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0LUURUV� OHQVHV DQG 0RQJHŋ$PSÑUH HTXDWLRQV

4XHQWLQ 0ÒULJRW DQG %RULV 7KLEHUW

,V LW SRVVLEOH WR VKDSH D SLHFH RI JODVV VR WKDW LW UHIUDFWV DQG FRQFHQ�
WUDWHV VXQOLJKW LQ RUGHU WR SURGXFH D JLYHQ LPDJH" 7KH PRGHOOLQJ
RI WKLV NLQG RI SUREOHP OHDGV WR QRQOLQHDU VHFRQG�RUGHU SDUWLDO GLI�
IHUHQWLDO HTXDWLRQV� ZKLFK EHORQJ WR WKH IDPLO\ RI 0RQJHŋ$PSÑUH
HTXDWLRQV� :H ZLOO VHH KRZ VHPL�GLVFUHWH PHWKRGV� WKDW FDQ EH
WUDFHG EDFN WR 0LQNRZVNLłV ZRUNV� DOORZ XV WR QXPHULFDOO\ VROYH
VXFK HTXDWLRQV�

� $QLGROLF RSWLFV DQG 0RQJH $PSÑUH W\SH HTXDWLRQV

,Q DQLGROLF RSWLFV� RU QRQ�LPDJLQJ RSWLFV� RQH VWXGLHV WKH GHVLJQ RI
GHYLFHV WKDW WUDQVIHU OLJKW HQHUJ\ EHWZHHQ D VRXUFH DQG D WDUJHW�
7KH JHQHUDO SUREOHP LV WR GHVLJQ WKH VKDSH RI D PLUURU �RU D OHQV�
WKDW UHĠHFWV �RU UHIUDFWV� WKH OLJKW HPLWWHG IURP D JLYHQ VRXUFH
WRZDUGV D WDUJHW ZKRVH JHRPHWU\ DQG LQWHQVLW\ GLVWULEXWLRQV DUH

SUHVFULEHG �VHH )LJXUHV � DQG ��� $SSOLFDWLRQV RI DQLGROLF RSWLFV
LQFOXGH WKH GHVLJQ RI VRODU RYHQV� SXEOLF OLJKWLQJ� FDU KHDGOLJKWV�
DQG PRUH JHQHUDOO\ WKH RSWLPL]DWLRQ RI WKH XVH RI OLJKW HQHUJ\ DQG
WKH UHGXFWLRQ RI OLJKW SROOXWLRQ�

1HDU�ğHOG DQG IDU�ğHOG OLJKW VRXUFHV
7KHUH H[LVWV PDQ\ GLIIHUHQW SUREOHPV LQ DQLGROLF RSWLFV� GHSHQGLQJ
IRU LQVWDQFH RQ WKH JHRPHWU\ RI WKH OLJKW VRXUFH� WKH W\SH RI RSWLFDO
FRPSRQHQW� DQG WKH WDUJHW WR EH LOOXPLQDWHG� 7KHVH SUREOHPV DUH
GLVWLQJXLVKHG LQ SDUWLFXODU E\ WKH VSDWLDO SRVLWLRQ RI WKH WDUJHW LOOX�
PLQDWLRQ� $ SUREOHP LV FDOOHG QHDU�ğHOG ZKHQ WKH WDUJHW LV ORFDWHG
ZLWKLQ D ğQLWH GLVWDQFH� L�H�� ZKHQ RQH ZLVKHV WR LOOXPLQDWH DQ DUHD
RI VSDFH VXFK DV D VFUHHQ� ,Q )LJXUHV � DQG �� WKH WDUJHW LOOXPLQDWLRQ
LV RQ D ZDOO� PDNLQJ WKH SUREOHP QHDU�ğHOG� 0RVW RI WKH LOOXVWUDWLRQV
LQ WKLV DUWLFOH FRUUHVSRQG QHDU�ğHOG WDUJHWV� +RZHYHU� ZH ZLOO ğUVW
FRQVLGHU WKH IDU�ğHOG FDVH� ZKLFK LV PDWKHPDWLFDOO\ VLPSOHU� DQG

)LJXUH �� 0LUURU WUDQVIRUPLQJ D SDUDOOHO� XQLIRUP OLJKW VRXUFH LQWR WKH VKDSH RI D WUDLQ
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)LJXUH �� /HQV WUDQVIRUPLQJ D SDUDOOHO OLJKW VRXUFH LQWR D KLNDUL

LQ ZKLFK WKH WDUJHW OLHV ŃDW LQğQLW\ń� LQ WKH VSDFH RI GLUHFWLRQV� ,Q
SUDFWLFH� WKLV PHDQV WKDW ZKHQ OLJKW LV UHĠHFWHG RU UHIUDFWHG IURP D
SRLQW RI WKH RSWLFDO FRPSRQHQW� ZH FDQ IRUJHW WKH VSDWLDO SRVLWLRQ
RI WKH UHĠHFWHG RU UHIUDFWHG UD\� NHHSLQJ RQO\ LWV GLUHFWLRQ� ZKLFK
FDQ WKHQ EH HQFRGHG E\ D XQLW YHFWRU� 1RWH WKDW LI WKH QHDU�ğHOG
WDUJHW LOOXPLQDWLRQ LV IDU DZD\ IURP WKH RSWLFDO FRPSRQHQW� HDFK
SRLQW RI WKH WDUJHW DOPRVW FRUUHVSRQGV WR D GLUHFWLRQ� VR WKDW WKH
IDU�ğHOG SUREOHP LV D JRRG DSSUR[LPDWLRQ RI WKH QHDU�ğHOG RQH
LQ WKLV VLWXDWLRQ� :H ZLOO VHH LQ 6HFWLRQ ��� WKDW RQH FDQ VROYH D
SUREOHP LQYROYLQJ D QHDU�ğHOG WDUJHW E\ LWHUDWLYHO\ VROYLQJ SUREOHPV
ZLWK IDU�ğHOG WDUJHWV�

:H ZLOO ğUVW SUHVHQW WZR IDU�ğHOG PLUURU SUREOHPV LQ WKHLU
FRQWLQXRXV IRUP� DV LOOXVWUDWHG LQ )LJXUH �� 7KHQ� ZH ZLOO H[SODLQ
KRZ WKHVH FRQWLQXRXV SUREOHPV FDQ EH DSSURDFKHG E\ GLVFUHWH
SUREOHPV� IROORZLQJ WKH VR�FDOOHG VXSSRUWLQJ TXDGULF PHWKRG LQ�
WURGXFHG E\ /XLV &DIIDUHOOL DQG 9ODGLPLU 2OLNHU� 7KLV PHWKRG FDQ
EH WUDFHG EDFN WR ZRUN RI +HUPDQQ 0LQNRZVNL DQG $OHNVDQGU
$OHNVDQGURY LQ FRQYH[ JHRPHWU\�
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&ROOLPDWHG VRXUFH

)LJXUH �� 0LUURU WUDQVIRUPLQJ OLJKW IURP D SRLQW VRXUFH �OHIW� RU FROOLPDWHG
OLJKW �ULJKW�

��� 0LUURU IRU D SRLQW OLJKW VRXUFH
,Q WKLV ğUVW SUREOHP� OLJKW LV HPLWWHG IURP D SRLQW 2� ZKLFK ZH
DVVXPH WR EH ORFDWHG DW WKH RULJLQ RI WKH VSDFH ਈ�� 7KH LQWHQVLW\ RI
WKH OLJKW VRXUFH LV PRGHOHG E\ D SUREDELOLW\ GHQVLW\ ྺ RQ WKH VSKHUH
RI GLUHFWLRQV ਟ�� /HW ; ǅ ਟ� GHQRWH WKH VXSSRUW RI WKH PHDVXUH ྺ�
)RU H[DPSOH� LI WKH OLJKW LV HPLWWHG LQ D VROLG FRQH� WKHQ ; LV D GLVF
RQ WKH VSKHUH� 7KH TXDQWLW\ RI OLJKW HPDQDWLQJ IURP D PHDVXUDEOH
VHW RI GLUHFWLRQV $ ǅ ; LV JLYHQ E\ ྺ	$
� )RU WKH IDU�ğHOG SUREOHP�
WKH WDUJHW LV GHVFULEHG E\ D SUREDELOLW\ PHDVXUH ྻ RQ WKH VSKHUH RI
GLUHFWLRQV ਟ�� ZKLFK WKHQ UHSUHVHQWV WKH GLUHFWLRQV ŃDW LQğQLW\ń� L�H��
DIWHU UHĠHFWLRQ� /HW < ǅ ਟ� GHQRWH WKH VXSSRUW RI WKH PHDVXUH ྻ�

7KH LQYHUVH SUREOHP FRQVLGHUHG KHUH FRQVLVWV LQ FRQVWUXFWLQJ
WKH VXUIDFH  RI D PLUURU ZKLFK ZLOO WUDQVSRUW WKH LQWHQVLW\ ྺ RI
WKH OLJKW VRXUFH WR WKH GHVLUHG OLJKW GLVWULEXWLRQ ྻ DW LQğQLW\ XVLQJ
6QHOOłV ODZ RI UHĠHFWLRQ� )RU H[DPSOH� LI WKH WDUJHW PHDVXUH LV D
'LUDF PDVV ྲ\� PHDQLQJ WKDW ZH ZDQW WR UHĠHFW DOO WKH OLJKW LQ
D VLQJOH GLUHFWLRQ \� WKHQ WKH VKDSH RI WKH PLUURU LV JLYHQ E\ D
SDUDERORLG RI UHYROXWLRQ�

/HW ίȃ V ȃΰ GHQRWH WKH (XFOLGHDQ VFDODU SURGXFW RQ ਈ�� $Q LQ�
FLGHQW UD\ [ Ŗ ਟ� LV UHĠHFWHG E\ D VXUIDFH  LQ WKH GLUHFWLRQ
5	[
 � [ Ş ί[ V Q	[
ΰQ	[
� ZKHUH Q	[
 LV WKH XQLW YHFWRU QRUPDO WR
WKH VXUIDFH  DW WKH SRLQW WRXFKHG E\ WKH GLUHFWLRQ [ DQG RULHQWHG
VR WKDW ί[ V Q	[
ΰ Ƨ �� 7KH VXUIDFH  VROYHV WKH LQYHUVH PLUURU SURE�
OHP LI 5 WUDQVSRUWV WKH VRXUFH PHDVXUH ྺ WR WKH WDUJHW PHDVXUH ྻ�
LQ WKH VHQVH WKDW IRU DQ\ PHDVXUDEOH VXEVHW % RI WKH VSKHUH RQH
KDV

Ŏ% ǉ ਟ�
 ྻ	%
 � ྺऐ5ַ�	%
ऑ�
1RWH WKDW WKH SUHVHUYDWLRQ RI RYHUDOO OLJKW TXDQWLW\ ZDV DOUHDG\
HQVXUHG E\ KDYLQJ FKRVHQ SUREDELOLW\ PHDVXUHV� L�H�� ྺ	ਟ�
 �ྻ	ਟ�
 � �� 1RZ DVVXPH WKDW ྺ DQG ྻ DUH DEVROXWHO\ FRQWLQXRXV
PHDVXUHV ZLWK UHVSHFW WR WKH DUHD PHDVXUH RQ WKH VSKHUH� /HWྺ	[
 � ྿	[
G[ DQG ྻ	[
 � ࿁	[
G[� ZKHUH ྿ DQG ࿁ DUH WKH GHQVL�
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WLHV RI ྺ DQG ྻ UHVSHFWLYHO\� 7KH SUHYLRXV HTXDWLRQ WKHQ UHDGV
Ŏ% ǉ ਟ�


ª
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ª
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G[� ���

6XSSRVH IXUWKHUPRUH WKDW WKH GHQVLWLHV ྿ HW ࿁ DUH FRQWLQXRXV
DQG WKDW 5 LV D GLIIHRPRUSKLVP IURP ; WR < � %\ WKH FKDQJH
RI YDULDEOH \ � 5	[
� WKH ODVW HTXDWLRQ LV WKHQ HTXLYDOHQW WR࿁	5	[

 GHW	'5	[

 � ྿	[
 IRU DQ\ [ Ŗ ;�

6LQFH WKH PLUURU UHĠHFWV UD\V HPLWWHG IURP WKH RULJLQ� ZH ZLOO
DVVXPH WKDW WKH VXUIDFH  LV UDGLDOO\ SDUDPHWUL]HG E\ [ Ŗ ਟ� Ĕ
X	[
[� ZKHUH X ƀ ਟ� Ā ਈ֪ LV D SRVLWLYH IXQFWLRQ WKDW PXVW EH
GHWHUPLQHG� 7KH XQLW QRUPDO WR WKH VXUIDFH  DW WKH SRLQW [X	[

