
An introduction to the Level
Set method

Charles Dapogny

CNRS & Laboratoire Jean Kuntzmann, Université Grenoble-Alpes, Grenoble, France

Fall, 2023

1 / 118



Part I

Introduction: evolving
domains

1 Introduction

2 The mathematical framework of the level set method

3 Numerical resolution of the level set evolution equation

4 Initialization of level set functions

5 Miscellanies

6 Applications of the level set method

2 / 118



Motion of a domain

• This course is devoted to the study of the motion of a domain (or a phase) Ω(t),
with boundary Γ(t) := ∂Ω(t), along a velocity field V (t, x).

• Since its inception by Osher and Sethian [OSeth], the level set method has been
one convenient framework from both theoretical and numerical viewpoints.

• It allows to describe very large evolutions (including topological changes) in a
robust way.

• Other theoretical or numerical methods for the
study of moving domains include:

- Arbitrary Lagrangian-Eulerian (ALE) methods,

- Phase-field methods,

- Volume of Fluid (VOF) methods,

- etc.
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A guiding example: bifluid flows (I)

A domain D ⊂ Rd is filled with two immiscible fluids, occupying complementary
phases Ω0,Ω1, with different densities ρ0, ρ1 and dynamic viscosities ν0, ν1.

D

�

⌦1

⌦0

n

Model situation for a bifluid problem.
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A guiding example: bifluid flows (II)

• The velocity u(t, x) and pressure p(t, x) of the mixture solve the Navier-Stokes
equations:

ρi
(
∂u
∂t

+ u · ∇u
)
− νi∆u +∇p = fi for (t, x) ∈ (0,T )× Ωi (t),

div(ui ) = 0 for (t, x) ∈ (0,T )× Ωi (t),
ui (t, x) = 0 for (t, x) ∈ (0,T )× ∂D,

u0(t, ·) = u1(t, ·) on Γ(t),
(σ0 − σ1) · nt = −γκtnt on Γ(t),
ui (t = 0, ·) = ui,0(·) on Ωi (0).

• The interface Γ(t) between both fluids moves according to the velocity of the fluid:

u0(t, x) = u1(t, x), t ≥ 0, x ∈ Γ(t).
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A guiding example: bifluid flows (III)

Evolution of two fluid bubbles immersed in a fluid with larger density
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A guiding example: bifluid flows (IV)

• “Naive” numerical methods (e.g. acting by mesh
deformation) are typically not robust enough to
handle large shape deformations.

• This calls for more sophisticated descriptions of
shapes and their evolutions.
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Three classes of domain motions

In general, the motion of Ω(t) may be classified into three categories depending on
the nature of the velocity field V (t, x).

¶ Ω(t) is passively transported by V (t, x): V (t, x) is externally prescribed, i.e. it
does not depend on Ω(t).

· The velocity V (t, x) depends on local features of Ω(t) or Γ(t), such as:

• the normal vector nt(x) at x ∈ Γ(t);

• the mean curvature κt(x) of Γ(t).
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Three classes of domain motions

Example 1 The flame propagation model: Ω(t) represents a burnt region, whose
front expands with constant, normal velocity c:

V (t, x) = c nt(x), where c > 0 is a constant.

•
•

•
•

• •

•

•
•

•

•

•

An example of the dynamics in the flame propagation model.
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Three classes of domain motions

Example 2 The mean curvature flow:

V (t, x) = −κt(x) nt(x),

that is, Ω(t) evolves by “resorption of its bumps”, and “filling of its creases”.

•
•

•

• •

•

•
•

•

•

•

•

•

•
•

•

An example of the dynamics of the Mean Curvature Flow: Grayson’s result [Grayson].
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Three classes of domain motions

¸ The field V (t, x) depends on global features of the domain Ω(t), e.g. it is
obtained by solving one (or several) PDE posed on Ω(t).

• We have seen that when Ω(t) accounts for a fluid domain, V (t, x) is the
solution to the Stokes, or the Navier-Stokes equations, whose physical
coefficients depend on Ω(t).

• We shall see several other examples of motions of this category; for
instance, in structural optimization, V (t, x) involves the solution to one,
or several linear elasticity equations posed on Ω(t).

• Motions of this category are by far the most interesting ones in practice,
... and the most difficult to analyze. They are usually approximated by a
series of motions of one of the first two kinds.
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Disclaimer

Disclaimer

• This course is an introduction, and is only devoted to the basic features of the
Level Set method.

• It is oriented towards applications, and difficult mathematical details are only
hinted at, see the monograph [Giga] around these points.
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Implicit geometries (I)

A paradigm: the motion of an evolving domain is best described in an implicit way.

A domain Ω ⊂ Rd is equivalently defined by a function φ : Rd → R such that:

φ(x) < 0 if x ∈ Ω ; φ(x) = 0 if x ∈ Γ ; φ(x) > 0 if x ∈ cΩ

(Left) a domain Ω ⊂ R2; (right) the graph of an associated level set function.
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Implicit geometries (II)

Let Ω ⊂ Rd be a domain, φ : Rd → R be a level set function of class C2 for Ω, such
that ∇φ(x) 6= 0 on a neighborhood of Γ.

• The normal vector n to Γ pointing outward Ω reads:

∀x ∈ Γ, n(x) =
∇φ(x)

|∇φ(x)| .

n(x)

x
⌦

•

Normal vector to a domain Ω; some isolines of the function φ are dotted.
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Implicit geometries (III)

• The second fundamental form II of Γ is:

∀x ∈ Γ, II(x) = ∇
(
∇φ(x)

|∇φ(x)|

)
.

• The mean curvature κ of Γ is:

∀x ∈ Γ, κ(x) = div
(
∇φ(x)

|∇φ(x)|

)
.

•x

n(x)

v Tx�

�

IIx(v , v) is the curvature of a curve
drawn on Γ with tangent vector v at x .
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Evolving domains (I)

Definition 1.
Let V (t, x) be a smooth velocity field. The characteristic curve emerging from a
point x ∈ Rd at time t = t0 is the curve t 7→ χ(x , t, t0) defined by the ODE:{

d
dt

(χ(x , t, t0)) = V (t, χ(x , t, t0)), for t ∈ (0,T )
χ(x , t0, t0) = x .

•
•

•

x0

x1

x2

V (t0, x0)

Three characteristic curves of the velocity field V issued at t = t0 from different points x0, x1, x2.
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Evolving domains (II)

“Intuitive” notion of an evolving domain
A domain Ω(t) evolves according to a velocity field V (t, x) from an initial position

Ω(t0) if it is obtained by transporting its points along V :

Ω(t) = {χ(x0, t, t0), x0 ∈ Ω(t0)} .

⌦(t0)

⌦(t)

•

•

x0

�(x0, t, t0)

V (t0, x0)

V (t, �(x0, t, t0))
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Evolving domains (III)

• Let Ω(t) be a (smooth) domain, moving over (0,T ) along the (smooth) velocity
field V (t, x). Let φ(t, x) be a smooth level set function, i.e:

∀t ∈ (0,T ), x ∈ Rd ,


φ(t, x) < 0 if x ∈ Ω(t),
φ(t, x) = 0 if x ∈ Γ(t),

φ(t, x) > 0 if x ∈ cΩ(t).

• Let x0 ∈ Γ(0) be fixed. By the intuitive definition of an evolving domain, it comes:

∀t ∈ (0,T ), φ(t, χ(x0, t, 0)) = 0.

• Differentiating and using the chain rule, we obtain:

∂φ

∂t
(t, χ(x0, t, 0)) +

d

dt
(χ(x0, t, 0)) · ∇φ(t, χ(x0, t, 0)) = 0.
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Evolving domains (IV)

• Since this holds for any point x0 ∈ Γ(0), we obtain the level set advection equation
( 6= “classical” advection equation):

∀t ∈ (0,T ), ∀x ∈ Rd ,
∂φ

∂t
+ V (t, x) · ∇φ = 0.

• If, in addition, the velocity is consistently oriented along the normal vector nt(x)
to Ω(t), that is:

V (t, x) = v(t, x)
∇φ(t, x)

|∇φ(t, x)| , for some scalar field v(t, x),

the equation rewrites as the Level Set Hamilton-Jacobi equation ( 6= “classical”
Hamilton-Jacobi equation):

∀t ∈ (0,T ), ∀x ∈ Rd ,
∂φ

∂t
+ v(t, x)|∇φ|= 0.
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Evolving domains: comments (I)

• Strictly speaking, both equations only hold for pairs (t, x) with x ∈ Γ(t). However,
the previous analysis can be applied to any level set of φ:

Γc(t) :=
{
x ∈ Rd , φ(t, x) = c

}
.

