
IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 51, NO. 8, AUGUST 2006 1261

Towards a Multiresolution Approach
to Linear Control

Antoine Girard

Abstract—We develop a multiresolution approximation frame-
work for linear control. We construct a multiresolution analysis of
the set of input functions of a linear system. The approximation of
an input at a scale is defined as the input of minimal energy
such that the trajectories of the system associated with and
coincide on a grid of step length 2 . We propose a set of wavelet
functions which generate this multiresolution analysis. These func-
tions, called control theoretic wavelets, satisfy useful properties for
the representation of control inputs of a linear system. As an ex-
ample of application of our multiresolution approximation frame-
work, we propose a method for efficient encoding of control inputs
with regard to several criteria.

Index Terms—Encoding, linear systems, multiresolution approx-
imation, optimal control, wavelet transforms.

I. INTRODUCTION

DURING THE past decade, the relationship between splines
and linear control theory has been analyzed in [4]–[6],

[11], and [13], resulting in a new class of spline functions: the
control theoretic splines. This class of functions has good prop-
erties to solve a wide range of continuous-time optimal control
problems.

For instance, the optimal trajectory of the interpolation
problem, which aims to drive the trajectory of a linear system
through specific points at specific times; is a control theoretic
spline [5], [13]. Furthermore, the solutions of the smoothing
problem [11] and of an optimal control problem with discrete-
time state–space constraints [4], are control theoretic splines.
More generally, every continuous-time optimal control problem,
which can be formulated using samples of the trajectory, can
be solved within the control theoretic spline framework.

These problems can be viewed as discrete approximations of
optimal control problems involving the value of the trajectory
on the whole interval of time, which are, in general, much more
difficult to solve. As the discretization step of the time becomes
smaller, the solution of the discretized problem provides a finer
approximation of the solution of the original one. More gener-
ally, any input function can be approximated with desired accu-
racy by the input associated with a control theoretic spline.

An effective approximation framework involving finer and
finer grids of samples is given by the theory of multiresolu-
tion approximation [1], [8]–[10], [12]. The basic idea is the fol-
lowing. The approximation of a function of at a res-
olution (or at a scale ) is given by a grid of samples which
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provide local averages of on intervals of length . More
formally, a multiresolution analysis is composed of a sequence

of embedded subspaces of . The space regroups
all the possible approximations at the resolution . The approx-
imation of the function at the resolution is defined as the
orthogonal projection on the space .

In this paper, we develop a multiresolution analysis of the set
of input functions of a linear system. The approximation of an
input at a scale is defined as the input of minimal energy
such that the trajectories of the system associated with and

coincide on a grid of step length . Then, the set of con-
trol theoretic splines associated with the uniform grid of step
length is generated by the input functions in the set . A
set of wavelet functions generating this multiresolution analysis
is derived. We call them control theoretic wavelets. These satisfy
several properties which make them interesting basis functions
for control inputs of a linear system. As an example of applica-
tion of our multiresolution approximation framework, we pro-
pose a method based on control theoretic wavelets for efficient
encoding of input functions with regard to several criteria.

Let us consider the linear control system given by a pair of
matrices

(1)

where , , and are constant matrices
of compatible dimensions. Equivalently

We assume without loss of generality that . Let
be the linear map such that is the trajectory of
(1) associated with the input . We assume that
and that the pair is controllable. Then, the -reachability
Gramian

is invertible for all .

II. MULTIRESOLUTION APPROXIMATION FOR CONTROL

In this section, we develop a multiresolution approximation
framework for linear control. First, we introduce the notion of
second generation multiresolution analysis as it was presented
in [12]. Then, within this theoretical framework, we develop a
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multiresolution analysis suitable for the approximation of the
inputs of system (1). We derive a set of wavelets for this mul-
tiresolution analysis that we call control theoretic wavelets. This
set of wavelets generates a set of basis functions for the trajec-
tories of system (1) which exhibit interesting properties.

A. Multiresolution Analysis and Wavelets

Definition 1: [12] An orthonormal multiresolution
analysis of is a sequence of closed subspaces

such that
• ;
• is dense in ;
• for each , has an orthonormal basis given by

scaling functions where is a set of
indexes.

Thus, a multiresolution analysis consists of a sequence of
finer and finer approximation subspaces of . The ap-
proximation of at a scale is defined as the or-
thogonal projection of on the subspace . The notion of mul-
tiresolution analysis is closely related to the concept of wavelet
functions. Wavelets are defined as basis functions of the orthog-
onal complement of in .