DQG WKH GLUHFWLRQ RI WKH UHĠHFWHG UD\ FDQ ERWK EH H[SUHVVHG DV D
IXQFWLRQ RI [ DQG RI WKH JUDGLHQW ŕX	[
 Ŗ 7[ਟ��

5X	[
 � [Şί[ V QX	[
ΰQX	[
 DQG QX	[
 � ŕX	[
 Ş X	[
[bϣ
¿ŕX	[
ϣ¿� 	 X	[
� �

7KLV DOORZV XV WR IRUPXODWH WKH SUREOHP DV D V\VWHP RI SDUWLDO GLI�
IHUHQWLDO HTXDWLRQV� L�H�� WKH SUREOHP RI ğQGLQJ D SRVLWLYH IXQFWLRQ
X ƀ ਟ� Ā ਈ֪ RI FODVV � ZKLFK VDWLVğHV

̍̎
̏
࿁ऐ5X	[
ऑ GHWऐ'5X	[
ऑ � ྿	[


5X EH D GLIIHRPRUSKLVP IURP ; WR < �

�0LU�3RQF�&�

7KH ğUVW OLQH RI HTXDWLRQ �0LU�3RQF�&� LQYROYHV WKH GHWHUPLQDQW
RI D TXDQWLW\ ZKLFK GHSHQGV RQ WKH VHFRQG GHULYDWLYHV RI X� 7KLV
HTXDWLRQ EHORQJV WR WKH IDPLO\ RI 0RQJHŋ$PSÑUH HTXDWLRQV� 1RWH
WKDW WKH UHTXLUHPHQW WKDW 5X LV D GLIIHRPRUSKLVP LV QRQ�VWDQGDUG
DQG GLIğFXOW WR KDQGOH� ,Q SUDFWLFH� LW LV UHSODFHG E\ D FRQGLWLRQ RQ
X ZKLFK LV DNLQ WR FRQYH[LW\� DQG E\ WKH VR�FDOOHG VHFRQG ERXQGDU\
FRQGLWLRQ 5X	;
 � < � 7KHVH WZR FRQGLWLRQV HQVXUH WKH HOOLSWLFLW\
RI WKH SUREOHP� &DIIDUHOOL DQG 2OLNHU SURYHG LQ ���� >�@ WKH H[�
LVWHQFH RI ZHDN VROXWLRQV WR WKLV HTXDWLRQ� L�H�� WKH H[LVWHQFH RI
D ORFDOO\ /LSVFKLW] IXQFWLRQ X VXFK WKDW WKH DSSOLFDWLRQ 5 GHğQHG
E\ WKH ODVW WZR OLQHV RI �0LU�3RQF�&� VDWLVğHV ���� 7KH H[LVWHQFH RI
UHJXODU VROXWLRQV WR WKH SUREOHP �0LU�3RQF�&� LV GXH WR :DQJ DQG
*XDQ >���@�

��� 0LUURU IRU D FROOLPDWHG OLJKW VRXUFH
:H QRZ SUHVHQW D VHFRQG LQYHUVH SUREOHP DULVLQJ LQ DQLGROLF RS�
WLFV� 7KLV WLPH WKH OLJKW VRXUFH LV FROOLPDWHG� ZKLFK PHDQV WKDW DOO
WKH UD\V RI OLJKW HPLWWHG E\ WKH VRXUFH DUH SDUDOOHO� :H IXUWKHU�
PRUH DVVXPH WKDW WKH\ DUH SRVLWLYHO\ FROOLQHDU WR WKH YHUWLFDO YHFWRU
H] � 	�
 �
 �
 DQG HPLWWHG IURP D GRPDLQ RI WKH KRUL]RQWDO SODQH
; ǅ ਈ� c \�^� )RU FRQYHQLHQFH� ZH ZLOO LGHQWLI\ ਈ� DQG ਈ� c \�^�
:H DVVXPH WKDW WKH VXUIDFH RI WKH RSWLFDO FRPSRQHQW LV VPRRWK
DQG SDUDPHWUL]HG E\ D KHLJKW IXQFWLRQ X ƀ ; Ā ਈ� 7KH LQWHQVLW\
RI WKH OLJKW VRXUFH LV PRGHOHG E\ D SUREDELOLW\ PHDVXUH ྺ RQ ;�
$V LQ WKH SUHYLRXV FDVH� WKH LQWHQVLW\ RI WKH WDUJHW LOOXPLQDWLRQ LV
PRGHOHG E\ D SUREDELOLW\ PHDVXUH ྻ RQ WKH VSKHUH RI GLUHFWLRQV

DW LQğQLW\� $W HDFK SRLQW 	[
 X	[

 RI WKH RSWLFDO FRPSRQHQW� WKH
JUDGLHQW ŕX	[
 HQFRGHV WKH GLUHFWLRQ RI WKH QRUPDO WR WKH VXUIDFH
DQG ZH GHQRWH E\ )	ŕX	[

 Ŗ ਟ� WKH GLUHFWLRQ RI WKH UD\ UHĠHFWHG
E\ 6QHOOłV ODZ� 7KH UHĠHFWRU GHğQHG E\ X VROYHV WKH LQYHUVH PLUURU
SUREOHP EHWZHHQ ྺ DQG ྻ LI IRU DQ\ PHDVXUDEOH VHW % ǅ ਟ� RQH
KDV ྻ	%
 � ྺऐ	) Ť ŕX
ַ�	%
ऑ�
/HW XV LQWURGXFH WKH PHDVXUH mྻ GHğQHG E\ mྻ	%
 � ྻ	)	%

� ZKLFK
LV VXSSRUWHG RQ ਈ�� :H DVVXPH WKDW ྺ DQG mྻ DUH DEVROXWHO\ FRQ�
WLQXRXV ZLWK UHVSHFW WR WKH /HEHVJXH PHDVXUH� ZLWK FRQWLQXRXV
GHQVLWLHV ྿ DQG ࿁� DQG WKDW [ Ĕ ŕX	[
 LV D GLIIHRPRUSKLVP RQ LWV
LPDJH� 7KHQ� ZLWK WKH FKDQJH RI YDULDEOH \ � ŕX	[
� WKH LQYHUVH
PLUURU SUREOHP IRU D FROOLPDWHG VRXUFH FDQ DOVR EH SKUDVHG DV D
SDUWLDO GLIIHUHQWLDO HTXDWLRQ�

̍̎
̏
࿁ऐŕX	[
ऑ GHWऐ'�X	[
ऑ � ྿	[


) Ť ŕX LV D GLIIHRPRUSKLVP IURP ; WR < �

�0LU�&ROO�&�

:H ğQDOO\ QRWH WKDW LI X LV VPRRWK DQG VWURQJO\ FRQYH[ �RU VWURQJO\
FRQFDYH�� WKH DSSOLFDWLRQ ŕX LV D GLIIHRPRUSKLVP RQ LWV LPDJH�

��� /HQVHV
7KH FRQVWUXFWLRQ RI OHQVHV WKDW WUDQVIRUP D OLJKW VRXUFH LQWR D WDUJHW
LOOXPLQDWLRQ SUHVFULEHG DW LQğQLW\ DUH VLPLODU DQG DUH DOVR GHVFULEHG
E\ 0RQJHŋ$PSÑUH W\SH HTXDWLRQV� $V ZLWK PLUURUV� ZKHQ WKH OLJKW
LV HPLWWHG IURP D SRLQW� WKH HTXDWLRQ WR EH VROYHG LV RQ WKH VSKHUH
DQG ZKHQ WKH OLJKW VRXUFH LV FROOLPDWHG� LW LV RQ WKH SODQH� ,Q WKHVH
SUREOHPV� WKH OLJKW VRXUFH SDVVHV WKURXJK WKH VXUIDFH RI RQH VLGH
RI WKH OHQV� HLWKHU ĠDW RU VSKHULFDO� DQG WKH DLP LV WR FRQVWUXFW WKH
VXUIDFH RI WKH RWKHU VLGH RI WKH OHQV VXFK WKDW LW UHIUDFWV WKH OLJKW
RQWR D SUHVFULEHG WDUJHW LOOXPLQDWLRQ DW LQğQLW\� :H GR QRW GHWDLO
WKH PRGHOOLQJ RI WKHVH SUREOHPV KHUH� EXW ZH ZLOO VKRZ UHVXOWV
ZLWK OHQVHV DW WKH HQG�

� *HRPHWULF GLVFUHWL]DWLRQ RI 0RQJHŋ$PSÑUH HTXDWLRQV

7KH WZR LQYHUVH SUREOHPV LQ DQLGROLF RSWLFV GHVFULEHG LQ WKH SUHYL�
RXV VHFWLRQ HDFK LQYROYH WZR VHWV ; DQG < � RQ ZKLFK ZH KDYH WZR
SUREDELOLW\ PHDVXUHV ྺ DQG ྻ UHVSHFWLYHO\� UHSUHVHQWLQJ WKH OLJKW
VRXUFH DQG WKH GHVLUHG WDUJHW LOOXPLQDWLRQ� :H VDZ WKDW ZKHQ WKHVH
PHDVXUHV DUH DEVROXWHO\ FRQWLQXRXV� WKH SUREOHPV RI FRQVWUXFWLRQ
RI RSWLFDO FRPSRQHQWV FRUUHVSRQG WR SDUWLDO GLIIHUHQWLDO HTXDWLRQV
RI 0RQJHŋ$PSÑUH W\SH�

7KH PRVW GLUHFW PHWKRG WR VROYH D SDUWLDO GLIIHUHQWLDO HTXDWLRQ
QXPHULFDOO\ LV WR DSSUR[LPDWH WKH GRPDLQ ; ZLWK D GLVFUHWH JULG DQG
WR UHSODFH WKH SDUWLDO GHULYDWLYHV ZLWK GLIIHUHQFHV RI WKH YDOXHV RI
WKH IXQFWLRQ DW WKH SRLQWV RI WKH JULG GLYLGHG E\ WKH JULG VWHS� ,Q WKH

�� (06 0$*$=,1( ��� ������



FDVH RI 0RQJHŋ$PSÑUH HTXDWLRQV� WKH DSSOLFDWLRQ RI WKHVH PHWK�
RGV LV PDGH GLIğFXOW E\ WKH QRQ�OLQHDULW\ RI WKH 0RQJHŋ$PSÑUH
RSHUDWRU DQG E\ WKH GLIIHRPRUSKLVP FRQGLWLRQ� :H UHIHU WR WKH
ZRUN RI $GDP 2EHUPDQ� %ULWWDQ\ )URHVH� -HDQ�'DYLG %HQDPRX DQG
-HDQ�0DULH 0LUHEHDX IRU WKLV OLQH RI UHVHDUFK�

,Q UHFHQW \HDUV� DOWHUQDWLYH PHWKRGV� FDOOHG VHPL�GLVFUHWH PHWK�
RGV� KDYH EHHQ XVHG WR GLVFUHWL]H DQG QXPHULFDOO\ VROYH 0RQJHŋ
$PSÑUH W\SH HTXDWLRQV DULVLQJ IURP RSWLPDO WUDQVSRUW� ,Q RUGHU
WR DSSO\ WKLV PHWKRG� RQH DVVXPHV WKDW RQH RI WKH WZR PHD�
VXUHV ྺ RU ྻ LV DEVROXWHO\ FRQWLQXRXV� ZKLOH WKH RWKHU LV ğQLWHO\
VXSSRUWHG� +HUH ZH DVVXPH WKDW ྺ KDV D GHQVLW\ ྺ	[
 � ྿	[
G[
RQ WKH VSDFH ; DQG WKDW ྻ LV D GLVFUHWH PHDVXUH RQ WKH VSDFH
< � \\�
Ã
 \1^� L�H�� ྻ � ႃ�ֺ Lֺ1 ྲ\LྻL ZKHUH ྲ\L LV WKH 'LUDF PDVV
LQ \L�

,Q WKLV VHFWLRQ� ZH GHVFULEH WKH VHPL�GLVFUHWH YDULDQW RI WKH
WZR IDU�ğHOG PLUURU SUREOHPV VHHQ LQ WKH SUHYLRXV VHFWLRQ� OHDYLQJ
DVLGH WKH SUREOHP RI FRQYHUJHQFH RI WKH VROXWLRQV WR WKH GLVFUHWH
SUREOHPV WRZDUGV WKRVH WR WKH FRQWLQXRXV SUREOHPV� 7KHVH FRQ�
VWUXFWLRQV JLYH ULVH WR HTXDWLRQV ZKLFK FDQ QDWXUDOO\ EH VHHQ DV
GLVFUHWH 0RQJHŋ$PSÑUH HTXDWLRQV� :H DOVR SURSRVH DQ HFRQRPLF
LQWHUSUHWDWLRQ E\ DGGUHVVLQJ WKH EDNHULHV SUREOHP�

��� 0LUURU IRU D SRLQW OLJKW VRXUFH
/HW XV JR EDFN WR WKH SUREOHP RI FRQVWUXFWLQJ PLUURUV WKDW WUDQV�
IRUP WKH OLJKW HPLWWHG E\ D SRLQW OLJKW VRXUFH �VHH 6HFWLRQ ����� $V
LQ WKH SUHYLRXV VHFWLRQ� WKH OLJKW VRXUFH LV PRGHOHG E\ D FRQWLQXRXV
SUREDELOLW\ GHQVLW\ ྿ RQ WKH VSKHUH RI GLUHFWLRQV ਟ�� ZKRVH VXSSRUW
;ᆐ ƀ� \[ Ŗ ਟ�
 ྿	[
 � �^ FRUUHVSRQGV WR WKH VHW RI GLUHFWLRQV LQ
ZKLFK OLJKW LV HPLWWHG� 7KLV WLPH ZH DVVXPH WKDW WKH GHVLUHG WDUJHW
LOOXPLQDWLRQ LV GHVFULEHG E\ D SUREDELOLW\ PHDVXUH ྻ � ႃ�ֺ Lֺ1 ྲ\LྻL
VXSSRUWHG RQ D VHW < � \\�
Ã
 \1^ ǅ ਟ� RI GLVWLQFW GLUHFWLRQV�
7KH SUREOHP LV VWLOO WR ğQG WKH PLUURU VXUIDFH  WKDW ZLOO UHĠHFW WKH
PHDVXUH ྺ RQWR WKH PHDVXUH ྻ XQGHU 6QHOOłV ODZ� EXW WKLV WLPH WKH
WDUJHW PHDVXUH ྻ LV GLVFUHWH�
0LUURU FRPSRVHG RI SDUDERORLG SLHFHV
:H XVH WKH PHWKRG RI VXSSRUWLQJ SDUDERORLGV SURSRVHG E\ &DI�
IDUHOOL DQG 2OLNHU LQ ���� >�@� ZKLFK ZDV RULJLQDOO\ GHYHORSHG WR
VKRZ WKH H[LVWHQFH RI ZHDN VROXWLRQV LQ WKH FDVH ZKHUH ERWK
PHDVXUHV DUH DEVROXWHO\ FRQWLQXRXV� &DIIDUHOOL DQG 2OLNHUłV LGHD
LV EDVHG RQ D ZHOO�NQRZQ SURSHUW\ RI SDUDERORLGV RI UHYROXWLRQ�
D SDUDERORLG RI UHYROXWLRQ ZLWK IRFDO SRLQW 2 DQG GLUHFWLRQ \ UH�
ĠHFWV DQ\ UD\ FRPLQJ IURP SRLQW 2 WR WKH GLUHFWLRQ \� ,W LV WKXV
QDWXUDO WR VHHN WR FRQVWUXFW D PLUURU ZKRVH VXUIDFH LV FRPSRVHG
RI SLHFHV RI SDUDERORLGV� HDFK SDUDERORLG LOOXPLQDWLQJ D GLUHF�
WLRQ \L�

0RUH SUHFLVHO\� ZH WDNH ࿆ � 	࿆�
Ã
࿆1
 Ŗ ਈ1 DQG GHQRWH E\
3	\L
࿆L
 WKH VROLG �L�H� ğOOHG� SDUDERORLG RI GLUHFWLRQ \L� ZLWK IRFDO
SRLQW DW WKH RULJLQ 2 DQG IRFDO GLVWDQFH ࿆L� 7KLV PHDQV WKDW

�

�
࿆L LV

WKH GLVWDQFH EHWZHHQ 2 DQG WKH SDUDERORLGłV FORVHVW SRLQW WR 2�

:H GHğQH E\ ᆗ WKH VXUIDFH ERUGHULQJ WKH LQWHUVHFWLRQ RI WKH VROLG
SDUDERORLGV 3	\L
࿆L
�

ᆗ � థ́̃ ͬ

�ֺ Lֺ1

3	\L
࿆L
̄̆�

)RU HDFK L Ŗ \�
Ã
1^ ZH GHQRWH E\ 9L	࿆
 WKH VHW RI UD\V [ Ŗ ਟ�

HPLWWHG E\ WKH OLJKW VRXUFH DQG UHĠHFWHG E\ 6QHOOłV ODZ LQ WKH
GLUHFWLRQ \L� 7KLV VHW LV FDOOHG WKH L�WK YLVLELOLW\ FHOO RI WKH PLUURUᆗ� %\ FRQVWUXFWLRQ� LW FRUUHVSRQGV WR WKH UDGLDO SURMHFWLRQ RIᆗ ų థ3	\L
࿆L
 RQWR WKH VSKHUH �VHH )LJXUH ���

$ VLPSOH FDOFXODWLRQ VKRZV WKDW WKH LQWHUVHFWLRQ RI WZR FRQ�
IRFDO SDUDERORLGV థ3	\L
࿆L
 DQG థ3	\M
࿆M
 LV LQFOXGHG LQ D SODQH
FXUYH� 3URMHFWLQJ UDGLDOO\ RQWR WKH XQLW VSKHUH� WKLV LPSOLHV WKDW
WKH LQWHUVHFWLRQ RI WZR YLVLELOLW\ FHOOV 9L	࿆
 ų 9M	࿆
 LV LQFOXGHG LQ D
FXUYH RQ WKH VSKHUH� :H GHGXFH WKDW WKH VHW RI YLVLELOLW\ FHOOV IRUPV
D SDUWLWLRQ RI WKH VSKHUH ਟ�� XS WR D VHW RI PHDVXUH ]HUR�

7KH SDUDERORLG RI UHYROXWLRQ థ3	\N
࿆N
 FDQ EH SDUDPHWUL]HG
UDGLDOO\ E\ WKH IXQFWLRQ [ Ŗ ਟ� Ĕ [྿N	[
� ZKHUH ྿N	[
 �࿆N�	� Ş ί[ V \Lΰ
 Ŗ ਈ� :H GHGXFH WKDW [ EHORQJV WR WKH YLVLELO�
LW\ FHOO 9L	࿆
 LI DQG RQO\ LI WKH GLVWDQFH ྿L	[
 LV VPDOOHU WKDQ WKH
GLVWDQFHV ྿M	[
 IRU M Ŗ \�
Ã
1^� &RPSRVLQJ ZLWK WKH ORJDULWKP
WR OLQHDUL]H WKH H[SUHVVLRQ LQ ࿆� ZH REWDLQ DQ H[SOLFLW H[SUHVVLRQ
IRU WKH YLVLELOLW\ FHOOV

9L	࿆
 � च[ Ŗ ਟ� ŭ ŎM
 F	[
 \L
 	 OQ	࿆L
 Ƨ F	[
 \M
 	 OQ	࿆M
छ

ZKHUH F	[
 \
 � Ş OQ	� Ş ί[ V \ΰ
�

%\ FRQVWUXFWLRQ� HDFK UD\ HPLWWHG E\ WKH SRLQW VRXUFH DQG EH�
ORQJLQJ WR WKH FHOO 9L	࿆
 KLWV WKH PLUURUᆗ DW D SRLQW ZKLFK EHORQJV
WR WKH SDUDERORLG థ3	\L
࿆L
 DQG ZKLFK LV UHĠHFWHG LQ WKH GLUHFWLRQ
\L� 7KH TXDQWLW\ RI OLJKW UHFHLYHG LQ WKH GLUHFWLRQ \L LV WKHUHIRUH
H[DFWO\ WKH TXDQWLW\ RI OLJKW HPDQDWLQJ IURP WKH YLVLELOLW\ FHOO 9L	࿆
�
L�H�� ྺ	9L	࿆

� 7KH GHVLUHG TXDQWLW\ RI OLJKW LQ WKH GLUHFWLRQ \L LVྻL� 7KH HTXDWLRQ WR EH VROYHG LV WKHUHIRUH ྺ	9L	࿆

 � ྻL IRU DQ\
L Ŗ \�
Ã
1^� 0RUHRYHU� QRWH WKDW D SDUDERORLG RI UHYROXWLRQ LV
RQO\ GHWHUPLQHG E\ LWV IRFDO SRLQW� LWV GLUHFWLRQ DQG LWV IRFDO GLV�
WDQFH� 7KH IUHH SDUDPHWHU UHPDLQLQJ IRU HDFK SDUDERORLG థ3	\L
࿆L

LV WKH IRFDO GLVWDQFH ࿆L�

\�
�3ݼ

9�	ᆗ

\�

�3ݼ� ᆌ ֮ ᆃ\�ᆌ� ֪ ᆃ\�ᆌ� ֪ ᆃ\�ᆌ�	ਟ�֫ᆋ

	ਟ�֫ᆌ
�3ݼ

\�

)LJXUH �� 0LUURU FRPSRVHG RI WKUHH SLHFHV RI SDUDERORLGHV UHĠHFWLQJ LQ WKUHH
GLUHFWLRQV
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)RUPXODWLRQ RI WKH SUREOHP
7KH VHPL�GLVFUHWH IDU�ğHOG PLUURU SUREOHP IRU D SRLQW VRXUFH FDQ
EH IRUPXODWHG DV WKH SUREOHP RI ğQGLQJ IRFDO GLVWDQFHV ࿆ �	࿆�
Ã
࿆1
 Ŗ ਈ1 WKDW VDWLVI\

ŎL
 ྺऐ9L	࿆
ऑ � ྻL �0LU�3RQF�6'�

ZKHUH F	[
 \
 � Ş OQ	� Ş ί[ V \ΰ
 DQG ZKHUH

9L	࿆
 � च[ ŭ ŎM
 F	[
 \L
 	 OQ	࿆L
 Ƨ F	[
 \M
 	 OQ	࿆M
छ�
:H ZLOO VHH LQ 6HFWLRQ � KRZ WR VROYH VXFK V\VWHPV RI HTXDWLRQV�
1RWH WKDW LI ࿆ Ŗ ਈ1 LV D YHFWRU RI IRFDO GLVWDQFHV VROYLQJ WKH PLUURU
SUREOHP IRU D SRLQW�OLNH VRXUFH� WKHQ WKH VXUIDFH RI WKH PLUURU LV
SDUDPHWUL]HG E\

ᆗ ƀ [ Ŗ ਟ� Ĕ PLQ
L

࿆L

� Ş ί[ V \Lΰ [�

,Q WKH QXPHULFDO H[SHULPHQWV� ZH DVVXPH WKDW WKH WDUJHW LOOXPLQD�
WLRQ ྻ LV LQFOXGHG LQ WKH KDOI�VSKHUH ਟ�

ַ ƀ� \[ Ŗ ਟ�
 ί[ V H]ΰ Ƨ �^�
WKDW WKH VXSSRUW ;ᆐ RI ྿ LV LQFOXGHG LQ WKH KDOI�VSKHUH ਟ�

֪ ƀ� \[ Ŗਟ�
 ί[ V H]ΰ ƨ �^� DQG WKDW WKH PLUURU LV SDUDPHWUL]HG DERYH WKH
GRPDLQ ;ᆐ�
5HPDUN ���� 7KH PLUURU VXUIDFH LV E\ FRQVWUXFWLRQ WKH ERXQG�
DU\ RI D FRQYH[ VHW� L�H�� WKH LQWHUVHFWLRQ RI WKH VROLG SDUDERORLGV
3	\�
࿆�

Ã
 3	\1
࿆1
� ,W LV DOVR SRVVLEOH WR FRQVWUXFW D PLUURU
FRQWDLQHG LQ WKH ERXQGDU\ RI WKH XQLRQ RI VROLG SDUDERORLGV UDWKHU
WKDQ DQ LQWHUVHFWLRQ� 7KLV SURGXFHV PLUURUV WKDW DUH VRPHZKDW OHVV
LQWHUHVWLQJ LQ SUDFWLFH� DV WKH\ DUH QHLWKHU FRQYH[ QRU FRQFDYH�

��� 0LUURU IRU D FROOLPDWHG OLJKW VRXUFH
/HW XV QRZ FRQVLGHU WKH PLUURU SUREOHP IRU D FROOLPDWHG OLJKW VRXUFH�
DOUHDG\ VHHQ LQ 6HFWLRQ ���� $V EHIRUH� WKH SUREDELOLW\ PHDVXUH PRG�
HOOLQJ WKH OLJKW VRXUFH KDV D GHQVLW\ ྿ ZLWK UHVSHFW WR WKH /HEHVJXH
PHDVXUH RQ WKH SODQH� +RZHYHU WKH SUREDELOLW\ PHDVXUH PRGHOOLQJ
WKH WDUJHW LOOXPLQDWLRQ LQWHQVLW\ LV GLVFUHWH ྻ � ႃ�ֺ Lֺ1 ྲ\LྻL� VXS�
SRUWHG RQ D ğQLWH VHW < � \\�
Ã
 \1^ ǅ ਟ� RI GLVWLQFW GLUHFWLRQV�
7KH SUREOHP LV� DJDLQ� WR ğQG WKH VXUIDFH  RI D PLUURU ZKLFK
UHĠHFWV WKH PHDVXUH ྺ WR WKH PHDVXUH ྻ�
0LUURU ZLWK SODQDU IDFHV
:H FKRRVH WR FRQVWUXFW WKH PLUURU VXUIDFH  DV WKH JUDSK RI DIğQH
KHLJKW IXQFWLRQV RI WKH IRUP [ Ŗ ਈ� Ĕ PD[Lί[ V SLΰ Ş ࿆L �VHH )LJ�
XUH ��� 7KH YHFWRU SL LV FKRVHQ VR WKDW WKH SODQH 3L � \	[
 ί[ V SLΰ
 ŭ
[ Ŗ ਈ�^ UHĠHFWV YHUWLFDO UD\V� L�H�� ZLWK GLUHFWLRQ H]� LQWR WKH GLUHF�
WLRQ \L Ŗ ਟ�� :H QHHG WR GHWHUPLQH WKH KHLJKWV ࿆L RI WKRVH SODQHV�
*LYHQ D IDPLO\ RI KHLJKWV ࿆ Ŗ ਈ1� ZH GHğQH WKH L�WK YLVLELOLW\ FHOO
DV