Hence, the equation:

∀t ∈ (0,T ), ∀x ∈ Rd ,
∂φ

∂t
(t, x) + V (t, x) · ∇φ(t, x) = 0

actually accounts for the fact that all the level sets of φ (and not only its 0 level
set) move according to V (t, x).

• In many applications, the velocity field V (t, x) makes sense only for x ∈ Γ(t). In
the above derivation, it is implicitly assumed that V (t, x) has been extended to
the whole space Rd .
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Evolving domains: comments (II)

• More fundamentally, this derivation rests upon the assumption that Ω(t), V (t, x),
φ(t, x) stay “smooth” over (0,T ).

Question

How is it possible to account for the evolution of Ω(t) when either the domain Ω(t),
or the velocity field V (t, x) has developed a singularity?

This problem is not a pure mathematicality: even in the simplest models, Ω(t) and
V (t, x) (thus φ(t, x)) become singular in finite time.
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Emergence of singularities (I)

• In the flame propagation model, a domain Ω(t), whose initial boundary Γ(0) is
(locally) described by the curve:

γ(s) =

(
1− s,

1 + cos(2πs)

2

)
, s ∈ [0, 1],

evolves according to the velocity field V (t, x) = nt(x).

•
⌦(0)

Some positions of the interface Γ(t); at a critical time t = tc , Γ(t) develops a singularity
where nt(x) (thus V (t, x)) is not defined (blue dot).
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Development of singularities (II)

• In the context of the mean curvature flow, consider a “dumbbell”-shaped initial
domain Ω(0), evolving according to the velocity field

V (t, x) = −κt(x)nt(x).

•

Evolution of a three-dimensional dumbbell under the mean curvature flow. The central part
of the bar ends up pinching.
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Development of singularities (III)

In the flame propagation example (and in general), there are several ways of giving a
sense to the evolution of the front once a singularity has appeared.

(Left) Evolution of Ω(t) obtained by “pursuing the motion” of all the points of Γ(t) where
the normal vector is defined; (right) Evolution of Ω(t) obtained by imposing an “entropy

criterion”: “a burnt point stays burnt”.
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Development of singularities (IV)

• Singularities are inevitable, even in the case of a “very smooth” motion.

• What happens after the onset of singularities is actually a matter of defining the
motion of a possibly non smooth domain, under a possibly non smooth velocity.

• The level set equations have “too many” solutions.

⇒ Need to devise a “good”, generalized notion of solutions, which selects the
correct “physical” behavior.

Mathematical definition of an evolving domain

¶ Start from any level set function φ0(x) for the initial domain Ω(0).

· Solve the level set evolution equation{
∂φ
∂t

+ V (t, x) · ∇φ = 0 for t ∈ (0,T ), x ∈ Rd ,
φ(0, x) = φ0(x) for x ∈ Rd .

¸ Define the domain Ω(t) by Ω(t) =
{
x ∈ Rd , φ(t, x) < 0

}
.
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Viscosity solutions to Hamilton-Jacobi equations I

Definition 2.
Let U ⊂ Rd be open, and H : Rd

x × Ru × Rd
p × Sd(R) be a continuous function (the

Hamiltonian). Consider the second-order Hamilton-Jacobi equation:

∂u

∂t
(t, x) + H(x , u,∇u,∇2u)(t, x) = 0, on (0,T )× U. (HJ)

• A function u is a viscosity subsolution of (HJ) if:

¶ it is upper semicontinuous on (0,T )× U,

· for any function ϕ of class C2 on U such that u − ϕ reaches a local
maximum (say, 0) at (t, x),

∂ϕ

∂t
(t, x) + H(x , u(t, x),∇ϕ(t, x),∇2ϕ(t, x)) ≤ 0.
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Viscosity solutions to Hamilton-Jacobi equations II

Definition 2.

• A function u is a viscosity supersolution of (HJ) if:

¶ It is lower semicontinuous on (0,T )× U,

· for any function ϕ of class C2 on (0,T )× U such that u − ϕ reaches a
local minimum (say, 0) at (t, x),

∂ϕ

∂t
(t, x) + H(x , u(t, x),∇ϕ(t, x),∇2ϕ(t, x)) ≥ 0.

• A function u is a viscosity solution of (HJ) if:

¶ (It is continuous on (0,T )× U)

· it is both a viscosity subsolution and a viscosity supersolution.
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Viscosity solutions to Hamilton-Jacobi equations (III)

Example Affine functions of the form u(x) = ax + b are viscosity solutions to the
equation −u′′ = 0 in (0, 1):

• Subsolution inequality: If u − ϕ has a local maximum at x0 (situation on the
left), ϕ is locally above u around x0, and

−ϕ′′(x0) ≤ 0.

• Supersolution inequality: If u − ϕ has a local minimum at x0 (situation on the
right), ϕ is locally below u around x0, and

−ϕ′′(x0) ≥ 0.

0 1

u

x0 0 1

u

x0

'

'
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Viscosity solutions to Hamilton-Jacobi equations (IV)

Motivations for this definition:

• It leaves the room for solutions u which are only continuous, but not
differentiable: the gradient and the Hessian matrix of u in (HJ) are replaced by
those of any smooth function which locally “behaves like” u.

• The two comparison criteria take into account important monotonicity
properties of Hamilton-Jacobi equations.

• Viscosity solutions enjoy many “physical” properties...

•
x0

u
'

•x0
u

'

(Left) u − ϕ has a local minimum at x0; (right) u − ϕ has a local maximum at x0.
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Properties of viscosity solutions (I)

Under “reasonable assumptions” on the Hamiltonian function H,

• Existence and uniqueness. For a given initial data u0, the viscosity solution u of
(HJ) exists and is unique.

• Generalization of classical solutions. If the viscosity solution u of (HJ) is of
class C2, then it is also a solution of this equation in the classical sense.

• Vanishing viscosity limit of solutions to “regular” equations. For small ε > 0, let
uε(t, x) be the (smooth) solution to the equation:{

∂uε
∂t

(t, x)− ε∆uε(t, x) + H(x , uε,∇uε,∇2uε)(t, x) = 0,
uε(t = 0, ·) = u(t = 0, ·) ,

obtained by adding to (HJ) the regularizing viscosity term −ε∆uε.

Then, uε
ε→0−→ u, uniformly on every compact subset of [0,T ]× Rd .
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Properties of viscosity solutions (II)

• Independence from the initial level set function. Let u0, v0 be two level set
functions for an initial domain Ω0, i.e.

Ω0 =
{
x ∈ Rd , u0(x) < 0

}
=
{
x ∈ Rd , v0(x) < 0

}
,

and u(t, ·), v(t, ·) be the corresponding solutions of (HJ). Then, u and v define
the same domain:

∀t ∈ (0,T ),
{
x ∈ Rd , u(t, x) < 0

}
=
{
x ∈ Rd , v(t, x) < 0

}
.

• Monotonicity. Let Ω0 ⊂ Ω̃0 be domains in Rd , u0 and ũ0 be corresponding level
set functions. Define:

Ω(t) =
{
x ∈ Rd , u(t, x) < 0

}
,

where u(t, ·) solves (HJ) with initial data u0, and likewise for Ω̃(t).

Then, Ω(t) ⊂ Ω̃(t).
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Properties of viscosity solutions (III)

Example 1 In the flame propagation model, the evolution of Ω(t) selected by this
process coincides with that obtained by imposing the “entropy criterion”.

Domain Ω(t) :=
{
x ∈ Rd , φ(t, x) < 0

}
, where φ is the viscosity solution to the

Hamilton-Jacobi equation ∂φ
∂t

+ |∇φ|= 0.
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Properties of viscosity solutions (IV)

Example 2 When the mean curvature flow, initialized by the “dumbbell”, the
evolution of Ω(t) selected by (an adaptation of) the notion of viscosity solutions
looks as follows:

•

Domain Ω(t) :=
{
x ∈ Rd , φ(t, x) < 0

}
, where φ is the “viscosity solution” to the mean

curvature flow ∂φ
∂t
− div

(
∇φ
|∇φ|

)
|∇φ|= 0 (Time is increasing from left to right, top to

bottom).
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Initial value problems

• An equivalent, convenient reformulation of the level set equations is available
when the domain Ω(t) expands (resp. retracts) along its normal vector,

V (t, x) = c(x)nt(x), where c(x) > 0 (resp. c(x) < 0).

