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The Classical N-body problem

Dynamical system of interacting particles

@ Mass m; . .
@ Position y;(t) . ) )
e Momentum 7(t) = m;x(t) . ) )
Newton's second law of motion: . )
—ey ™ imic(Xk —3x,) Y
Py Xk — Xil )
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Coordinates change and symplectic integration Algorithm

Introduction Tree model of the hierarchical partition
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The Classical N-body problem

Hamiltonian equation

Equation of motion

dx _ 9H

dt = 0

dr _ _“H

dt — T Ox AR

Problems of direct integration

r/;/f\"\‘\‘\\,gﬂ'\ ‘.~' .

@ time computation

@ stability

@ scale problems
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The Classical N-body problem

N-body simulation

o Evaluating the forces on
individual particles .

o Integrating the orbits of
particles
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The Classical N-body problem

Evaluating the forces on individual particles : Tree methods

LN

@ Barns and Hut[1986,1989]

@ Fast multipole method .
[Carrier,Greengard,1988]
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The Classical N-body problem
Integrating the orbit of particles

o Kepler laws for n =2

@ Runge-Kutta with adaptive time step
e Symplectic integration [Hierarchical Jacobi Symplectic, Beust
2003]
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The Classical N-body problem

Integrating the orbit of particles

o Kepler laws for n =2

@ Runge-Kutta with adaptive time step
e Symplectic integration [Hierarchical Jacobi Symplectic, Beust
2003]
o the stellar system is static and modelled with a binary
hierarchical tree.
e H=Hx+ R with R << Hp
@ Ha : The sum of Keplerian Hamiltonians
@ R : the residual mutual perturbations
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The Classical N-body problem

The Nbodies Softwares

Sverre Aarseth's Institute of Astronomy Homepage hitpiwiewast.cam.ac.uki~sverre/ ‘Sverre Aarseth's Institute of Astronomy N-Body and Dow...  hipy/www.ast.cam.ac.uki~sverrerweb/pages/nbodyhtm

s ey
N-Body

Sverre Aarseth

So0es T [ oo e o

UNIVERSITY OF CAMBRIDGE

&P Institute of Astrononry S ey e s

o T )

Tor1

0610972012 16:20 102 07002012 11:24
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New approach

Outlines

@ Tree model of the hierarchical partition
= extract more information than Barns and Hut

@ change of coordinates and symplectic integration
= extension of Beust method

@ Algorithm and Software %w

September 24 2012 8 /22
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Tree model of the hierarchical partition
Graph model

Complete graph G of interactions

@ Node i : Particle

o Weighted edge (i,j) : wj = G;’_";é'_‘
i—Xj
Partition of G of parameter ¢ . If A and B are 2 parts of the

partition :
eicAandjeB = w;<e¢

@ ic Aand j € A = there exists a path from / to j such that
every edge weight are greater than ¢

Complexity of the hierarchical partition algorithm: O(N log N)
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Tree model of the hierarchical partition

. . ajj = ||m‘.i_m7j.|| ifi#]
The adjacency matrix of G : A= XiZXi

— i dij else
The partition is obtained by :

@ Comparing at most one time the coefficients of A with the
value of €

@ Executing rows and columns permutations.

81(6)

A is equivalent to Dy = <e . <e

By (¢€)
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Tree model of the hierarchical partition

Partition tree
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Computation speedup

@ The set of interactions particley <+ particleg are approximated
by an interaction center_mass_A <> center_mass_B

@ The time step of integration depends on the level in the tree.

€ is multiplied by — the time step of
22/3 at each step integration is divided by 2

*************** €3 = 2%, dts = dto/8
************** € = €23, dt, = dty/4

—————————————————————————— € = 223, dty = dity/2

— — 1
************************** €0 = €min, dto = e
0
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e lower bound

@ Let \» be the second eigenvalue of the Laplacian matrix
L:{ li= —wjifi#j
@ let n the size of the matrix L.
Then for all
A2

€< —
n

the partition is reduced to the trivial partition.
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Symplectic integration

H=Ha+R

(] HA =
Hy + Ho + H3 + Hy + Hs + Hg
contains the main interactions

@ R contains all the residual
interactions

Coordinates change is performed in order to incorporate the tree
structure explicitly.
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Extended Basis

Coordinate change (xi, 7i)ief1.ny = (Xi, Pi)ief1..ny With
@ n: number of particles
@ N: number of nodes

Coordinate change Formulas
x=Ax and p=Cr

with A € M3pnx3n and C € M3pnx3n depend on
@ the masses
@ the structure of the tree.

Extended coordinates is a generalization of the base of Jacobi
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The original Hamiltonian

H(x,m) =n" A+ £(x), (1)

in the new coordinates, H has a similar expression

H(x,p) = p" Dp+ F(x). (2)

( x(t), Cn(t)) is a trajectory of system (2).
t)) be a trajectory of system (2). Then
= (CTx(t),ATp(t)) is a trajectory of system (1).
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Integration of H(x, p) = >_ Hi(x, p) + R(x)

H(x, p) = Z Hi(x, p) + R(x)

@ The H; are integrated
separatly in the (x, p)
coordinates.

o If H; contains 2 particles
— Kepler method

e else Runge Kutta is used
with a time step
determined by the tree.

@ R is integrated.
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Symplectic integration part of

H(x,p) = >_ Hi(x,p) + R(x) in [t, t + 7]

@ Integration of ) Hi(x, p) at a time step 7/2. We obtain
T/2005 H; 9 H;
(%(t+7/2), Bt +7/2)) = (x(t), p(1)) + [7/2(230%, — 22 1)
@ Integration of R at a time step 7. We obtain
(X', p") = (x(t+7/2),p(t +7/2)) + T%—f(}?(t +7/2))
© Integration of ) H; at a time step 7/2. Finally,

T 40 i 0 i
(x(t+71),p(t+ 7)) = (X, p) +ft4:r7/2 %:pH,— %XH).

(X(t + 7), p(t + 7)) is the approximation of (x(t + 7), p(t + 7)).
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Algorithm

Q t= tmin
@ While (t < tMax) do

e Compute the tree
e Perform the coordinate transformation (x,7) — (x, p)
e Construct the individual parts of the Hamiltonian in the new
coordinate system:
H(x, p) = >_ Hi(x, p) + R(x)
e n=20
e While (n < nTreeSteps) and (t < tMax) do
e Integrate (x,p) = %, — 21 with the combined integration
method and a bottom time step of 7 = ﬁl/z
e n=n+1
o t=t+T1
Perform the reverse coordinate transformation:
(x,p) = (x = CTx,m = ATp)
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Coordinates change and symplectic integration

Energie Minimum [4,759719999999999689449532 08
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Algorithm
ooe

Fenetre du graphe des n-corps Do) (= indicators window Qe
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Conclusion

e e
Software %W

@ Dynamical partition tree

e = Flocking simulation
e = Wireless sensor networks

@ New augmented coordinates system generalized the base of
Jacobi.
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