9L	࿆
 � \[ Ŗ ਈ� c \�^ ŭ ŎM
 Şί[ V SLΰ 	 ࿆L Ƨ Şί[ V SMΰ 	 ࿆M^�

VXUIDFH  SODQH ZLWK VORSH SL

; 9L	ᆗ

q[ \L

)LJXUH �� &RQYH[ PLUURU IRU D FROOLPDWHG OLJKW VRXUFH

%\ FRQVWUXFWLRQ� IRU HDFK L Ŗ \�
Ã
1^� DQ\ YHUWLFDO UD\ HPLWWHG
IURP D SRLQW [ Ŗ 9L	࿆
 KLWV WKH PLUURU  DW D KHLJKW ί[ V SLΰŞ࿆L DQG
LV UHĠHFWHG LQ WKH GLUHFWLRQ \L� 7KXV� WKH DPRXQW RI OLJKW UHĠHFWHG
LQ WKH GLUHFWLRQ \L LV HTXDO WR ྺ	9L	࿆

�
)RUPXODWLRQ RI WKH SUREOHP
6ROYLQJ WKH VHPL�GLVFUHWH IDU�ğHOG PLUURU SUREOHP IRU D FROOLPDWHG
OLJKW VRXUFH DPRXQWV WR ğQGLQJ WKH KHLJKWV ࿆ Ŗ ਈ1 WKDW VDWLVğHV

ŎL
 ྺऐ9L	࿆
ऑ � ྻL �0LU�&ROOL�6'�

ZKHUH F	[
 \
 � Şί[ V \ΰ DQG
9L	࿆
 � च[ ŭ ŎM
 F	[
 \L
 	 ࿆L Ƨ F	[
 \M
 	 ࿆Mछ�

$ VROXWLRQ RI WKH HTXDWLRQ �0LU�&ROOL�6'� LQGXFHV D SDUDPHWUL]DWLRQ
RI WKH FRQYH[ PLUURU  WKDW UHĠHFWV ྺ RQWR ྻ�

ᆗ ƀ [ Ŗ ਈ� Ĕ ऐ[
PD[
L
ί[ V SLΰ Ş ࿆Lऑ Ŗ ਈ��

,Q SUDFWLFH� ZH RQO\ FRQVLGHU WKH SDUW RI WKH PLUURU ORFDWHG DERYH
WKH GRPDLQ ;ᆐ ƀ� \[ Ŗ ਈ� c \�^
 ྿	[
 ƣ �^�
5HPDUN ���� 7KH IXQFWLRQ ᆗ EHLQJ WKH PD[LPXP RI DIğQH IXQF�
WLRQV� LW LV FRQYH[� 7KH RSWLFDO FRPSRQHQW ZKLFK LV SDUDPHWUL]HG
E\ WKH JUDSK RI WKLV DSSOLFDWLRQ LV DOVR FRQYH[� 1RWH WKDW RQH FRXOG
KDYH WKH VDPH FRQVWUXFWLRQ E\ UHSODFLQJ WKH PD[ LQ WKH IRUPXOD E\
D PLQ� 7KLV ZRXOG UHVXOW LQ D FRQFDYH IXQFWLRQ ᆗ DQG D FRQFDYH
PLUURU�

5HPDUN ���� 3UREOHP �0LU�&ROOL�6'� LV YHU\ VLPLODU �EXW QRW HTXLY�
DOHQW� WR 0LQNRZVNLłV SUREOHP LQ FRQYH[ JHRPHWU\ ZKLFK LV DOVR
DQ LQYHUVH SUREOHP� *LYHQ D VHW RI XQLW YHFWRUV \L DQG UHDO QXP�
EHUV ྻL � �� WKLV SUREOHP FRQVLVWV LQ EXLOGLQJ D FRQYH[ SRO\KHGURQ
ZKRVH L�WK IDFHW KDV QRUPDO \L DQG DUHD ྻL ŋ ZKLFK LV SRVVLEOH RQO\
XQGHU VRPH DVVXPSWLRQV RQ WKH GLUHFWLRQV DQG DUHDV� :H DOVR QRWH
WKDW 2OLNHU� ZKR ZDV WKH ğUVW WR LQWURGXFH VHPL�GLVFUHWH PHWKRGV
IRU WKH QXPHULFDO UHVROXWLRQ RI 0RQJHŋ$PSÑUH HTXDWLRQV� ZDV
D GRFWRUDO VWXGHQW RI WKH IDPRXV JHRPHWHU $OHNVDQGURY ZKR LV
NQRZQ �DPRQJ RWKHU� IRU LQWURGXFLQJ DQG VWXG\LQJ WKH ŃFRQWLQX�
RXVń IRUPXODWLRQ RI 0LQNRZVNLłV SUREOHP�

�� (06 0$*$=,1( ��� ������



��� 7KH EDNHULHV SUREOHP
:H QRZ SUHVHQW DQ HFRQRPLF DQDORJ\ ZKLFK OHDGV WR DQ HTXD�
WLRQ KDYLQJ WKH VDPH VWUXFWXUH DV LQ WKH WZR RSWLFDO SUREOHPV
SUHVHQWHG DERYH� :H DVVXPH WKDW ; UHSUHVHQWV D FLW\ ZKRVH SRSX�
ODWLRQ GHQVLW\ LV GHVFULEHG E\ D SUREDELOLW\ GHQVLW\ ྿� WKDW WKH ğQLWH
VHW < � \\�
Ã
 \1^ UHSUHVHQWV WKH ORFDWLRQV RI WKH FLW\łV EDNHULHV
DQG WKDW ྻL UHSUHVHQWV WKH TXDQWLW\ RI EUHDG DYDLODEOH LQ EDNHU\
\L� &XVWRPHUV OLYLQJ DW D ORFDWLRQ [ LQ ; QDWXUDOO\ ZLOO ORRN IRU WKH
EDNHU\ PLQLPL]LQJ WKH FRVW RI ZDONLQJ IURP [ WR \L� GHQRWHG F	[
 \L
�
7KLV OHDGV WR D GHFRPSRVLWLRQ RI WKH FLW\ VSDFH LQWR 9RURQRL FHOOV�

9RUL ƀ� घ[ Ŗ ͤ; ŭ ŎM
 F	[
 \L
 Ƨ F	[
 \M
ङ�
7KH QXPEHU RI FXVWRPHUV JRLQJ WR D EDNHU\ \L LV HTXDO WR WKH LQWH�
JUDO RI WKH GHQVLW\ ྿ RYHU 9RUL� 6XSSRVH WKDW D EDNHU\ \L UHFHLYHV
WRR PDQ\ FXVWRPHUV LQ FRPSDULVRQ WR LWV EUHDGłV SURGXFWLRQ FD�
SDFLW\ ྻL ŋ WKLV FRXOG EH WKH FDVH LQ )LJXUH � IRU WKH GRZQWRZQ
EDNHU\ \� ZKHUH WKH SRSXODWLRQ GHQVLW\ LV KLJK� 7KLV PHDQV ZH KDYHྺ	9RU�
 � ྻ�� ZKHUH ZH GHQRWH ྺ	[
 � ྿	[
G[� 7KH EDNHU \� ZLOO
WKHQ VHHN WR LQFUHDVH WKH SULFH RI KLV EUHDG� 7KLV ZLOO UHGXFH WKH
QXPEHU RI SRWHQWLDO FXVWRPHUV� EXW ZLOO LQFUHDVH WKH EDNHUłV SURğW
DV ORQJ DV KH PDQDJHV WR VHOO DOO KLV VWRFN� :H ZULWH ྻL ƨ � IRU WKH
SURSRUWLRQ RI WKH SRSXODWLRQ WKDW WKH EDNHU\ \L LV DEOH WR VHUYH� DQG࿆L WKH SULFH RI WKH EUHDG LQ WKH EDNHU\ \L� ,I ZH DVVXPH WKDW WKH
FXVWRPHUV OLYLQJ DW SRLQW [ PDNH D FRPSURPLVH EHWZHHQ ZDONLQJ
FRVW DQG SULFH RI EUHDG E\ PLQLPL]LQJ WKH VXP �F	[
 \L
 	 ࿆L�� WKH
FLW\ LV WKHQ GHFRPSRVHG LQWR /DJXHUUH FHOOV

/DJL	࿆
 � च[ Ŗ ; ŭ ŎM
 F	[
 \L
 	 ࿆L Ƨ F	[
 \M
 	 ࿆Mछ�
1RWH WKDW ZH GR QRW QHFHVVDULO\ KDYH \L Ŗ /DJL	࿆
� DQG WKDW LW LV
HYHQ SRVVLEOH WR KDYH /DJL	࿆
 � œ� LQGHHG� LI WKH EUHDG LV YHU\
H[SHQVLYH LQ D FHUWDLQ EDNHU\� HYHQ SHRSOH OLYLQJ QH[W GRRU PD\
SUHIHU JRLQJ WR D PRUH GLVWDQW RQH�

3UREOHP IRUPXODWLRQ
7KH EDNHULHV SUREOHP WKHUHIRUH ERLOV GRZQ WR ğQGLQJ D SULFH YHFWRU࿆ Ŗ ਈ1 VXFK WKDW HDFK EDNHU\ VHOOV DOO LWV VWRFN RI EUHDG ྻL� 7KLV LV

GHVFULEHG E\ WKH V\VWHP RI HTXDWLRQV

ྺऐ/DJL	࿆
ऑ � ྻL ŎL Ŗ \�
Ã
1^

7KLV HTXDWLRQ KDV H[DFWO\ WKH VDPH VWUXFWXUH DV �0LU�3RQF�6'�
DQG �0LU�&ROOL�6'�� :H ZLOO VHH LQ WKH QH[W VHFWLRQ KRZ WR VROYH WKLV
FODVV RI HTXDWLRQV�

� 1XPHULFDO UHVROXWLRQ

7KH GLVFUHWH SUREOHPV PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ DOO VKRZ
WKH VDPH VWUXFWXUH� RXU IRFXV ZLOO QRZ EH RQ WKHLU QXPHULFDO
UHVROXWLRQ� :H VWDUW E\ LQWURGXFLQJ WKH VHPL�GLVFUHWH 0RQJHŋ
$PSÑUH HTXDWLRQ� DQG VKRZ WKDW LWV VROXWLRQ LV HTXLYDOHQW WR ğQGLQJ
WKH PD[LPXP RI D FRQFDYH IXQFWLRQ� 6XEVHTXHQWO\� ZH SUHVHQW
D 1HZWRQ PHWKRG WKDW DOORZV XV WR VROYH WKHVH HTXDWLRQV HIğ�
FLHQWO\�

��� 6HPL�GLVFUHWH 0RQJHŋ$PSÑUH HTXDWLRQ
/HW ; EH D FRPSDFW VXEVHW RI WKH VSDFH ਈ� RU RI WKH VSKHUH ਟ��
OHW < � \\�
Ã
 \1^� DQG OHW F Ŗ �	; c <
 EH D FRVW IXQFWLRQ�
7KH /DJXHUUH FHOO �ZKLFK FRUUHVSRQGV WR D YLVLELOLW\ FHOO LQ RSWLFV�
DVVRFLDWHG ZLWK D IDPLO\ RI UHDO QXPEHUV ࿆ � 	࿆�
Ã
࿆1
 Ŗ ਈ1 LV
JLYHQ E\