• A stationary PDE can be derived in terms of the time function T (x):

T (x) = inf {t ≥ 0, x ∈ Ω(t)} .

• The derivation of this PDE follows the same trail as that of the level set equations:

¶ At first, it is rigorously established in the regions of space where Ω(t),
V (t, x) and T are smooth,

· Then, a generalized notion of solutions is introduced for this PDE to impose
a “physical” behavior where they are not smooth.
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A stationary PDE for initial value problems (I)

• We rely again on the intuitive notion of an evolving domain.

Let x0 ∈ Γ(0), and t 7→ x(t) be the characteristic curve of V (t, x), emerging from
x0 at t = 0:

x(0) = x0, and x ′(t) = c(x(t))nt(x(t)).

• By definition of the time function, it holds:

Ω(t) =
{
x ∈ Rd , T (x) < t

}
, and Γ(t) =

{
x ∈ Rd , T (x) = t

}
.

• In particular, φ(x) := T (x)− t is one level set function for Ω(t). Hence,

∀t ≥ 0, ∀x ∈ Γ(t), nt(x) =
∇T (x)

|∇T (x)| .

39 / 118



A stationary PDE for initial value problems (II)

• On the other hand, differentiating the relation
T (x(t)) = t, we obtain:

∀t > 0, x ′(t) · ∇T (x(t)) = 1.

• Inserting

x ′(t) = c(x(t))
∇T (x(t))

|∇T (x(t))| ,

it follows that T is solution to the Eikonal equation:

{
c(x)|∇T (x)|= 1 for x ∈ Rd \ Ω(0),

T (x) = 0 for x ∈ Γ(0).

⌦(0)

Some isolines of the time
function T in the particular

case where c ≡ 1.
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A stationary PDE for initial value problems (III)

• A similar analysis holds in the case where Ω(t) con-
stantly retracts in the normal direction:

V (t, x) = −c(x)nt(x), where c(x) > 0.

• The time function T : Ω(0)→ R is then defined by:

T (x) = inf
{
t ≥ 0, x ∈ Rd \ Ω(t)

}
.

• It turns out that T is solution to the Eikonal equation:

{
c(x)|∇T (x)|= 1 for x ∈ Ω(0),

T (x) = 0 for x ∈ Γ(0).

⌦(0)

Some isolines of the time
function T in the particular

case where c ≡ 1.
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Viscosity solutions for the Eikonal equations (I)

Definition 3.
Let H : Rd

x × Rd
p → R be a continuous Hamiltonian function; consider the stationary

Hamilton-Jacobi equation: {
H(x ,∇u(x)) = 0 in Ω,

u(x) = 0 on Γ
. (S-HJ)

A continuous function u on Ω is a viscosity solution to (S-HJ) if:

• Subsolution inequality: For any point x0 ∈ Ω, and any function ϕ of class C2

such that (u − ϕ) has a local maximum (say, 0) at x0:

H(x0,∇ϕ(x0)) ≤ 0.

• Supersolution inequality: For any point x0 ∈ Ω, and any function ϕ of class C2

such that (u − ϕ) has a local minimum (say, 0) at x0:

H(x0,∇ϕ(x0)) ≥ 0.
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Viscosity solutions for the Eikonal equations (II)

Theorem 1.
Assume that c(x) > 0 is continuous; the Eikonal equation{

c(x)|∇u(x)|= 1 in Ω,
u(x) = 0 on Γ

.

has a unique viscosity solution u ∈ C(Ω).
In the particular case c(x) ≡ 1, u is the Euclidean distance function:

u(x) = d(x , Γ) = inf
y∈Γ

d(x , y).

• • • •

u

0 1 0 1

(Left) graph of the distance function u = d(·, Γ), (right) graph of a function satisfying
|u′(x)|= 1 a.e. which is not a viscosity solution of the equation |u′|= 1.
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Viscosity solutions for the Eikonal equation (III)

Intuitive idea of the proof (in the case Ω = (0, 1) ⊂ R):

• We only prove that u = d(x , Γ) is one viscosity solution (the uniqueness is
admitted).

• At any point x0 6= 1
2 , u is differentiable, with derivative |u′(x)|= 1.

• Supersolution inequality: there exists no function ϕ of class C2 such that
(u − ϕ) has a local minimum (say 0) at x0.

••
0 1

•
x0 =

1

2

u'

?

No smooth function ϕ has its graph under that of u around x0.
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Viscosity solutions for the Eikonal equation

• Subsolution inequality: let ϕ be a function of class C2 such that (u − ϕ) has a
local maximum (say 0) at x0.

Then it is easily seen that |ϕ′(x0)| ≤ 1.

••
0 1

•
x0 =

1

2

u

'

Graph of a smooth function ϕ such that (u − ϕ) has local maximum 0 at x0.
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Solving the Level Set equations (I)

Problem The exact level set equation{
∂φ
∂t

(t, x) + V (t, x) · ∇φ(t, x) = 0 for (t, x) ∈ (0,T )× Rd ,
φ(t = 0, x) = φ0(x) for x ∈ Rd .

(LS)

is too complicated for a general velocity V (t, x) (depending on φ(t, x)).

Remedy The time interval (0,T ) is split into a series of subintervals

(tn, tn+1), where 0 = t0 < t1 < ... < tN = T ,

and V (t, x) is approximated on each (tn, tn+1).

Two such approximations are possible:

¶ The whole velocity field V (t, x) is frozen over (tn, tn+1):

∀t ∈ (tn, tn+1), V (t, x) ≈ V n(x) := V (tn, x),

and over each interval, a standard advection equation is solved:{
∂φ
∂t

(t, x) + V n(x) · ∇φ(t, x) = 0 on (tn, tn+1)× Rd ,
φ(t = tn, x) given for x ∈ Rd .

(ADV)
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Solving the Level Set equations (II)

· Only the normal component of V (t, x) = v(t, x)nt(x) is frozen:

∀t ∈ (tn, tn+1), V (t, x) ≈ vn(x)nt(x), where vn(x) = v(tn, x).

Over each interval, a “classical” Hamilton-Jacobi equation is solved:{
∂φ
∂t

(t, x) + vn(x)|∇φ(t, x)|= 0 on (tn, tn+1)× Rd ,
φ(t = tn, x) given for x ∈ Rd .

(HJ)

Remarks:

• Advection equations of the form (ADV) are quite well-known, and efficient
numerical schemes exist for their resolution.

• The Hamilton-Jacobi formulation (HJ) preserves the information that the
velocity field is consistently oriented along the normal vector nt(x) to Ω(t), and
is thus appealing in many cases.
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Solving the Level Set equations (III)

• We focus on the resolution of the level set Hamilton-Jacobi equation over a
generic time period (0,T ) (= any of the (tn, tn+1) in the previous context):{

∂φ

∂t
+ v(x)|∇φ|= 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd ,

for given normal velocity field v(x), and initial function φ0.

• The device of efficient algorithms for solving this equation relies on the theory of
numerical schemes for first order Hamilton-Jacobi equations:{

∂φ

∂t
+ H(x ,∇φ) = 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd ,
(HJ)

in the particular case where H(x , p) = v(x)|p|.
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Numerical setting

• We focus on the 2d situation.

• The time interval (0,T ) is split into N = T/∆t subintervals:

(tn, tn+1), where tn = n∆t, n = 0, ...,N,

and ∆t is a time step.

• The space is discretized by a Cartesian grid with steps ∆x ,∆y .

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

�x

xij = (i�x, j�y)
•

�y

j

j + 1

i + 1i

�ij
<latexit sha1_base64="hoxmnXeeDDh6TTSC/xCo9anicSI="></latexit>
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The theory of numerical schemes for Hamilton-Jacobi equations (I)

• For i , j ∈ Z, we denote the finite difference quantities:

D+x
ij φ =

φi+1j − φij

∆x
; D−x

ij φ =
φij − φi−1j

∆x
,

and:
D+y

ij φ =
φij+1 − φij

∆y
; D−y

ij φ =
φij − φij−1

∆y
.

• An explicit, first-order scheme for the Hamilton-Jacobi equation reads:{
∀i , j ∈ Z, φ0

ij = φ0(i∆x , j∆y),
∀n ∈ N, i , j ∈ Z, φn+1

ij = φn
ij −∆t H

(
xij ,D

−x
ij φn,D+x

ij φ
n,D−y

ij φn,D+y
ij φ

n
)
,

where the numerical Hamiltonian

H
(
xij ,D

−x
ij φn,D+x

ij φ
n,D−y

ij φn,D+y
ij φ

n)
is intended as an approximation of H(xij ,∇φ(xij)).
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The theory of numerical schemes for Hamilton-Jacobi equations (II)

Definition 4.
A numerical scheme of the above form is said to be:

• consistent if, for any x ∈ R2 and p ∈ R2, H(x , px , px , py , py ) = H(x , p).

