y) where w is an unknown

function satisfying w = 1 and the boundary conditions in

the vertical direction:

∂zw+Rpm(�uw)w+Nuw= 0 on Gf (t),

−∂zw+ ks

k

Pes

pt

( )1/2

w= 0 on Gs and uw= 1 on Ge.

With these notations, (A9) becomes:

h(∂t
�u+wu|| · ∇�u)+ div(h(wu|| − u||))�u−we(1−�u)

− 1

Pe
[∂zw(z = f + h)− ∂zw(z = f )]�u= 0. (A10)

Note that wu|| corresponds to a weighted averaged

velocity. The closure equation (A10) was first introduced

by Bercovici & Lin (1996) in the context of cooling

mantle plume heads: these authors showed that restricting

w(t, x, y, z) to be a second-degree polynomial in z for any

fixed (t, x, y) leads to a well-resolved reduced problem

when replacing equation (A4) by equation (A10) in prob-

lem (P). Moreover, the computation of the w polynomial

coefficient at any (t, x, y) is easy and explicit. However,

this second-order polynomial approximation in z does

not allow the term div(h(wu|| − u||))�u to be eliminated

from equation (A10). There is also no evidence that it is

always positive: it can thus generate exponential growth

of the averaging temperature, which is difficult to handle

in a numerical simulation. Finally, the physical meaning

of this term is unclear and Bercovici and Lin neglected

div(h(wu|| − u||))�u in the previous equation. These authors

showed that a real numerical error is committed when

based on this hypothesis: the order of error is of about

10% for their specific problem (Bercovici & Lin 1996,

p. 3307). Note that, while a 10% error is acceptable for

some applications (such as volcanology, since input

parameters are not generally known to such a level of accu-

racy), nevertheless, from a mathematical point of view, all

convergence properties v. 1 are definitively lost.

In the present paper, we propose a variant of this

approach that conserves the convergence properties v. 1:

we choose w as a third-degree polynomial in z. This choice

allows one additional degree of freedom at each (t, x, y) and

we choose to impose a value of wu|| = u|| at any (t, x, y) as

an additional constraint. Let (t, x, y) be fixed and

w(z) ¼ az3 + bz2 + cz + d: then the four unknown

coefficients a, b, c and d comprise the only solution of

the following four equations:

w = 1 (A11)

wu|| − u|| = 0 (A12)

∂w

∂z
+ (Rpm(�uw) + Nu)w = 0 on z = f + h (A13)

− ∂w

∂z
+ ks

k

Pes

pt

( )1
2

w = 0 on Gs and

�uw = 1 on Ge, on z = f . (A14)

The reduced problem is then obtained from (P) by

replacing (A4) by

h(∂t
�u+ u||.∇�u) − we(1 − �u) − 3ah2 + 2bh

Pe

( )
�u = 0

(A15)

and the initial and boundary conditions (A5)–(A8) by

�u(t = 0) = �uinit on V, (A16)

∂u

∂n
= 0 on ]0, + 1[ × ∂V. (A17)

A.3. Numerical resolution. The nonlinear reduced

problem in h and �u is first discretized v. time by an implicit

second-order variable step finite difference scheme (see

Bernabeu et al. 2013). It leads to a sequence of nonlinear

sub-problems in hm and �um that depends on the horizontal

coordinates (x, y) [ V alone, where hm and �um are respec-

tively approximations of h and �um at a discrete time tm. An

under-relaxed fixed point algorithm is used for solving

these nonlinear subproblems: it allows the parabolic evolu-

tion equation evolution, in terms of hm, and the averaged

heat equation, in terms of �um, to be decoupled. These equa-

tions are then discretized by an autoadaptive finite element

method: the practical implementation is based on the

Rheolef finite element library (Saramito 2013). This autoa-

daptive mesh method was first introduced in Saramito &

Roquet (2001) for viscoplastic flows and then extended

in Roquet & Saramito (2003); see these articles for the

implementation details. The procedure is based on a

mesh adaptation loop at each time step: your goal is to

accurately catch the front’s evolution, where h ¼ 0 (see

Fig. 7). At the front, both the h and �u gradients are sharp.

As the time approximation is a second-order one, the adap-

tation criterion c also takes into account the solutions at

two previous time steps: c ¼ hm+1 + hm + hm21. The

auto-adaptive mesh procedure requires the minimal and

maximal mesh sizes together with the criterion. In Roquet

et al. (2000), the benefit of using auto-adaptive meshes was

theoretically investigated and also quantified for practical

computations with viscoplastic fluids and compared with

fixed mesh computations.
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