/DJL	࿆
 � च[ Ŗ ; ŭ ŎM
 F	[
 \L
 	 ࿆L Ƨ F	[
 \M
 	 ࿆Mछ�
6XSSRVH WKDW WKH FRVW IXQFWLRQ VDWLVğHV WKH 7ZLVW FRQGLWLRQ

Ŏ[ Ŗ ;
 \ Ĕ ŕ[F	[
 \
 LV LQMHFWLYH
 �7ZLVW�

ZKLFK HQVXUHV WKDW WKH /DJXHUUH FHOOV IRUP D SDUWLWLRQ RI WKH GRPDLQ
; XS WR D QHJOLJLEOH VHW�

;
<

\� \� \�

)LJXUH �� %DNHULHV� 7KH FLW\ ; ZLWK LWV ERXQGDU\ GUDZQ LQ EOXH LV HQGRZHG ZLWK D SUREDELOLW\ GHQVLW\
SLFWXUHG LQ JUD\VFDOH UHSUHVHQWLQJ WKH SRSXODWLRQ GHQVLW\� 7KH VHW < �LQ UHG� UHSUHVHQWV WKH ORFDWLRQ
RI EDNHULHV� +HUH� ;֫ < ǉ ਈ� DQG F	[֫ \
 ֮ ֳ[ ַ \ֳ�� :H VHH WKH 9RURQRL WHVVHOODWLRQ RI WKH FLW\ �LQ
WKH PLGGOH� XQLIRUP SULFH� DV ZHOO DV LWV /DJXHUUH WHVVHOODWLRQ �RQ WKH ULJKW� RQO\ WKH EUHDG SULFH ᆗ�
KDV LQFUHDVHG��
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6HPL�GLVFUHWH 0RQJHŋ$PSÑUH HTXDWLRQ
/HW ྺ EH D SUREDELOLW\ PHDVXUH RQ ; ZLWK GHQVLW\ ྿ ZLWK UHVSHFW WR
WKH DUHD PHDVXUH� DQG OHW ྻ � ႃL ྻLྲ\L EH D SUREDELOLW\ PHDVXUH RQ
< � ,Q WKH IROORZLQJ HTXDWLRQ� WKH GLVFUHWH SUREDELOLW\ PHDVXUH ྻ LV
FRQĠDWHG ZLWK WKH YHFWRU ྻ � 	ྻL
�ֺ Lֺ1� :H DUH VHHNLQJ ࿆ Ŗ ਈ1

VDWLVI\LQJ
*	࿆
 � ྻ
 �0$�

ZKHUH WKH IXQFWLRQ * ƀ ਈ1 Ā ਈ1 LV GHğQHG E\

*	࿆
 � ऐ*�	࿆

Ã
*1	࿆
ऑ DQG *L	࿆
 � ྺऐ/DJL	࿆
ऑ�
5HPDUN ���� 7KH YLVLELOLW\ FHOOV XVHG LQ RSWLFV LQ �0LU�3RQF�6'� DQG
�0LU�&ROOL�6'� DUH /DJXHUUH FHOOV� ZLWK

F	[
 \
 � Ş ORJऐ� Ş ί[ V \ΰऑ DQG F	[
 \
 � Şί[ V \ΰ
UHVSHFWLYHO\� (TXDWLRQ �0$� LV D UHIRUPXODWLRQ RI HTXD�
WLRQV �0LU�3RQF�6'� DQG �0LU�&ROOL�6'�� 1RWH WKDW WKH /DJXHUUH
FHOOV DUH LQYDULDQW XQGHU DGGLWLRQ RI D FRQVWDQW WR ࿆� DQG WKDW WKH
VROXWLRQ RI �0$� LV WKHUHIRUH GHğQHG XS WR DQ DGGLWLYH FRQVWDQW�
2SWLFDO SUREOHPV KDYH D VLPLODU LQYDULDQFH� IRU H[DPSOH� LI D VXUIDFH LV D VROXWLRQ RI WKH PLUURU SUREOHP IRU D SRLQW VRXUFH� WKHQ VR LVྐྵ IRU DOO ྐྵ � ��

��� 9DULDWLRQDO IRUPXODWLRQ
7KH IROORZLQJ WKHRUHP VKRZV WKDW WKH IXQFWLRQ * LQ WKH VHPL�
GLVFUHWH 0RQJHŋ$PSÑUH HTXDWLRQ LV WKH JUDGLHQW RI D FRQFDYH
IXQFWLRQ�

7KHRUHP ���� :H DVVXPH WKDW WKH FRVW IXQFWLRQ F VDWLVğHV �7ZLVW��
7KHQ WKH IXQFWLRQ  ƀ ਈ1 Ā ਈ GHğQHG E\

	࿆
 � ႆ
�ֺ Lֺ1

ª

/DJL	ᆗ
ऐF	[
 \
 	 ࿆Lऑ྿	[
G[ Ş ႆ
�ֺ Lֺ1

࿆LྻL
LV FRQFDYH� RI FODVV � DQG ZLWK JUDGLHQW

ŕ	࿆
 � *	࿆
 Ş ྻ � ऐྺऐ/DJL	࿆
ऑ Ş ྻLऑ�ֺ Lֺ1
�

$V ZH ZLOO VHH LQ WKH QH[W SDUDJUDSK� WKH IXQFWLRQ  LV UHODWHG
WR WKH .DQWRURYLWFK GXDOLW\ LQ RSWLPDO WUDQVSRUW WKHRU\� DQG ZH
ZLOO WKHUHIRUH FDOO LW WKH .DQWRURYLWFK IXQFWLRQDO� 0RUHRYHU� VLQFH
D FRQFDYH IXQFWLRQ RI FODVV � UHDFKHV LWV PD[LPXP H[DFWO\ DW LWV
FULWLFDO SRLQWV� ZH REWDLQ WKH IROORZLQJ FRUROODU\�

&RUROODU\ ���� 8QGHU WKH DVVXPSWLRQV RI 7KHRUHP ���� D YHFWRU࿆ Ŗ ਈ1 LV D VROXWLRQ WR HTXDWLRQ �0$� LI DQG RQO\ LI ࿆ LV D PD[LPL]HU
RI �

6LQFH WKH IXQFWLRQ  LV LQYDULDQW XQGHU DGGLWLRQ RI D FRQVWDQW�
RQH FDQ FKRRVH WR ZRUN RQ WKH VHW ਗ਼� RI YHFWRUV ZKRVH FRRUGL�
QDWHV VXP WR ]HUR� ,W FDQ EH VKRZQ WKDW WKH IXQFWLRQ  LV SURSHU
RQ ਗ਼�� L�H�� OLPϣ

¿ᆗϣ¿Āָ֪֫ᆗŖਗ਼�
	࿆
 � ŞŨ� ZKLFK HQVXUHV WKDW LW

UHDFKHV LWV PD[LPXP� WKH SUREOHP �0$� WKXV DGPLWV D VROXWLRQ�

��� 5HODWLRQ WR RSWLPDO WUDQVSRUW
7KH YDULDWLRQDO IRUPXODWLRQ RI WKH 0RQJHŋ$PSÑUH HTXDWLRQ� L�H��
WKH VHDUFK IRU D PD[LPL]HU RI WKH .DQWRURYLWFK IXQFWLRQDO� FRUUH�
VSRQGV LQ IDFW WR WKH GXDO RI WKH 0RQJHŋ.DQWRURYLWFK SUREOHP LQ
RSWLPDO WUDQVSRUW WKHRU\� :H GLVFXVV WKLV OLQN LQ GHWDLO EHORZ LQ WKH
VHPL�GLVFUHWH FDVH� 7KH UHDGHU LQWHUHVWHG LQ WKH SURRIV PD\ UHIHU
IRU LQVWDQFH WR WKH ERRN FKDSWHU >�@�

0RQJHłV SUREOHP
7KH LPDJH RI D SUREDELOLW\ PHDVXUH ྺ RQ ; XQGHU D PHDVXUDEOH
DSSOLFDWLRQ 7 ƀ ; Ā < LV WKH PHDVXUH 7�ྺ RQ < GHğQHG E\
7�ྺ	%
 � ྺ	7ַ�	%

� ,I 7�ྺ � ྻ� ZH VD\ WKDW 7 WUDQVSRUWV ྺ WRྻ� 6LQFH WKH VHW < LV ğQLWH� ZH KDYH 7�ྺ � ႃ�ֺ Lֺ1 ྺ	7ַ�	\L

ྲ\L �
0RQJHłV RSWLPDO WUDQVSRUW SUREOHP FRQVLVWV LQ ğQGLQJ D WUDQVSRUW
PDS 7 WKDW WUDQVSRUWV ྺ WR ྻ DQG WKDW PLQLPL]HV WKH WRWDO FRVW≥
;
F	[
 7	[

Gྺ	[
� ,I WKH FRVW IXQFWLRQ F VDWLVğHV WKH 7ZLVW FRQGL�

WLRQ� %UHQLHU DQG *DQJERŋ0F&DQQ� UHO\LQJ RQ .DQWRURYLFK GXDOLW\�
SURYHG WKH H[LVWHQFH RI D PLQLPL]HU IRU WKLV SUREOHP ZKHQ WKH
VRXUFH ྺ LV DEVROXWHO\ FRQWLQXRXV� )RU H[DPSOH� RQH FDQ VWDWH WKH
IROORZLQJ�

7KHRUHP ��� �.DQWRURYLWFK GXDOLW\�� 6XSSRVH WKDW F VDWLVğHV WKH
FRQGLWLRQ �7ZLVW� DQG WKDW ྺ LV DEVROXWHO\ FRQWLQXRXV� 7KHQ
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	࿆
�
,I PRUHRYHU ࿆ LV D PD[LPL]HU RI � WKHQ WKH IXQFWLRQ 7ᆗ ƀ ; Ā <
GHğQHG ྺ�D�H� E\ 7ᆗV/DJ\	ᆗ
 � \ UHDOL]HV WKH PLQLPXP LQ 0RQJHłV
SUREOHP�

5HPDUN ���� 1RW DOO 0RQJHŋ$PSÑUH HTXDWLRQV GHULYH IURP DQ
RSWLPDO WUDQVSRUW SUREOHP DQG QRW DOO RI WKHP DGPLW D YDULDWLRQDO
IRUPXODWLRQV� 7KHVH WZR VWURQJ SURSHUWLHV FRPH LQ IDFW IURP WKH
YHU\ SDUWLFXODU VWUXFWXUH RI /DJXHUUH FHOOV� ZKLFK IROORZV IURP WKH
IXQFWLRQV ࿆ Ĕ F	[
 \
 	 ࿆	\
 EHLQJ DIğQH�

:H VDZ WKDW WKH IDU�ğHOG RSWLFV SUREOHPV SUHVHQWHG LQ 6HF�
WLRQ � SRVVHVV WKLV VWUXFWXUH� 2Q WKH RWKHU KDQG� LI ZH FRQVLGHU
WKH PLUURU FRQVWUXFWLRQ SUREOHPV IRU D WDUJHW LOOXPLQDWLRQ LQ WKH
QHDU�ğHOG �L�H�� ZH DUH LOOXPLQDWLQJ SRLQWV LQ ਈ� DQG QRW GLUHFWLRQV
DW LQğQLW\�� ZH VWLOO KDYH VHPL�GLVFUHWH 0RQJHŋ$PSÑUH HTXDWLRQV
WR VROYH� EXW WKH /DJXHUUH FHOOV DUH RI WKH IRUP

/DJL	࿆
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 *	[
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 \M
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ZKHUH WKH IXQFWLRQ * LV QRQOLQHDU LQ ࿆� 7KHVH HTXDWLRQV GR QRW
GHULYH IURP WKH RSWLPDO WUDQVSRUW SUREOHP DQG LQ IDFW GR QRW DG�
PLW D YDULDWLRQDO IRUPXODWLRQ� 7KH\ DUH FDOOHG SUHVFULEHG -DFRELDQ
HTXDWLRQV E\ 7UXGLQJHU� DQG DUH WKH VXEMHFW RI UHFHQW UHVHDUFK ERWK
LQ DQDO\VLV DQG LQ PRUH DSSOLHG ğHOGV �RSWLFV� HFRQRPLFV��
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��� /DJXHUUH FHOOV DQG GHULYDWLYHV
%HIRUH DSSO\LQJ 1HZWRQłV PHWKRG WR VROYH WKH HTXDWLRQ *	࿆
 � ྻ�
ZH QHHG WR VKRZ WKDW WKH IXQFWLRQ * LV RI FODVV � �RU HTXLYDOHQWO\
WKDW  LV RI FODVV ��� FDOFXODWH LWV SDUWLDO GHULYDWLYHV DQG VWXG\ WKH
�VWULFW� FRQFDYLW\ RI � 7R GR WKLV� ZH QHHG D JHQHULFLW\ DVVXPSWLRQ
ZKLFK LV VRPHZKDW WHFKQLFDO� EXW ZKLFK LV QDWXUDO DQG QRW UHVWULF�
WLYH LQ SUDFWLFH� ,Q WKH RSWLFDO FDVHV PHQWLRQHG LQ WKLV SDSHU� WKLV
DVVXPSWLRQ LV VDWLVğHG LI WKH LQWHUVHFWLRQ RI WKUHH GLVWLQFW /DJXHUUH
FHOOV LV ğQLWH DQG LI WKH LQWHUVHFWLRQ RI WZR /DJXHUUH FHOOV ZLWK WKH
ERXQGDU\ RI ; LV DOVR ğQLWH� )RU PRUH GHWDLOV� WKH UHDGHU PD\ UHIHU
WR WKH ERRN FKDSWHU >�@�

7KHRUHP ��� �'LIIHUHQWDO RI *�� 6XSSRVH WKDW WKH FRVW VDWLVğHV
�7ZLVW�� WKDW < LV JHQHULF �VHH DERYH�� DQG ྿ LV FRQWLQXRXV� 7KHQ
WKH DSSOLFDWLRQ * ƀ ਈ1 Ā ਈ1 LV RI FODVV � DQG
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ZKHUH /DJLM	࿆
 � /DJL	࿆
 ų /DJM	࿆
�
7KH IRUPXOD IRU WKH SDUWLDO GHULYDWLYHV RI * KDV D JHRPHWULF

LQWHUSUHWDWLRQ� ,Q WKH IROORZLQJ WZR ğJXUHV� ZKLFK DUH REWDLQHG IRU
WKH FRVW F	[
 \
 � ¿[ Ş \¿� RQ ਈ�� ZH H[SODLQ ZK\ WKH IRUPXOD IRU
SDUWLDO GHULYDWLYHV LQYROYHV LQWHJUDOV RYHU WKH LQWHUIDFHV EHWZHHQ /D�
JXHUUH FHOOV DQG KRZ WKH VLQJXODULWLHV RI '* PD\ RFFXU GHSHQGLQJ
RQ WKH JHRPHWU\ RI WKH SRLQWV \L�

)LJXUH � LOOXVWUDWHV WKDW WKH SDUWLDO GHULYDWLYH థ*L�థ࿆M	࿆
 LV DQ
LQWHJUDO RYHU WKH LQWHUIDFH /DJLM	࿆
� WKH YDOXH *L	࿆
 LV DQ LQWHJUDO
RYHU WKH /DJXHUUH FHOO /DJL	࿆
 �LQ JUH\ RQ WKH OHIW�� ZH LQFUHDVH
WKH YDOXH ࿆M E\ ླ � � FRQVLGHULQJ ࿆ 	 ླHM� WKH UDWH RI LQFUHDVH	*L	࿆
 Ş *L	࿆ 	 ླHM

�ླ LV SURSRUWLRQDO WR DQ LQWHJUDO RYHU WKH
V\PPHWULF GLIIHUHQFH EHWZHHQ WZR /DJXHUUH FHOOV �LQ JUH\ LQ WKH
PLGGOH�� SDVVLQJ WR WKH OLPLW ZH REWDLQ DQ LQWHJUDO RYHU WKH JUHHQ
VHJPHQW /DJLM	࿆
� 7KH VLJQV WKDW RFFXUV LQ WKH IRUPXOD IRU WKH SDU�
WLDO GHULYDWLYHV FDQ DOVR EH LQWHUSUHWHG ZLWK WKH EDNHULHV PHWDSKRU�
ZKHQ WKH SULFH RI EUHDG ࿆L LQFUHDVHV� WKH QXPEHU RI FXVWRPHUV RI
WKH EDNHU\ \L GHFUHDVHV �L�H�� WKH /DJXHUUH FHOO /DJL	࿆
 VKULQNV� DQG
WKH QXPEHU RI FXVWRPHUV IRU WKH RWKHU EDNHULHV LQFUHDVHV� VR WKDW
థ*L�థ࿆L	࿆
 Ƨ � DQG థ*L�థ࿆M	࿆
 ƨ � IRU M ƣ L�

,Q )LJXUH �� WKH JHQHULFLW\ FRQGLWLRQ LV QRW VDWLVğHG EHFDXVH
\�� \� DQG \� DUH DOLJQHG� DQG WKHUH H[LVWV ࿆ Ŗ ਈ1 IRU ZKLFK
/DJ�	࿆
ų /DJ�	࿆
ų /DJ�	࿆
 LV D OLQH VHJPHQW� 7KH SDUWLDO GHULYD�
WLYH థ*��థ࿆�	࿆
 LV DQ LQWHJUDO RQ WKH �JUHHQ� VHJPHQW /DJ��	࿆
�
,I ZH VLPXOWDQHRXVO\ GHFUHDVH ࿆� DQG ࿆� E\ WKH VDPH DPRXQW�
ZH FDQ VHH WKDW WKH VHJPHQW /DJ��	࿆
 YDULHV FRQWLQXRXVO\ DQG
WKHQ VXGGHQO\ EHFRPHV HPSW\ ZKHQ WKH FHOO /DJ�	࿆
 JHWV HPSW\
�ERWWRP ULJKW RI )LJXUH ��� 7KXV� థ*��థ࿆�	࿆
 LV QRW FRQWLQXRXV�
1HZWRQłV PHWKRG UHTXLUHV D FHUWDLQ UHJXODULW\� DQG ZH ZLOO VHH
EHORZ WKDW LW FRQYHUJHV XQGHU WKH DERYH JHQHULFLW\ DVVXPSWLRQV�
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)LJXUH �� 7KH SDUWLDO GHULYDWLYHV DUH ERXQGDU\ LQWHJUDOV

\� \� \� \� \� \�

\� \� \� \� \�

)LJXUH �� 1RQ�FRQWLQXRXV SDUWLDO GHULYDWLYH� �ᆗݼ֬�*ݼ LV DQ LQWHJUDO RQ WKH JUHHQ
VHJPHQW /DJ�� ZKLFK LV GLVFRQWLQXRXV�

7R HVWDEOLVK WKH FRQYHUJHQFH RI 1HZWRQłV PHWKRG� ZH DOVR
QHHG WR VWXG\ WKH FRQFDYLW\ RI WKH .DQWRURYLWFK IXQFWLRQDO � RU
HTXLYDOHQWO\ WKH PRQRWRQLFLW\ RI LWV JUDGLHQW ŕ � * Ş ྻ� 7KH
IXQFWLRQV  DQG * DUH LQYDULDQW E\ DGGLWLRQ RI D FRQVWDQW YHFWRU
�L�H�� 	࿆ 	 &	�
Ã
 �

 � 	࿆
�� ZKLFK FDQ EH VHHQ LQ WKH GHğQL�
WLRQ RI /DJXHUUH FHOOV� 7KXV� ZH FDQ RQO\ KRSH WR HVWDEOLVK VWURQJ
FRQFDYLW\ RI  LQ WKH GLUHFWLRQV RUWKRJRQDO WR FRQVWDQW YHFWRUV�
L�H�� EHORQJLQJ WR WKH VHW

ਗ਼� ƀ� चY Ŗ ਈ1 ŭ ႆ
�ֺ Lֺ1

YL � �छ�
$QRWKHU UHDVRQ IRU WKH ODFN RI VWURQJ FRQFDYLW\ RI  LV WKDW LI ࿆L LV
YHU\ ODUJH� WKHQ /DJL	࿆
 LV HPSW\ DQG UHPDLQV HPSW\ LQ D QHLJKERU�
KRRG RI ࿆� ,Q WKLV FDVH� *L	࿆
 LV FRQVWDQW HTXDO WR ]HUR� DQG WKH
+HVVLDQ PDWUL[ '�*	࿆
 � '* KDV D URZ RI ]HURV� :H FDQ WKHUHIRUH
KRSH WR HVWDEOLVK VWURQJ FRQFDYLW\ RQO\ LI ࿆ EHORQJV WR WKH VHW

֪ ƀ� घ࿆ Ŗ ਈ1 ŭ ŎL
 *L	࿆
 � �ङ�
7KH QH[W WKHRUHP VKRZV� LQ D QXWVKHOO� WKDW WKHVH DUH WKH RQO\ WZR
REVWUXFWLRQV WR VWURQJ FRQFDYLW\�
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7KHRUHP ��� �6WULFW FRQFDYLW\�� :H DVVXPH WKH K\SRWKHVHV RI
WKH SUHYLRXV WKHRUHP KROG� ,I WKH VHW \྿ � �^ LV FRQQHFWHG� WKH
IXQFWLRQ  LV ORFDOO\ VWURQJO\ FRQFDYH RQ ֪ LQ WKH GLUHFWLRQ ਗ਼��

Ŏ࿆ Ŗ ֪
 ŎY Ŗ ਗ਼� ʫ \�^
 ί'*	࿆
Y V Yΰ � ��

5HPDUN ��� �8QLTXHQHVV�� :H VDZ DERYH WKDW WKH IXQFWLRQ  KDV
D PD[LPXP� DQG WKXV HTXDWLRQ �0$� KDV D VROXWLRQ� 7KH SUHYLRXV
WKHRUHP LPSOLHV WKDW WKLV PD[LPXP LV XQLTXH LI ZH LPSRVH WKDW࿆ Ŗ ਗ਼�� L�H�� ࿆ KDV ]HUR DYHUDJH� VLQFH D VWULFWO\ FRQFDYH IXQFWLRQ
DGPLWV DW PRVW RQH ORFDO PD[LPXP�

:H ZLOO VHH LQ WKH QH[W SDUDJUDSK KRZ WKHVH UHVXOWV RI UHJXODU�
LW\ DQG PRQRWRQLFLW\ DOORZ XV WR LWHUDWLYHO\ FRQVWUXFW D VHTXHQFH	࿆	N

N ֻ � FRQYHUJLQJ WR WKH XQLTXH ]HUR�DYHUDJH ࿆ţ VDWLVI\LQJ
*	࿆ţ
 � ྻ�

��� 1HZWRQłV PHWKRG
1HZWRQłV PHWKRG LQ �'
:H EHJLQ E\ UHFDOOLQJ 1HZWRQłV PHWKRG IRU VROYLQJ WKH HTXD�
WLRQ J	[
 � �� ZKHUH J ƀ ਈ Ā ਈ LV D UHDO IXQFWLRQ� 1HZ�
WRQłV PHWKRG VWDUWV IURP [� Ŗ ਈ DQG FRQVWUXFWV WKH VHTXHQFH
[N֪� � [N Ş J	[N
�Jֶ	[N
 E\ LQGXFWLRQ� ,I ZH DVVXPH WKDW J LV
RI FODVV � DQG WKDW WKHUH H[LVWV D Ŗ ਈ VXFK WKDW J	D
 � � DQG
Jֶ	D
 ƣ �� WKHQ RQH FDQ VKRZ� XVLQJ 7D\ORUŋ/DJUDQJH IRUPXODV�
WKDW IRU [� VXIğFLHQWO\ FORVH WR D� WKH VHTXHQFH 	[N
N ֻ � FRQYHUJHV
WR D� 7KH FRQYHUJHQFH LV WKHQ VDLG WR EH ORFDO� 7KXV� XQGHU D
UHJXODULW\ K\SRWKHVLV �J Ŗ �� DQG PRQRWRQLFLW\ �Jֶ KDV FRQVWDQW
VLJQ LQ D QHLJKERUKRRG RI D�� 1HZWRQłV PHWKRG FRQYHUJHV OR�
FDOO\�

1HZWRQłV PHWKRG �ORFDO�
$VVXPH WKDW ZH DUH JLYHQ D ]HUR�DYHUDJH YHFWRU ࿆� Ŗ ਗ਼� VXFK
WKDW WKH PDVV RI DOO /DJXHUUH FHOOV LV VWULFWO\ SRVLWLYH�
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:H GHğQH ࿆N֪� LQ WKH IROORZLQJ ZD\� ZH VWDUW E\ FDOFXODWLQJ WKH
1HZWRQ GLUHFWLRQ GN� L�H�� WKH YHFWRU GN VDWLVI\LQJ

'*	࿆N
GN � Ş	*	࿆N
 Ş ྻ
 DQG GNL Ŗ ਗ਼�


ZKLFK H[LVWV DQG LV XQLTXH E\ DFFRUGLQJ WR 7KHRUHP ���� 7KH VHF�
RQG HTXDWLRQ HQDEOHV XV WR RYHUFRPH WKH LQYDULDQFH RI * DQG WKXV
WKH QRQ�LQYHUWLELOLW\ RI '*	࿆N
� :H WKHQ GHğQH ࿆N֪� � ࿆N 	GN� $V
LQ WKH �' FDVH� LW FDQ EH VKRZQ WKDW WKH PHWKRG FRQYHUJHV ORFDOO\�
LI ࿆� LV FKRVHQ FORVH HQRXJK WR WKH ࿆ţ VROXWLRQ� WKHQ WKH VHTXHQFH	࿆N
 FRQYHUJHV WR ࿆ţ�

*OREDOO\ FRQYHUJHQW 1HZWRQłV PHWKRG
+RZHYHU� WKH FRQGLWLRQ ࿆� LV FORVH WR WKH VROXWLRQ ࿆ţ LV LPSRVVLEOH
WR IXOğOO LQ SUDFWLFH� )RUWXQDWHO\� D YHU\ VLPSOH PRGLğFDWLRQ RI WKH
PHWKRG DOORZV WR HQVXUH D JOREDO FRQYHUJHQFH� DOORZLQJ XV WR GURS
WKLV FORVHQHVV DVVXPSWLRQ� 7R GR WKLV� RQH PXVW FRQVWUXFW ࿆N֪�

LQ VXFK D ZD\ WKDW WKH NHUQHO RI WKH -DFRELDQ '*	࿆N֪�
 UHPDLQV
HTXDO WR FRQVWDQW YHFWRUV� VR WKDW WKH V\VWHP GHğQLQJ WKH GLUHFWLRQ
GN֪� DGPLWV D XQLTXH VROXWLRQ� )RU WKLV SXUSRVH� ZH GHğQH WKH
VWHS ࿂N DV WKH ODUJHVW UHDO RI WKH IRUP �ַå �ZLWK å Ŗ ਅ� VXFK WKDW࿆N֫å ƀ� ࿆N 	 �ַåGN VDWLVğHV̍̎
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ϣ¿*	࿆N
 Ş ྻϣ¿�

)LQDOO\� ZH GHğQH ࿆N֪� � ࿆N 	 ࿂NGN�
%\ XVLQJ WKH UHJXODULW\ DQG FRQFDYLW\ UHVXOWV RQ � WKH VWHS ࿂N

FDQ EH ERXQGHG IURP EHORZ� WKXV HQVXULQJ WKH FRQYHUJHQFH RI WKH
VHTXHQFH FRQVWUXFWHG DERYH WR D VROXWLRQ RI WKH RSWLPDO WUDQVSRUW
SUREOHP >�@�

7KHRUHP ���� 8QGHU WKH DVVXPSWLRQV RI 7KHRUHP ���� WKHUH H[LVWV࿂ţ � � VXFK WKDW
ϣ
¿*	࿆N֪�
 Ş ྻϣ¿ Ƨ औ� Ş ࿂Ȅ

� कϣ¿*	࿆N
 Ş ྻϣ¿�
,Q SDUWLFXODU� WKH VHTXHQFH 	࿆N
N ֻ � FRQYHUJHV WR WKH XQLTXH VROX�
WLRQ ࿆ţ RI �0$� VDWLVI\LQJ ႃL ࿆ţ

L � ��

5HPDUN ��� �4XDGUDWLF FRQYHUJHQFH�� 7KH DERYH WKHRUHP VKRZV
WKDW WKH FRQYHUJHQFH RI 1HZWRQłV PHWKRG LV JOREDOO\ H[SRQHQWLDO�
7KLV FRQYHUJHQFH LV DFWXDOO\ FDOOHG OLQHDU FRQYHUJHQFH LQ RSWLPL]D�
WLRQ� :KHQ WKH FRVW F VDWLVğHV WKH 0Dŋ7UXGLQJHUŋ:DQJ �07:�
FRQGLWLRQ WKDW DSSHDUV LQ WKH WKHRU\ RI RSWLPDO WUDQVSRUW UHJXODULW\�
DQG WKH GHQVLW\ ྿ LV /LSVFKLW]� WKHQ WKH FRQYHUJHQFH LV HYHQ ORFDOO\
TXDGUDWLF >�@� IRU VXIğFLHQWO\ ODUJH N� ZH KDYH

ϣ
¿*	࿆N֪�
 Ş ྻϣ¿ Ƨ �

�
ϣ
¿*	࿆N
 Ş ྻϣ¿��

,Q SUDFWLFH� WKH FRQYHUJHQFH LV YHU\ IDVW DQG WKH EDVLQ ZKHUH
TXDGUDWLF FRQYHUJHQFH RFFXUV VHHPV WR EH TXLWH ODUJH� 7KLV ODVW
REVHUYDWLRQ LV HPSLULFDO� DQG QRW PDWKHPDWLFDOO\ H[SODLQHG \HW�
,Q )LJXUH �� ; � <�
 �>� LV WKH ODUJH ZKLWH VTXDUH DQG < LV D VHW
RI SRLQWV LQ WKH ORZHU OHIW FRUQHU DQG F	[
 \
 � ¿[ Ş \¿�� :LWK
1 � ��� SRLQWV� DIWHU WKUHH LWHUDWLRQV WKH HUURU ¿*	࿆�
 Ş ྻ¿� LV
DOUHDG\ RI RUGHU ��ַ�� (YHQ GLIğFXOW H[DPSOHV RI VL]H 1 � ��� LQ
GLPHQVLRQ G � � FDQ EH VROYHG WR KLJK QXPHULFDO SUHFLVLRQ ZLWK
OHVV WKDQ �� LWHUDWLRQV�

� $SSOLFDWLRQV WR DQLGROLF RSWLFV

,Q WKLV VHFWLRQ ZH SUHVHQW WKH DGDSWDWLRQ RI VHPL�GLVFUHWH PHWKRGV
WR WKH SUDFWLFDO UHVROXWLRQ RI LQYHUVH SUREOHPV LQ RSWLFV� 7KHVH
UHVXOWV ZHUH REWDLQHG LQ WKH 3K' WKHVLV RI -RFHO\Q 0H\URQ DQG WKH
LPDJHV DUH WDNHQ IURP WKH DUWLFOH >�@�
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;

< ,QLWLDOL]DWLRQ� ᆗ� Ƥ �
¿*	ᆗ�
 ַ ᆌ¿� ƍ ���

6WHS ��
¿*	ᆗ�
 ַ ᆌ¿� ƍ ���

6WHS ��
¿*	ᆗ�
 ַ ᆌ¿� ƍ ��ާ�

)LJXUH �� &RQYHUJHQFH RI WKH VHTXHQFH 	ᆗN
� 2Q LPDJHV �� � DQG � ZH VHH WKH
/DJXHUUH FHOOV /DJL	ᆗN
 IRU N֮�֫�֫��

��� )DU�ğHOG SUREOHPV
:H VDZ LQ 6HFWLRQ � WKDW LQ VHYHUDO IDU�ğHOG SUREOHPV� L�H�� ZKHQ
WKH WDUJHW LOOXPLQDWLRQ LV DW LQğQLW\� VROYLQJ WKH 0RQJHŋ$PSÑUH
HTXDWLRQ �0$� DOORZV XV WR FRQVWUXFW DQ RSWLFDO FRPSRQHQW� 7KLV
LQYROYHV PRGHOOLQJ PLUURUV RU OHQVHV� ZLWK D SRLQW RU FROOLPDWHG
OLJKW VRXUFH� DQG LQ HDFK FDVH WKHUH DUH WZR FRPSRQHQWV WKDW
PD\ EH SURGXFHG �RQH RI ZKLFK LV FRQYH[�� VR WKDW LQ DOO ZH KDYH
IRUPXODWHG HLJKW GLIIHUHQW QHDU�ğHOG RSWLFDO SUREOHPV�

7KH PDLQ GLIğFXOW\ LQ LPSOHPHQWLQJ 1HZWRQłV DOJRULWKP WR
VROYH �0$� OLHV LQ WKH HYDOXDWLRQ RI WKH IXQFWLRQ * DQG LWV GLIIHU�
HQWLDO '* DW SRLQW ࿆N� DQG PRUH SUHFLVHO\ LQ WKH FDOFXODWLRQ RI WKH
VHW RI /DJXHUUH FHOOV /DJL	࿆N
� )RU FHOOV IURP QRQ�LPDJLQJ RSWLFV
SUREOHPV� DOVR FDOOHG YLVLELOLW\ FHOOV� LW LV SRVVLEOH WR SHUIRUP WKLV
FDOFXODWLRQ LQ DOPRVW OLQHDU WLPH LQ WKH QXPEHU 1 RI 'LUDF PDVVHV�
7DNH IRU H[DPSOH WKH PLUURU SUREOHP IRU D SRLQW VRXUFH� 7KH YLVL�
ELOLW\ FHOOV DUH REWDLQHG E\ SURMHFWLQJ UDGLDOO\ RQWR WKH VSKHUH DQ
LQWHUVHFWLRQ RI ŃVROLGń FRQIRFDO SDUDERORLGV� DQG ZH KDYH DOUHDG\
VHHQ WKDW WKH LQWHUVHFWLRQ RI WZR FRQIRFDO SDUDERORLGV LV LQFOXGHG
LQ D SODQH� $QRWKHU VLPSOH FDOFXODWLRQ VKRZV WKDW WKH UDGLDO SURMHF�
WLRQ RI VXFK DQ LQWHUVHFWLRQ LV DOVR LQFOXGHG LQ D �GLIIHUHQW� SODQH�
7KLV VKRZV WKDW WKH YLVLELOLW\ FHOOV DUH VHSDUDWHG E\ K\SHUSODQHV� ,Q
IDFW� LW FDQ EH VKRZQ WKDW WKHUH H[LVWV D SDUWLWLRQ RI ਈ� LQWR FRQYH[
SRO\KHGUD 3�
Ã
 31 ŋ FDOOHG D SRZHU GLDJUDP LQ FRPSXWDWLRQDO JH�
RPHWU\ ŋ VXFK WKDW HDFK YLVLELOLW\ FHOO LV RI WKH IRUP 9L	࿆
 � ਟ�ų 3L
�)LJXUH ���� $ VLPLODU SURSHUW\ KROGV IRU HDFK RI WKH HLJKW SUREOHPV�
7KH SRLQW RI WKLV UHIRUPXODWLRQ LV WKDW WKHUH DUH SRZHUIXO OLEUDULHV ŋ
IRU H[DPSOH &ƙƓƞ RU *ƗơƙƤƓƟ ŋ WKDW DOORZ XV WR FRPSXWH SRZHU
GLDJUDPV LQ GLPHQVLRQV � DQG �� DQG WKXV DOVR WKH /DJXHUUH FHOOV
DVVRFLDWHG ZLWK WKH RSWLFV SUREOHPV� ,W LV WKHUHIRUH SRVVLEOH WR LP�
SOHPHQW WKH GDPSHG 1HZWRQ DOJRULWKP� DQG WR XVH LW WR FRQVWUXFW
ŋ QXPHULFDOO\ DQG HYHQ SK\VLFDOO\ ŋ PLUURUV DQG OHQVHV IRU IDU�ğHOG
WDUJHWV LQ DQLGROLF RSWLFV�

3L

9L	ᆗ

;

&ROOLPDWHG VRXUFH 3RLQW VRXUFH

)LJXUH ��� 9LVLELOLW\ FHOO VWUXFWXUH

��� 1HDU�ğHOG SUREOHPV
,W LV DOVR SRVVLEOH WR GHDO ZLWK PRUH UHDOLVWLF WDUJHW LOOXPLQDWLRQV LQ
WKH QHDU�ğHOG ŋ L�H�� ZKHQ LOOXPLQDWLQJ SRLQWV DW D ğQLWH GLVWDQFH
UDWKHU WKDQ GLUHFWLRQV ŋ ZLWK DQ LWHUDWLYH PHWKRG WKDW VROYHV D
IDU�ğHOG VROXWLRQ DW HDFK VWHS >�@� 7KH FRQYHUJHQFH LV YHU\ IDVW�
UHTXLULQJ RQO\ D IHZ LWHUDWLRQV� DV LOOXVWUDWHG LQ )LJXUH ���

,Q DOO WKH H[SHULPHQWV SUHVHQWHG EHORZ� WKH OLJKW VRXUFH LV DV�
VXPHG WR EH XQLIRUP� VR WKDW WKH OLJKW VRXUFH ྺ KDV D FRQVWDQW
GHQVLW\ RQ LWV VXSSRUW� 7KH UHĠHFWLRQ RU UHIUDFWLRQ RI WKLV OLJKW
RQ D ZDOO LV VLPXODWHG LQ WKH FRPSXWHU E\ WKH SK\VLFDOO\ UHDOLVWLF
UHQGHULQJ VRIWZDUH /Ƨƪ5ƗƠƖƗƤ�

*HQHULF PHWKRG
7KH GLIIHUHQW SUREOHPV RI DQLGROLF RSWLFV KDYLQJ WKH VDPH VWUXFWXUH
�SRLQW RU FROOLPDWHG OLJKW VRXUFHV� PLUURUV RU OHQVHV� FRQYH[ RU
FRQFDYH FRPSRQHQWV� QHDU�ğHOG RU IDU�ğHOG�� LW LV SRVVLEOH WR VROYH
WKHP LQ D XQLğHG� SUHFLVH DQG DXWRPDWLF PDQQHU ZLWK WKH VDPH

7DUJHW ,WHU� �

,WHU� � ,WHU� �

)LJXUH ��� &RQYHUJHQFH RI IDU�ğHOG PLUURUV WR QHDU�ğHOG PLUURUV
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)LJXUH ��� 0LUURUV IRU FROOLPDWHG �WRS� DQG SRLQW �ERWWRP� OLJKW� YLVLELOLW\ FHOOV
�OHIW�� FRPSRQHQW PHVK �PLGGOH� DQG UHQGHULQJ ZLWK /Ƨƪ5ƗƠƖƗƤ �ULJKW�

)LJXUH ��� /HQVHV IRU FROOLPDWHG �WRS� DQG SRLQW �ERWWRP� OLJKW� YLVLELOLW\ FHOOV
�OHIW�� FRPSRQHQW PHVK �PLGGOH� DQG UHQGHULQJ ZLWK /Ƨƪ5ƗƠƖƗƤ �ULJKW�

)LJXUH ��� $ SRLQW OLJKW �QRW YLVLEOH� LV SODFHG LQ IURQW RI WKH PLUURU DQG WKH SDWK
RI WKH OLJKW LV VLPXODWHG E\ WKH FRPSXWHU XVLQJ WKH SK\VLFDOO\ UHDOLVWLF UHQGHUHU
/Ƨƪ5ƗƠƖƗƤ