• monotone if, for any x ∈ R2, and any i , j ∈ Z, the update function

{φkl}k,l∈Z 7−→ φij −∆t H
(
x ,D−x

ij φ,D+x
ij φ,D

−y
ij φ,D+y

ij φ
)

is increasing with respect to each of its arguments.

Theorem 2.
Under mild, technical hypotheses on H and φ0, first-order consistent and monotone
numerical schemes converge to the viscosity solution to (HJ).
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Sethian’s first-order scheme (I)

In the particular case of interest, H(x , p) = v(x)|p| and (HJ) reads:{
∂φ

∂t
+ v(x)|∇φ|= 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd .

We introduce the numerical scheme:{
∀n ∈ N, i , j ∈ Z, φn+1

ij = φn
ij −∆t

(
max(vij , 0)∇+

ij φ
n + min(vij , 0)∇−ij φ

n
)
,

∀i , j ∈ Z, φ0
ij = φ0(i∆x , j∆y),

with the discretizations ∇+
ij φ and ∇−ij φ of the gradient norm |∇φ| defined by:

∇+
ij φ =

(
max(max(D−x

ij φ, 0),−min(D+x
ij φ, 0))2

+ max(max(D−y
ij φ, 0),−min(D+y

ij φ, 0))2

) 1
2

,

and

∇−ij φ =

(
max(max(D+x

ij φ, 0),−min(D−x
ij φ, 0))2

+ max(max(D+y
ij φ, 0),−min(D−y

ij φ, 0))2

) 1
2

.
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Sethian’s first-order scheme (II)

• The quantity ∇+
ij φ (resp. ∇−ij φ) is upwind (resp. downwind): it is a finite

difference approximation of |∇φ| at xij based only on the values among
{φi−1j , φi+1j , φij−1, φij+1} which are smaller (resp. larger) than φij .

• The discretization of the (exact) Hamiltonian H(x , p) = v(x)|p| by the numerical
counterpart:

H(xij ,∇φ(xij)) ≈ Hij({φn
kl}k,l∈Z) := max(vij , 0)∇+

ij φ
n + min(vij , 0)∇−ij φ

n

is upwind: for given i , j , n, the update φn
ij → φn+1

ij is only carried out using
information coming from

- smaller values than φn
ij if vij is positive,

- larger values than φn
ij if it is negative.
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Sethian’s first-order scheme (III)

• Sethian’s first-order scheme is consistent:

∀x ∈ Rd , ∀p = (px , py ) ∈ R2, H(x , px , px , py , py ) = v(x)|p|.

• It is monotone, provided the following CFL-like condition is fulfilled:(
sup
i,j

vij

)
∆t

min(∆x ,∆y)
≤ 1, i.e.

“The information cannot travel more than one cell during one time step” .

• It is therefore convergent (under the CFL condition).

• In addition, the following error estimate can be proved between the numerical
result {φij} of Sethian’s scheme, and the exact viscosity solution φ(t, x):

∀i , j ∈ Z, ∀n ≤ N, |φn
ij − φ(tn, xij)|≤ C

√
∆t
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Towards increased time accuracy

The time accuracy can be increased thanks to the Runge-Kutta methodology,
applied below, for simplicity, to the device of a second-order in time scheme.

¶ An attempt step φn
ij → φ̃n+1

ij is performed for the value of φ at time tn+1, using
the previous first-order scheme:

φ̃n+1
ij = φn

ij −∆t
(
max(vij , 0)∇+

ij φ
n + min(vij , 0)∇−ij φ

n) .
· Another attempt step φ̃n+1

ij → φ̃n+2
ij is performed for an approximation of the

value of φ at tn+2:

φ̃n+2
ij = φ̃n+1

ij −∆t
(

max(vij , 0)∇+
ij φ̃

n+1
ij + min(vij , 0)∇−ij φ̃n+1

ij

)
.

¸ The actual update φn
ij → φn+1

ij is obtained by averaging:

φn+1
ij =

1
2
φn
ij +

1
2
φ̃n+2
ij .
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Towards increased space accuracy

• The space accuracy can be enhanced by using a higher order discretization of the
derivatives of φ instead of the previous first-order formulae

D+x
ij φ =

φi+1j − φij

∆x
; D−x

ij φ =
φij − φi−1j

∆x
,

and D−y
ij φ, D+y

ij φ.

• This discretization should take great care of the fact that φ may be singular in
some regions of space.

• To achieve this, the idea of Essentially Non Oscillatory (ENO) finite differences
consists in:

¶ Constructing a (second-, third-order) polynomial approximation P of φ
around the considered node xij , by using only information from the nodes
around xij where φ is “smooth enough”.

· Calculating D±x
ij φ, D±y

ij φ as the derivatives of P.
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ENO reconstruction in one dimension (I)

• Setting: The real line R is subdivided with a set of nodes xi = i∆x , i ∈ Z, and a
numerical quantity {φi}i∈Z is defined at these nodes.

• Information about the derivatives of φ is approximated at several nodes around
that of interest; for instance:

1st divided differences: D1
i−1/2φ =

φi − φi−1

∆x
, D1

i+1/2φ =
φi+1 − φi

∆x
,

2nd divided differences: D2
i φ =

D1
i+1/2φ− D1

i−1/2φ

2∆x
.

• • • •• ••
xixi�1xi�2xi�3 xi+1 xi+2 xi+3

• •
D1

i+3/2�D1
i�3/2�

• •• •••••• • • •

D2
i �

D1
i�1/2� D1

i+1/2�
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ENO reconstruction in one dimension (II)

• A polynomial P(x) of degree e.g. 3 or 4 is fitted to the data by selecting some of
these derivatives, so that P(x) does not present too steep variations (which could
account for a region of discontinuity of φ).

• • • •• ••
xixi�1xi�2xi�3 xi+1 xi+2 xi+3
•

•
•

• •
•

• •

Different reconstructions of the data φ (black dots) using different stencils; the blue reconstruction is

polluted by the presence of a shock.
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ENO reconstruction in one dimension (III)

• Taking the derivative of P at xi results in an explicit, high order formula for the
derivative of the numerical quantity {φi}i∈Z, with adaptive stencil.

• That the stencil may change from one evaluation of the derivatives of φ to another
is undesirable:

• The convergence analysis of ENO schemes is difficult,

• This “lack of smoothness” in the stencil selection procedure causes trouble in
applications to hyperbolic PDE,

• In practice, the stencil could change just because of round-off errors.

As a remedy, Weighted ENO schemes (WENO) feature a convex combination of
several reconstruction formulae of the previous form (with different stencils), the
weights of each particular reconstruction depending on the local smoothness of φ.
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Other numerical methods

• Different techniques are needed when the computational support is a triangulation
instead of a Cartesian grid, e.g.:

• A generalization of the above concepts of consistency and monotonicity,
paving the way for new rules for devising convergent schemes - see [Abgrall],

• Stabilized (Petrov-Galerkin) finite element formulations for the
Hamilton-Jacobi equations, where some quadratic terms are added to their
variational formulation to penalize oscillations; see [Barth].

• Semi-Lagrangian schemes (see [Strain]) use the direction along which the
information is conveyed by Hamilton-Jacobi equations, grossly speaking by
backtracking the corresponding characteristic curves of the equation.

This idea can be worked out whatever the computational support.
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Initializing level set functions: the signed distance function (I)

• Let Ω ⊂ Rd be a (smooth, bounded) domain. We seek to construct an associated
Level Set function φ : Rd → R.

• There are “a lot” of level set functions associated to a given domain Ω.

••
0 1

••
0 1

Two level set functions for the domain Ω = (0, 1) ⊂ R.

• The theoretical framework of the level set method is independent of which
particular level set function is used.
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Initializing level set functions: the signed distance function (II)

Definition 5.
Let Ω ⊂ Rd be a domain. The signed distance function dΩ to Ω is defined by:

dΩ(x) =


−d(x , Γ) if x ∈ Ω,

0 if x ∈ Γ,

d(x , Γ) if x ∈ cΩ.
,

where d(·, Γ) is the usual Euclidean distance function to Γ:

d(x , Γ) = inf
y∈Γ
|x − y |.

Remarks

• dΩ is Lipschitz continuous (exercise).

• From Rademacher’s theorem, it is almost everywhere differentiable.

• Wherever it makes sense, its gradient has unit norm:

|∇dΩ(x)|= 1 a.e. on Rd .
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Initializing level set functions: the signed distance function (III)

Graphs of (left) one very steep level set function associated to a disk, (right) the signed
distance function to the disk.
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The fast marching algorithm

• The most celebrated method to calculate (signed) distance functions is the fast
marching method, introduced by Sethian in [SethianFMM].

• Setting:

- Ω is a 2d domain, and the (unsigned) distance function d(·, Γ) is calculated
on the outer domain Rd \ Ω.

- The plane is again equipped with a Cartesian grid, whose nodes are denoted
xij = (i∆x , j∆y), for i , j ∈ Z.

- The fast marching method produces, at each iteration n = 0, ... a numerical
quantity

{
T n

ij

}
i,j∈Z, intended as an increasingly accurate approximation of

d(·, Γ).

• The fast marching method is a combination of two ingredients:

- A numerical discretization of the Eikonal equation |∇T |= 1, used to update
the values T n

ij 7→ T n+1
ij from the values T n

kl at neighbors xkl of xij .

- A marching procedure, giving an order for accepting values.
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The marching procedure (I)

The fast marching method mimicks the propagation of a front.

• The nodes xij of the grid are consistently classified into 3 categories:

- The accepted nodes xij are those “where the front has already passed”. The
value T n

ij is assumed to have converged and is no longer updated.

- The active nodes xij are those “on the front”. One of their 4 neighbors
xi−1j , xi+1j , xij−1 or xij+1 is accepted, and a first trial value T n

ij has been
computed, but may still be subject to updates.

- The far nodes are those xij for which no trial value is available: T n
ij =∞.

• At each iteration n→ n + 1, the algorithm

¶ accepts one active node, that with the smallest trial value,

· redefines the set of active nodes (i.e. tags active those who are neighbor to
the newly accepted node),

¸ calculates new trial values where need be, using the update procedure.
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The marching procedure (II)

•
•
•

•
•

• •

••
•

•
•

•

�

• accepted nodes

active nodes

far nodes•

⌦

Setting of the fast marching method
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The local update

• At an iteration n→ n + 1, a temporary value T̃ n
ij is calculated at each active node

xij , thanks to a discretization of the Eikonal equation:

|∇T (x)|= 1.

• The discretization is:√√√√√√√ max

(
max

(
T̃n
ij−Tn

i−1j
∆x

, 0
)
,−min

(
Tn
i+1j−T̃n

ij

∆x
, 0
))2

+ max

(
max

(
T̃n
ij−Tn

ij−1
∆y

, 0
)
,−min

(
Tn
ij+1−T̃n

ij

∆y
, 0
))2 = 1.

• The calculation of T̃ n
ij from the T n

kl is upwind:

- Only the accepted values within the set
{
T n

i−1j ,T
n
i+1j ,T

n
ij−1,T

n
ij+1
}
are used

in the above formula.

- Only solutions T̃ n
ij larger than these accepted values are retained.

• In the end, the new trial value T n+1
ij is obtained as:

T n+1
ij = min

(
T̃ n

ij ,T
n
ij

)
.

69 / 118



The fast marching algorithm

• Initialization:

¶ Compute the exact distance function at the nodes of the cells which intersect
Γ, and mark them as accepted.

· Use the local update procedure to compute a trial value at the neighbor of
the accepted points which are not accepted, and mark them as active.

¸ Mark all the remaining nodes as far, and assign them the value ∞.

• Loop (while the set of active nodes is non empty):

¶ Travel the set of active nodes, and identify the one with minimum trial value.
This node becomes accepted.

· Identify the new set of active nodes, and compute a new trial value for each
one of them, using the local update solver for the Eikonal equation.
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Comments

• The method extends straightforwardly to general Eikonal equations:

c(x)|∇T (x)|= 1, where c(x) > 0.

• Computational cost: The fast marching method requires O(M log(M)) operations,
where M is the number of nodes in the grid:

- During every iteration, one value is accepted.

- The only costly operation within one iteration consists in searching in the list
of trial values which is the smallest.

- In practice, a heapsort algorithm is used to make this search effficient - in
O(log(M̃)), where M̃ is the number of trial values.

• Under mild hypotheses, one proves that the fast marching algorithm converges to
the solution to the Eikonal equation.

71 / 118



Extensions

• The fast marching method extends fairly straightforwardly to the case of a
Cartesian grid in 3d .

• It can also be extended (with some adjustments) to the cases of:

• A triangular mesh of the computational domain in R2,

• A triangulated surface embedded in R3,

• A tetrahedral mesh in R3.

• Other algorithms are available to calculate (signed) distance functions, e.g. the
fast sweeping method [Zhao].
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Miscellanies

• We have seen how well-adapted the level set framework is when it comes to
describing the evolution of a domain Ω(t), however dramatic (even if it involves
topological changes).

• On the other hand, several operations to be performed on Ω(t) may be difficult to
carry out in this implicit framework, since Ω(t) is not explicitely discretized.

⇒ Need for numerical tricks to perform these operations.

• In addition, several complementary features make it possible to substantially
improve the performance of the level set method.
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Operations within the level set framework (I)

¶ Evaluation of the normal vector, or the curvature of a domain.

Let Ω ⊂ Rd be a domain, φ be an associated level set function.

• The normal vector n(x) to Γ, pointing outward Ω, is approximated as:

n(x) ≈ ∇φ(x)√
|∇φ(x)|2+ε2

, for some ε� 1.

This formula is discretized depending on the computational support, e.g.:

- by using standard first-order finite differences, or a higher-order ENO
approximation on a Cartesian grid,

- by using P1 interpolation on a triangular mesh.

• The mean curvature κ of Γ is approximated as:

κ(x) ≈ div

(
∇φ(x)√
|∇φ(x)|2+ε2

)
.
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Operations within the level set framework (II)

· Evaluation of integrals on Ω or Γ.

Let f : Rd → R be a smooth function; we aim to calculate I =
∫

Ω
f (x) dx .

• We first devise an approximate characteristic function of Ω:

∀x ∈ Rd , χΩ(x) ≈ Hε(φ(x)), where Hε(t) :=
1
2

(
1− t√

t2 + ε2

)
.

• The resulting approximation of I reads:

I ≈
∫
Rd

f (x)Hε(φ(x)) dx .

0

H""

•

Approximation Hε (in red) of the characteristic function of (−∞, 0) (in blue).
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Operations within the level set framework (III)

· Evaluation of integrals on Ω or Γ (continued).

Let g : Rd → R be a smooth function; we aim to calculate J =
∫

Γ
g(x) ds.

• We rely on an approximation of the surface measure distribution δΓ on Γ:

∀ϕ ∈ C∞c (Rd), 〈δΓ, ϕ〉 =

∫
Γ

ϕ ds.

• A use of Green’s formula reveals that, in the sense of distributions:

δΓ = −∂χΩ

∂n
≈ − ∂

∂n
(Hε(φ)).

• The resulting formula for the calculation of J is:

J ≈ −
∫
Rd

∂

∂n
(Hε(φ(x))) g(x) dx .
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Operations within the level set framework (IV)

¸ Algebraic operations over sets.

Let Ω,Ω1,Ω2 ⊂ Rd be domains, and φ, φ1, φ2 be associated Level Set functions.

• One level set function φc for the complement cΩ of Ω is:

φc = −φ.

• One level set function φu for the reunion Ω1 ∪ Ω2 is:

φu = min(φ1, φ2).

• One level set function φi for the intersection Ω1 ∩ Ω2 is:

φu = max(φ1, φ2).
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Operations within the Level Set framework (V)

¹ Solving PDE on the domain Ω.

Consider the frequent situation:

• A domain Ω lies in a computational
box D, equipped with a mesh T .

• Ω is solely known via a level set
function φ defined on T .

• We aim to solve the PDE:{
−div(a∇u) + u = f in Ω,

∂u
∂n

= 0 on Γ.

D

⌦

A domain Ω, included in the computational
box D, equipped with a Cartesian grid.

No mesh of Ω is available.
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Operations within the level set framework (VI)

¹ Solving PDE on the domain Ω (continued).

• Idea: Approximate u with a function uε, solution to a PDE posed on D.

• For instance, let uε ∈ H1(D) be the solution to the system:{
−div(cεa∇u) + cεu = cεf in D,

∂u
∂n

= 0 on ∂D , where cε(x) =

{
1 for x ∈ Ω,
ε for x ∈ D \ Ω

;

In other words,

The void D \ Ω is filled with a material of very small conductivity ε� 1.