)LJXUH ��� &RQFDYH DQG FRQYH[ OHQVHV

DOJRULWKP �)LJXUHV ��� �� DQG ���� ,Q )LJXUHV �� DQG ��� WKH YLVLELOLW\
FHOOV RQ WKH VSKHUH RU SODQH DUH VKRZQ RQ WKH OHIW� DERYH ZKLFK LV
WKH VXUIDFH RI WKH RSWLFDO FRPSRQHQW� (DFK VXUIDFH LV UHSUHVHQWHG
LQ WKH FRPSXWHU E\ D PHVK �D VHW RI WULDQJOHV� ZKLFK LV VKRZQ LQ
WKH PLGGOH� 7KH VLPXODWLRQ RI WKH UHĠHFWHG RU UHĠDFWHG OLJKW ZLWK
/Ƨƪ5ƗƠƖƗƤ LV RQ WKH OHIW�

&RQYH[LW\�FRQFDYLW\ RI WKH FRPSRQHQWV
6RPH DSSOLFDWLRQV UHTXLUH WKH FRQVWUXFWLRQ RI RSWLFDO FRPSRQHQWV
ZLWK FRQYH[LW\ SURSHUWLHV� 7KLV LV WKH FDVH LQ WKH DXWRPRWLYH LQGXV�
WU\ IRU WKH FRQVWUXFWLRQ RI PLUURUV DQG�RU OHQVHV� 7KH UHDVRQ IRU WKLV
LV ERWK SUDFWLFDO� DV LW LV HDVLHU WR EXLOG D FRQYH[ FRPSRQHQW� DQG
DHVWKHWLF� ,Q WKH FDVH RI FROOLPDWHG OLJKW VRXUFHV� PLUURUV RU OHQVHV
FDQ DOZD\V EH FRQYH[ RU FRQFDYH� DV FDQ EH VHHQ LQ )LJXUH ���

6LQJXODULW\ RI VROXWLRQV
7KH RSWLFDO FRPSRQHQWV DUH E\ FRQVWUXFWLRQ REMHFWV ZLWK RQO\ D �

UHJXODULW\� ,QGHHG� WKH\ DUH VXUIDFHV FRPSRVHG RI SLHFHV RI SODQHV�
SDUDERORLGV RU HOOLSVRLGV �LQ WKH FDVH RI D PLUURU IRU D SRLQW OLJKW
VRXUFH� ZKLFK DUH MRLQHG WRJHWKHU LQ D PDQQHU WKDW LV FRQWLQXRXV
EXW QRW �� +RZHYHU� DV WKH GLVFUHWL]DWLRQ RI WKH WDUJHW LOOXPLQD�
WLRQ EHFRPHV ğQHU DQG ğQHU� WKH VXUIDFH WHQGV WRZDUGV DQ REMHFW
WKDW KDV JUHDWHU UHJXODULW\� ,Q )LJXUH ��� ZH REVHUYH D � UHJXODU�
LW\� H[FHSW DW SRLQWV RQ WKH VXUIDFH WKDW FRUUHVSRQG WR EODFN DUHDV LQ

PLUURU PHVK RI WKH PLUURU

6LQJXODULW\

,PDJH UHQGHUHG ZLWK /8;5(1'(5

)LJXUH ��� 6LQJXODULW\ DQG PHVKLQJ �VXUIDFH VLQJXODULWLHV FRUUHVSRQG WR EODFN
DUHDV�
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WKH WDUJHW LPDJH� ,QWXLWLYHO\� WKH ODFN RI UHJXODULW\ FRPHV IURP WKH
IDFW WKDW WKH OLJKW PXVW DYRLG WKH EODFN DUHDV� ZKLFK UHVXOWV LQ D
MXPS LQ WKH YHFWRU ğHOG QRUPDO WR WKH VXUIDFH�

3LOORZV
7KH LQQHU SDUW RI D FDU KHDGODPS LV W\SLFDOO\ PDGH XS RI ŃSLOORZVń�
L�H�� VHYHUDO VPDOO FRPSRQHQWV� (DFK SDWFK LV LQWHQGHG WR LOOXPLQDWH
D IDLUO\ ZLGH UDQJH RI GLUHFWLRQV� DQG WKH OLJKWV VHQW RXW E\ HDFK
SLOORZ RYHUODS� 7KLV HQVXUHV D FHUWDLQ UREXVWQHVV LQ WKH OLJKWLQJ� ,I
IRU LQVWDQFH D ELUG ĠLHV SDVW WKH KHDGOLJKWV� QRW WRR FORVH� LW GRHV
QRW REVWUXFW DOO WKH OLJKW DQG WKH URDG UHPDLQV IXOO\ LOOXPLQDWHG�
,Q )LJXUH ��� WKH WDUJHW LOOXPLQDWLRQ IRU HDFK SLOORZV LV WKH FDP�
HUDPDQłV LPDJH� :KHQ WKH FDOFXODWLRQV DUH GRQH LQ WKH IDU�ğHOG�
L�H�� ZKHQ LOOXPLQDWLQJ GLUHFWLRQV� WKH LPDJHV DUH VXSHULPSRVHG�
EXW ZLWK DQ RIIVHW GXH WR WKH VL]H RI WKH SLOORZV� 7R REWDLQ D FOHDU
LPDJH� LW LV QHFHVVDU\ WR PDNH WKH FDOFXODWLRQV LQ WKH QHDU�ğHOG� VR
DV WR LOOXPLQDWH H[DFWO\ WKH GHVLUHG SRLQWV� 1RWH WKDW WKH WDUJHW LV
DOZD\V LOOXPLQDWHG HYHQ LI DQ REVWDFOH� IRU H[DPSOH D UHG PRQNH\
KHDG� LV SODFHG LQ IURQW RI VRPH RI WKH SLOORZV�

&RORUHG WDUJHW LOOXPLQDWLRQ
6LPLODUO\� VROYLQJ WKH QHDU�ğHOG SUREOHP PDNHV LW SRVVLEOH WR LOOXPL�
QDWH D WDUJHW LQ FRORU� ,QGHHG� RQH FDQ EXLOG DQ RSWLFDO FRPSRQHQW
IRU HDFK FKDQQHO �UHG� JUHHQ DQG EOXH�� 7KHQ HDFK RI WKH WKUHH
OLJKWV LV VHQW WR LWV DVVRFLDWHG FRPSRQHQW DQG WKH FRORUV DUH DGGHG
WR WKH WDUJHW WR IRUP D FRORU LPDJH� 7KLV LV GRQH LQ )LJXUH �� ZLWK
WKUHH OHQVHV�

&RQVWUXFWLRQ RI PLUURUV DQG OHQVHV
:H DOVR EXLOW RSWLFDO FRPSRQHQWV� 7KH OHQVHV DQG PLUURUV LQ )LJ�
XUHV ��� � DQG �� ZHUH PLOOHG E\ WKH *,129$ WHFKQRORJ\ SODWIRUP
LQ *UHQREOH RQ D ��D[LV &1& �FRPSXWHU QXPHULFDO FRQWURO� PDFKLQH
ZLWK ��PP UDGLXV PLOOLQJ FXWWHUV� 7KH SDWK RI WKH PLOOLQJ FXWWHU
FUHDWHV LUUHJXODULWLHV RQ WKH RSWLFDO FRPSRQHQWV �)LJXUH ���� 1RWH
WKDW WKH FRQYH[LW\ RI WKH RSWLFDO FRPSRQHQWV DOORZV WKH XVH RI
DUELWUDULO\ ODUJH PLOOLQJ UDGLL� ZKLFK UHGXFHV PDFKLQLQJ LUUHJXODULWLHV�
,Q DQ\ FDVH� LW LV QHFHVVDU\ WR JULQG XQGHU ZDWHU DQG WKHQ SROLVK WKH
RSWLFDO FRPSRQHQWV �)LJXUH ���� 2I FRXUVH� WKLV DIIHFWV WKH RSWLFDO
TXDOLW\ DQG WHQGV WR ZKLWHQ WKH EODFN DUHDV LQ WKH WDUJHW LPDJH�

$FNQRZOHGJHPHQWV
7KH DXWKRUV WKDQN 'DPLHQ *D\HW IRU KLV PHWLFXORXV SURRIUHDGLQJ
RI WKH )UHQFK YHUVLRQ RI WKLV DUWLFOH� DQG IRU PXFK JRRG DGYLFH�
7KH (06 0DJD]LQH WKDQNV /D *D]HWWH GHV 0DWKÒPDWLFLHQV IRU LWV
DXWKRULVDWLRQ WR SXEOLVK WKLV WH[W� ZKLFK LV DQ (QJOLVK WUDQVODWLRQ RI
WKH RULJLQDO SDSHU >/D *D]HWWH GHV 0DWKÒPDWLFLHQV� 1XPEHU ����
SS� �ŋ��� 2FWREHU ����@�

)LJXUH ��� /HQV FRPSRVHG RI � SLOORZV� ,Q WKH IDU�ğHOG �WRS�� LQ WKH QHDU�ğHOG
�PLGGOH�� ZLWK REVWDFOH �ERWWRP�

)LJXUH ��� &RORU LPDJH

)LJXUH ��� /HQV WUDQVIRUPLQJ FROOLPDWHG OLJKW LQWR WKH SLFWXUH RI D WUDLQ
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)LJXUH ��� /HQV WUDQVIRUPLQJ FROOLPDWHG OLJKW LQWR WKH SLFWXUH RI D FDPHUDPDQ

)LJXUH ���0LUURU WUDQVIRUPLQJ FROOLPDWHG OLJKW LQWR WKH SLFWXUH RI D FDPHUDPDQ

)LJXUH ��� 0LUURUV DQG OHQVHV DIWHU PDFKLQLQJ

)LJXUH ��� 6DQGLQJ DQG SROLVKLQJ E\ KDQG

5HIHUHQFHV

>�@ /� &DIIDUHOOL DQG 9� 2OLNHU� :HDN VROXWLRQV RI RQH LQYHUVH SUREOHP LQ JHR�
PHWULF RSWLFV� -RXUQDO RI 0DWKHPDWLFDO 6FLHQFHV ���� ��ŋ�� ������

>�@ 3� *XDQ DQG ;��-� :DQJ� 2Q D PRQJH�DPSHUH HTXDWLRQ DULVLQJ LQ JHRPHWULF
RSWLFV� -� 'LIIHUHQWLDO *HRP ��� ���ŋ��� ������

>�@ -� .LWDJDZD� 4�0ÒULJRW DQG %� 7KLEHUW� &RQYHUJHQFH RI D 1HZWRQ DOJRULWKP
IRU VHPL�GLVFUHWH RSWLPDO WUDQVSRUW� -RXUQDO RI WKH (XURSHDQ 0DWKHPDWLFDO
6RFLHW\ ������

>�@ 4� 0ÒULJRW DQG %� 7KLEHUW� 2SWLPDO WUDQVSRUW� 'LVFUHWL]DWLRQ DQG DOJRULWKPV�
,Q +DQGERRN RI 1XPHULFDO $QDO\VLV� *HRPHWULF 3'(V ��� (OVHYLHU� ���ŋ���
������

>�@ -� 0H\URQ� 4� 0ÒULJRW DQG %� 7KLEHUW� /LJKW LQ SRZHU� $ JHQHUDO DQG
SDUDPHWHU�IUHH DOJRULWKP IRU FDXVWLF GHVLJQ� ,Q 6,**5$3+ $VLD ���� 7HFK�
QLFDO 3DSHUV� $&0 7UDQVDFWLRQ RQ *UDSKLFV� S� ��� ������

>�@ ;��-� :DQJ� 2Q WKH GHVLJQ RI D UHĠHFWRU DQWHQQD� ,QYHUVH 3UREOHPV ���
���ŋ��� ������

4XHQWLQ 0ÒULJRW LV D SURIHVVRU LQ DSSOLHG PDWKHPDWLFV DW 8QLYHUVLWÒ 3DULV�
6DFOD\� +LV ZRUN FRPELQHV RSWLPDO WUDQVSRUW DQG FRPSXWDWLRQDO JHRPHWU\
WR VROYH QXPHULFDOO\ SDUWLDO GLIIHUHQWLDO HTXDWLRQV DQG LQYHUVH SUREOHPV�

TXHQWLQ�PHULJRW#XQLYHUVLWH�SDULV�VDFOD\�IU

%RULV 7KLEHUW LV DQ DVVRFLDWH SURIHVVRU LQ DSSOLHG PDWKHPDWLFV DW 8QLYHUVLWÒ
*UHQREOH $OSHV� +H LV ZRUNLQJ RQ WKH QXPHULFDO DVSHFWV RI RSWLPDO WUDQV�
SRUW� 0RQJH�$PSÑUH HTXDWLRQV DQG FRQYH[ LQWHJUDWLRQ WKHRU\�

ERULV�WKLEHUW#XQLY�JUHQREOH�DOSHV�IU
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