• It is possible to prove that:

||u − uε||H1(Ω)
ε→0−→ 0.

• The function uε can be calculated as an approximation of u by solving the
corresponding PDE on D.
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Level set redistancing (I)

• We have highlighted the importance, in practice, that the level set function φ(t, ·)
of Ω(t) stay “close” to a signed distance function for t ≥ 0.

• Unfortunately, even if the initial level set function φ0 is a signed distance function,
φ(t, ·) is bound not to stay so.

• In practice, it is a very important feature to restore periodically φ to a signed
distance function.

• One could simply generate the signed distance function, e.g. by using the fast
marching method.

• However, the situation is pretty different from that of the initialization: we have
one level set function at hand; it would be a pity not to exploit this fact.
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Level set redistancing (II)

• Let Ω ⊂ Rd be a domain, φ0 be an associated level set function (with possibly
very steep, or flat variations).

• φ0 is used as the initial state of the redistancing equation:{
∂ψ
∂t

(t, x) + sgn(φ0(x)) (|∇ψ|−1) = 0 for (t, x) ∈ (0,∞)× Rd

ψ(0, x) = φ0(x) for x ∈ Rd .

• Formally, the steady state ψ̃ of this equation satisfies

|∇ψ̃|−1 = 0, and ψ̃(x) = 0 on Γ.

• A study of this equation reveals that φ0 is steadily “regularized” into the signed
distance function dΩ, starting from Γ, to the region far from Γ.
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Level set redistancing (III)
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Level set redistancing (IV)

Practical use:

• In the numerical resolution of the level set equation{
∂φ
∂t

+ v |∇φ|= 0 on (0,T )× Rd ,
φ(t = 0, ·) = φ0 on Rd ,

periodically interrupt the process (say, every 4-5 iterations).

• At a corresponding time tn, solve the redistancing equation:{
∂ψ
∂t

(t, x) + sgn(φ(tn, x) (|∇ψ|−1) = 0 for (t, x) ∈ (0,∞)× Rd

ψ(0, x) = φ(tn, x) for x ∈ Rd

over a short period of time (0, t∗), using a numerical scheme in the spirit of those
presented above.

• Trade φ(tn, ·) for ψ(t∗, ·), and resume the resolution of the level set equation.
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Velocity extension

• The level set method requires V (t, x) to be defined on the whole ambient space
Rd (actually, a narrow band around Γ(t) is enough).

• Unfortunately, in many applications, V (t, x) only makes sense for x ∈ Γ(t), e.g.
when it involves the normal vector nt(x), the mean curvature κt(x), etc.

• Actually, even when V (t, x) can be “naturally” extended outside Γ(t), this
extension is often ill-suited, e.g. it anticipates the stretching of the level set
function φ(t, x).

• On the contrary, there is a great latitude on how to extend V (t, x) for x /∈ Γ(t);
the only strong requirement is that it should coincide with V (t, x) on Γ(t).

• We present two possibilities to achieve this velocity extension, with competing
assets.
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Normal extension of the velocity field (I)

• This extension “alleviates” the need for redistancing the level set function.

• Heuristic motivation: Assume that, for all t ≥ 0, the solution φ(t, ·) to the
equation with a (everywhere defined) normal velocity v

∂φ

∂t
(t, x) + v(t, x)|∇φ(t, x)|= 0

is the signed distance function to Ω(t); a formal calculation yields:

0 =
∂

∂t

(
|∇φ|2

)
= −2|∇φ|∇φ · ∇v − 2v∇φ · ∇ (|∇φ|) = −2∇φ · ∇v on Rd .

• Hence, a necessary condition for φ(t, ·) to stay a signed distance function when
the extension vext of a field v defined only for x ∈ Γ(t) is used reads:

∇vext(t, x) · ∇φ(t, x) = 0,

i.e. at any t ≥ 0, vext(t, ·) is constant along the (extended) normal nt .
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Normal extension of the velocity field (II)

• Numerical setting:

¶ The time interval (0,T ) is divided into subintervals (tn, tn+1), where
tn = n∆t,

· The level set equation is solved on each interval (tn, tn+1) with initial data
φn := φ(tn, ·), and velocity field vn := v(tn, ·).

• One method to stick with the previous observations is the following, at every stage
tn of the level set process:

¶ Calculate the signed distance function dΩn to Ωn.

· Calculate vn
ext as the solution to:{

∇vn
ext · ∇dn

Ω = 0 in Rd \ Γ(tn)
vn
ext = vn on Γ(tn).
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PDE-based extension of the velocity field

• Let Ω be a domain, v : Γ→ R be a (scalar) velocity field, to be extended into vext,
defined on a larger computational domain D.

• One possibility: Search for the solution vext ∈ H1(D) to the equation:{
−α∆vext + vext = 0 in D,

vext = v on ∂Ω
.

• α is a “small” diffusion parameter, controlling the degree of smoothing in vext

which is intrinsically ‘regular’ (vext ∈ H1(D)).

• Other possibilities: the constraint vext = v on Γ may be dropped. This could be
unacceptable in some situations, but prove very useful in others.
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The narrow band paradigm (I)

• In capturing the evolution of a domain Ω(t) by that of an associated level set
function φ(t, x), only the region of space which is near the 0 level set Γ(t) is of
interest.

• Hence, all the operations associated to the practice of the level set method,
namely:

- The initialization of a level set function for the domain Ω(0),

- The occasional redistancing of the Level Set function φ(t, ·) when it has
become too “steep”,

- The resolution of the Level Set evolution equation,

- The velocity extension procedure,

can be restricted to a narrow band around Γ(t).

• This allows to substentially decrease the CPU time of the process.
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The narrow band paradigm (II)

Close point

Far point

The narrow band

The narrow band setting: a tube of “close” points is maintained around Γ(t).
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The narrow band paradigm (III)

In practice,

• A narrow band B of close points is initialized around the boundary Γ(0), e.g. as
a tube of k elements around Γ(0).

• At every iteration n→ n + 1, an attempt step is carried out:

∀i , j ∈ Z s.t. xij ∈ B,
{
φn
ij

}
7→
{
φn+1
ij,temp

}
,

i.e. the level set evolution equation is solved only at the close points, (special
attention must be paid to the calculation of derivatives at the points near the
border of B).

• If the new front Γ(tn+1) is still inside B, accept the iteration; this can be
checked from the signs of the φij , for nodes xij near the border of B.

• Else, return to step n, reinitialize a narrow band B around Γ(tn), and retry the
iteration n→ n + 1.
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Example: image segmentation (I)

• A greyscale image is described by an intensity function I : [0, 1]2 → R.

• The image is composed of several objects, i.e. regions with different values of I .
One of them, ΩT , identified by the intensity IT is to be accurately separated from
the others.

• The idea of active contour methods is to track the evolution of a domain Ω(t),
starting from an arbitrary “initial guess” Ω0, according to a velocity field of the
form:

V (t, x) = (f0(x) + f1(κt(x)))nt(x),

where f0 and f1 are two scalar functions:

• f0 “attracts” the domain Ω(t) towards ΩT ,

• f1(κt(x)) compels Ω(t) to stay “smooth enough”.
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Example: image segmentation (II)

Three examples of segmentation in biomedial imaging [Credits: [WHL]].
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Example: bifluid flows (I)

As a result of the rupture of a dam, a water column discharges into a lower basin.

• The problem involves two complementary fluid phases Ω0(t), Ω1(t) ⊂ D.

• Ω0(t) is filled with water, Ω1(t) is made of air.

• The velocity V (t, x) of the motion is the solution to the two-phase Navier-Stokes
equations.
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Example: bifluid flows (II)

Evolution of a collapsing water column
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Example: shape optimization (I)

• Shape optimization aims at improving the performance of the initial design Ω0 of a
mechanical structure (e.g. a beam, a mechanical actuator,...) or a fluid duct, with
respect to a physical criterion.

• The problem arises under the form:

min
Ω∈Uad

J(Ω),

where

• J(Ω) is a cost functional, depending on Ω in a possibly very complicated way
(via the solution to a PDE posed on Ω). For instance,

- When Ω is a structure, J(Ω) may be the work of external forces on Ω,
a vibration frequency, etc.

- When Ω is a fluid duct, J(Ω) may account for the work of viscous
forces inside Ω.

• Uad is a set of admissible designs, which encompasses, e.g. volume, or
manufacturability constraints.
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Example: structural optimization (II)

• Techniques from shape optimization make it is possible to calculate a shape
gradient at a shape Ω, i.e. a vector field VΩ : Rd → Rd such that:

J((Id + τVΩ)(Ω)) < J(Ω), for τ > 0 small enough.

⌦•

•

•

•

(Id + V⌦)(⌦)

V⌦

• Starting from an initial design Ω0, the sequence of shapes

Ωn+1 := (Id + τ nVΩn )(Ωn), where τ n is a pseudo-time step,

evolves by decreasing the criterion J(Ω).
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Example: structural optimization (II)

We consider the optimization of an electric pylon Ω ⊂ R3.

• At its basis ΓD , the pylon is fixed to the
ground.

• It is submitted to the weight of the cables
attached to its arms, and to wind loads.

• The displacement uΩ : Ω → R3 is the
solution to the linear elasticity system.

• The compliance of the structure,

J(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx

is minimized under a volume constraint.
x

y

z �D

•

•

•

••

•

•
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Example: structural optimization (III)

x
y

z �D

•

•

•

••

•

•
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Optimization of the shape of a heat diffuser (I)

• A thermal chamber D is divided into

• A phase Ω with high conductivity γ1

• A phase D \Ω with low conductivity γ0.

• A temperature T0 = 0 is imposed on ΓD

and the remaining boundary ∂D \ ΓD is in-
sulated from the outside.

• A heat source is acting inside D.

• The temperature uΩ inside D is solution to
the two-phase Laplace equation.

• The average temperature inside D,

J(Ω) =
1
|D|

∫
D

uΩ dx

is minimized under a volume constraint.

D

⌦

�0

�1

�D
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Optimization of the shape of a heat diffuser (II)

Optimization of the shape of a heat diffuser.
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Optimization of the shape of a heat exchanger (I)

• A thermal chamber D is divided into

• A phase Ωf ,hot conveying a hot fluid;

• A phase Ωf ,cold conveying a cold fluid;

• A solid phase Ωs .

• The Navier-Stokes equations are satisfied in
Ωf ,hot, Ωf ,cold.

• The stationary heat equation accounts for
the temperature diffusion within D.

• The heat transferred from Ωf ,hot to Ωf ,cold
is maximized.

• A constraint is imposed on the minimal dis-
tance between Ωf ,hot and Ωf ,cold:

d(Ωf ,hot,Ωf ,cold) ≥ dmin.

• Volume and pressure drop constraints are
added on Ωf ,hot, Ωf ,cold.
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Optimization of the shape of a heat exchanger (II)

Optimization of the shape of a heat exchanger.
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Technical appendix
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Surfaces and curvature (I)

At first order, in the neighborhood of a point p ∈ Γ, a surface Γ behaves like a plane,
the tangent plane,

• With normal vector n(p),

• Which contains the tangential directions to Γ.

n(p)

�

• p
v
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Surfaces and curvature (II)

• At second order in the neighborhood of p ∈ Γ, the surface Γ has one curvature in
each tangential direction.

• The principal directions at p are those tangential directions v1(p) et v2(p)
associated to the lower and larger curvatures κ1(p) et κ2(p).

• The mean curvature κ(p) is the sum κ(p) = κ1(p) + κ2(p).

• p

n(p)

v1

v2

�
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The Green’s formula

Green’s formula is a generalization of integration by parts for functions defined on a
smooth bounded domain Ω ⊂ Rd .

In such a context,

• n = (n1, . . . , nd) is the unit normal vector to ∂Ω,
pointing outward Ω;

• ds is the integration measure on the oriented hy-
persurface ∂Ω.

<latexit sha1_base64="aoCj5kr9+YkzsiczxBngGkHqPSw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL96MYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t0JOsT9csWv+nOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxtfhxmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqcFmt3dcq9VoeRxFO4BTOIYArqMMtNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AF3pjvY=</latexit>

⌦

<latexit sha1_base64="yUaXGUYvNwCkYqPCWMk1IHLDprU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZbHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f5PGM9w==</latexit>x

<latexit sha1_base64="Gt3SMtwrav0sRe4r57kdxeNvtiQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJJFl9uhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBd0+N1A==</latexit>

n(x)

<latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>•

Proposition 3.
In the above setting, let u : Rd → R be a function of class C1; then∫

Ω

∂u

∂xi
(x) dx =

∫
∂Ω

uni (x) ds(x).
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Runge-Kutta integration of dynamical systems (I)

Let V : Rd → Rd be a (smooth) vector field; we consider the dynamical system{
x ′(t) = V (x(t)) for t ∈ (0,T ),

x(0) = x0,

for the trajectory t 7→ x(t) of a particle with velocity V .

<latexit sha1_base64="u/JiF18/ZG5TEIbgbopRmjh9x5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9TzeuWK53pzkFXi56QCOeq98le3n7AsRmmYoFp3fC81wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI/vLLq6R54fqXbvWuWqm5eRxFOIFTOAcfrqAGt1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AEHFo2U</latexit>

x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="8xCRVk6mF2iufM6nRBdTLReArV4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0ikqMeCF48V7Ae0oWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FQzF4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2xD8JdfXiXtS9e/cuv39WrDLeIowSmcQQ18uIYG3EETWkBgDM/wCm+OcF6cd+dj0brmFDMn8AfO5w9+s43U</latexit>

x(t)
<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•

Introducing a subdivision tn = n∆t of (0,T ), n = 0, . . . ,N := T/∆t, we aim to
calculate an approximation xn of x(tn).
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Runge-Kutta integration of dynamical systems (II)

The first-order, explicit Euler approximation of this dynamical system reads:{
xn+1 = xn + ∆tV (xn) for n = 0, . . . ,N − 1,

x0 = x0.

<latexit sha1_base64="dLxij+/jy/kDFZc0O5TvAJ4EH4k=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgadmVol6EghePFewHtGvJptk2NJtdkqy0LP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN3O/NYTU5rH8sFMEuZHZCB5yCkxVmqNH92bcc/tlSuu486BV4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNS91Us4TQERmwjqWSREz72fzcKT6zSh+HsbIlDZ6rvycyEmk9iQLbGREz1MveTPzP66QmvPYzLpPUMEkXi8JUYBPj2e+4zxWjRkwsIVRxeyumQ6IINTahkg3BW355lTQvHO/Sqd5XKzUnj6MIJ3AK5+DBFdTgDurQAAojeIZXeEMJekHv6GPRWkD5zDH8Afr8AYqJjv8=</latexit>

x0 = x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>• <latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="fn6Oo2aFvH1QTD5fwTPmx0b0Gsw=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxCRAi7EtSLENCDxwjmAckmzE5mkyGzD2Z6JWHJwYu/4sWDIl79CG/+jZNkD5pY0FBUddPd5UaCK7CsbyOzsrq2vpHdzG1t7+zumfsHdRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXc4fXUbzwwqXgY3MM4Yo5P+gH3OCWgpa6ZH3VsfIVHHQuf4vYNE0Aw4HpRCydds2CVrBnwMrFTUkApql3zq90LaeyzAKggSrVsKwInIRI4FWySa8eKRYQOSZ+1NA2Iz5STzJ6Y4GOt9LAXSl0B4Jn6eyIhvlJj39WdPoGBWvSm4n9eKwbv0kl4EMXAAjpf5MUCQ4inieAel4yCGGtCqOT6VkwHRBIKOrecDsFefHmZ1M9K9nmpfFcuVEppHFmUR0eoiGx0gSroFlVRDVH0iJ7RK3oznowX4934mLdmjHTmEP2B8fkDU/eVSg==</latexit>

x1 = x0 + �tV (x0)

<latexit sha1_base64="XuqRzcktLnXKpxaXk3enXnPpans=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoMQL8uuBPUY8OIxgtkEkhhmJ7PJmNmZZWZWDEv+wYsHRbz6P978GycPIb4KGoqqbrq7woQzbTzvw8ktLa+sruXXCxubW9s7xd29QMtUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMcXkz8xh1VmklxbUYJ7cS4L1jECDZWCoLy/Y1/3C2WfNebAnm/yJdVgjlq3eJ7uydJGlNhCMdat3wvMZ0MK8MIp+NCO9U0wWSI+7RlqcAx1Z1seu0YHVmlhyKpbAmDpuriRIZjrUdxaDtjbAb6pzcR//JaqYnOOxkTSWqoILNFUcqRkWjyOuoxRYnhI0swUczeisgAK0yMDaiwGML/JDhx/VO3clUpVd15HHk4gEMogw9nUIVLqEEdCNzCAzzBsyOdR+fFeZ215pz5zD58g/P2CXfTjlo=</latexit>

V (x1)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•<latexit sha1_base64="6her86q+92OdjdHBzsB5sE5OzvE=">AAAB6nicdZDNSgMxFIXv1L9a/6ou3QSL4GqYaWuru4IblxWtLbRjyaSZNjSTGZKMWIY+ghsXirj1idz5NmbaCip6IPBx7r3k3uPHnCntOB9Wbml5ZXUtv17Y2Nza3inu7t2oKJGEtkjEI9nxsaKcCdrSTHPaiSXFoc9p2x+fZ/X2HZWKReJaT2LqhXgoWMAI1sa6ur8t94slx3ac2kmtjjJwK5XKDJz6WQW5GRiVYKFmv/jeG0QkCanQhGOluq4Tay/FUjPC6bTQSxSNMRnjIe0aFDikyktnq07RkXEGKIikeUKjmft9IsWhUpPQN50h1iP1u5aZf9W6iQ5OvZSJONFUkPlHQcKRjlB2NxowSYnmEwOYSGZ2RWSEJSbapFMwIXxdiv6Hm7Lt1uzqZbXUsBdx5OEADuEYXKhDAy6gCS0gMIQHeIJni1uP1ov1Om/NWYuZffgh6+0TVTuNyg==</latexit>

x2

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="b2LeknsUEyPUkWn6BBWdYY2Xj3c=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJqa3uCm5cVrQXaGOZTKft0MkkzEzEEvoIblwo4tYncufbOGkrqOgPAx//OYc55w9izpR2nA8rt7S8srqWXy9sbG5t7xR395oqSiShDRLxSLYDrChngjY005y2Y0lxGHDaCsYXWb11R6VikbjRk5j6IR4KNmAEa2Nd3996vWLJsR2nclqpogxcz/Nm4FTPPeRmYFSCheq94nu3H5EkpEITjpXquE6s/RRLzQin00I3UTTGZIyHtGNQ4JAqP52tOkVHxumjQSTNExrN3O8TKQ6VmoSB6QyxHqnftcz8q9ZJ9ODMT5mIE00FmX80SDjSEcruRn0mKdF8YgATycyuiIywxESbdAomhK9L0f/QPLHdil2+Kpdq9iKOPBzAIRyDC1WowSXUoQEEhvAAT/BscevRerFe5605azGzDz9kvX0CVr+Nyw==</latexit>

x3

This method is only first-order accurate as ∆t → 0:

∀n ∈ 0, . . . ,N, |x(tn)− xn| ≤ C∆t for some constant C > 0.
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Runge-Kutta integration of dynamical systems (III)

According to the Runge-Kutta 2 method, the iterate xn+1 is obtained from xn by:

¶ An attempt step is performed
with the 1st-order Euler method:

x̃n+1 := xn + ∆tV (xn).

· Another attempt step is per-
formed from x̃n+1:

x̃n+2 := x̃n+1 + ∆tV (x̃n+1).

¸ The point xn+1 is obtained by av-
eraging:

xn+1 =
1
2

(xn + x̃n+2).

<latexit sha1_base64="dLxij+/jy/kDFZc0O5TvAJ4EH4k=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgadmVol6EghePFewHtGvJptk2NJtdkqy0LP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN3O/NYTU5rH8sFMEuZHZCB5yCkxVmqNH92bcc/tlSuu486BV4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNS91Us4TQERmwjqWSREz72fzcKT6zSh+HsbIlDZ6rvycyEmk9iQLbGREz1MveTPzP66QmvPYzLpPUMEkXi8JUYBPj2e+4zxWjRkwsIVRxeyumQ6IINTahkg3BW355lTQvHO/Sqd5XKzUnj6MIJ3AK5+DBFdTgDurQAAojeIZXeEMJekHv6GPRWkD5zDH8Afr8AYqJjv8=</latexit>

x0 = x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>• <latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="96cQPWAV5V8VTQuqDznBsyYQxbo=">AAACEHicbVDJSgNBEO1xjXEb9eilMYiKEGZE1IsQ0IPHCCYGMkno6anRJj0L3TVqGPIJXvwVLx4U8erRm39jZzm4PSh4vFdFVT0/lUKj43xaE5NT0zOzhbni/MLi0rK9slrXSaY41HgiE9XwmQYpYqihQAmNVAGLfAmXfvdk4F/egNIiiS+wl0IrYlexCAVnaKSOveXdigBQyADyu37bpcf0ru3QXeqdgkRGkda3jbDTsUtO2RmC/iXumJTIGNWO/eEFCc8iiJFLpnXTdVJs5Uyh4BL6RS/TkDLeZVfQNDRmEehWPnyoTzeNEtAwUaZipEP1+0TOIq17kW86I4bX+rc3EP/zmhmGR61cxGmGEPPRojCTFBM6SIcGQgFH2TOEcSXMrZRfM8U4mgyLJgT398t/SX2v7B6U98/3S5XyOI4CWScbZJu45JBUyBmpkhrh5J48kmfyYj1YT9ar9TZqnbDGM2vkB6z3L2IFmtE=</latexit>

ex1 = x0 + �tV (x0)

<latexit sha1_base64="XuqRzcktLnXKpxaXk3enXnPpans=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoMQL8uuBPUY8OIxgtkEkhhmJ7PJmNmZZWZWDEv+wYsHRbz6P978GycPIb4KGoqqbrq7woQzbTzvw8ktLa+sruXXCxubW9s7xd29QMtUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMcXkz8xh1VmklxbUYJ7cS4L1jECDZWCoLy/Y1/3C2WfNebAnm/yJdVgjlq3eJ7uydJGlNhCMdat3wvMZ0MK8MIp+NCO9U0wWSI+7RlqcAx1Z1seu0YHVmlhyKpbAmDpuriRIZjrUdxaDtjbAb6pzcR//JaqYnOOxkTSWqoILNFUcqRkWjyOuoxRYnhI0swUczeisgAK0yMDaiwGML/JDhx/VO3clUpVd15HHk4gEMogw9nUIVLqEEdCNzCAzzBsyOdR+fFeZ215pz5zD58g/P2CXfTjlo=</latexit>

V (x1)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•<latexit sha1_base64="o9UfKYZj+soqbrbghlap8AkK+tw="></latexit>

ex2 = ex1 + �tV (ex1)
<latexit sha1_base64="GgCPX1/momHRh5PMPX95p2187uU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadmEqDkGvHiMYB6QLGF20psMmZ1dZmaFsOQjvHhQxKvf482/cfICNRY0FFXddHcFieDaeN6Xk9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsXwwkwT9iA4lDzmjxkrtXpAKgaZfLHmuNwfx3Eq1VrmqkfJKWZESLNHoFz97g5ilEUrDBNW6W/YS42dUGc4ETgu9VGNC2ZgOsWuppBFqP5ufOyUXVhmQMFa2pCFz9edERiOtJ1FgOyNqRvqvNxP/87qpCWt+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFWwIay+vk1bFLV+71ftqqe4u48jDGZzDJZThBupwBw1oAoMxPMELvDqJ8+y8Oe+L1pyznDmFX3A+vgGgVI+3</latexit>•

<latexit sha1_base64="RdI49MI/fXOa5nnqdCfd3eQgojA=">AAACEHicbVDJSgNBEO1xN25Rj14agxgRhpkhai5CwIvHCGaBbPT01CSNPQvdPZow5BO8+CtePCji1aM3/8bOBm4PCh7vVVFVz405k8qyPo25+YXFpeWV1cza+sbmVnZ7pyqjRFCo0IhHou4SCZyFUFFMcajHAkjgcqi5Nxcjv3YLQrIovFaDGFoB6YbMZ5QoLXWyh/22jc9x0xeEpvYwdYb5ftvCx7h5xzxQjHuA+23nqJPNWaY1BrZMp1B0TorYnikzkkNTlDvZj6YX0SSAUFFOpGzYVqxaKRGKUQ7DTDOREBN6Q7rQ0DQkAchWOn5oiA+04mE/ErpChcfq94mUBFIOAld3BkT15G9vJP7nNRLlF1spC+NEQUgni/yEYxXhUTrYYwKo4gNNCBVM34ppj+hslM4wo0P48/JfUnVM+9QsXBVyJXMaxwraQ/soj2x0hkroEpVRBVF0jx7RM3oxHown49V4m7TOGdOZXfQDxvsXsZKbFA==</latexit>

x1 =
1

2
(x0 + ex2)

This method is second-order accurate:

∀n = 0, . . . ,N, |x(tn)− xn| ≤ C∆t2 for some constant C > 0.
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