Definition 2: [12] A set of functions
, where is a set of orthonormal

wavelet functions if the following hold.
• The space is the orthog-

onal complement of in .
• The set is

an orthonormal basis of .
Hence, any function can be written as an infi-

nite linear combination of wavelet functions.

Then, its approximation at the scale is given by the truncated
sum

B. Control Theoretic Multiresolution Analysis

Let us construct a multiresolution analysis of suit-
able for the approximation of the inputs of system (1). In our
multiresolution approximation framework, the approximation

at scale of an input is defined as the solution of the fol-
lowing optimal control problem:

Minimize

under

where (2)

Hence, the approximation of a function at scale is defined
as the input of minimal energy such that the trajectory

interpolates on the grid of [0, 1] of step
size . As shown in [13], is the unique element of the set

constant
on each

satisfying the interpolation constraints of problem (2).
Remark 1: The set of control theoretic splines associated with

the uniform grid of [0, 1] of step size is generated by the
input functions of the set .

Theorem 1: The sequence of subspaces is an
orthonormal multiresolution analysis of .

Proof: Let us remark that the property is ob-
vious. For each , is a finite-dimensional subspace (of
dimension ) of , therefore, it has an orthonormal
basis. Let be an element of . Since ,
there exists a function in such that

From [9], the set of piecewise constant functions over intervals
of a dyadic subdivision of [0, 1] is dense in . Let

, there exist and piecewise constant with respect
to the intervals of the uniform subdivision of [0, 1] of step size

, such that

Let , it is clear that it is an element of
. Moreover, it is easy to show that

Hence, is dense in .

C. Control Theoretic Wavelets

Let be the orthogonal complement of in .
Lemma 1: is the subspace of consisting of the in-

puts such that the associated trajectory vanishes at
.

Proof: Let be an element of

if

Let be an element of , such that vanishes at
. Then, it is easy to show that
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Therefore

Thus

vanishes at

Moreover, it is easy to show that these subspaces have equal
dimensions (i.e. ), therefore, they are equal.

In the following theorem, we introduce a set of wavelet func-
tions for our multiresolution analysis. In the next section, we
will show that these functions have useful properties for the rep-
resentation of the inputs of system (1).

Theorem 2: Let

with

where are the eigenvalues of the matrix
, and is the orthonormal basis of com-

posed of associated eigenvectors

on

on

on
on

with

where are the eigenvalues of the matrix

and is the orthonormal basis of composed
of associated eigenvectors. Then, the set of functions

is a set of orthonormal
wavelet functions for the multiresolution analysis .
We call these functions control theoretic wavelets.

Proof: It is clear that for all , . Let , be elements
of

is an orthonormal family of whose di-
mension is . Hence, it is an orthonormal basis. Let ,
let , , it is clear that

. Let us show that vanishes at
. For , on the interval ,

therefore, on . For

For , on the interval ,
therefore, on . Conse-
quently, . Let , let ,

. If , then and have disjoint
supports; hence, they are orthogonal. If
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Fig. 1. Functions' , (top left),  (top right), and the associated trajectories � , � (bottom left), � (bottom right) for a scalar system (x = �x+u).

Thus, is an or-
thonormal family of , whose dimension is . Therefore,
it is an orthonormal basis.

Remark 2: For the scalar system , the set of wavelet
functions given by Theorem 2 is composed of dilatations and
translations of the well known Haar wavelet which generates
the piecewise constant multiresolution analysis of .

D. Basis Functions for the Trajectories

The set of control theoretic wavelets generates a set of trajec-
tories of system (1)

On Fig. 1, some control theoretic wavelets for a scalar system
and the associated trajectories are shown. Let

be an element of , from Theorem 2, there exist
coefficients ,

such that

(3)

Proposition 1: Let . For all

(4)

Proof: Let , we define

From Theorem 2, we have that

Let , then for all

Let such that . For all ,
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Since the inequality holds for all unitary , then

We now show that the control theoretic wavelets satisfy prop-
erties that make them interesting basis functions for control in-
puts of system (1). Let and ,
then and can be written as in (3) and (4).

Let , for all , ,
, we have by construction that van-

ishes at . Thus, the value of a
trajectory at these instants is uniquely
determined by the coefficients and

of the decomposition of in the control theoretic wavelet
basis. These coefficients can be computed by solving a set
of linear equations involving the value of the trajectory at

.
Moreover, let us remark that for all , ,

, the support of the function is included in the
open interval . Particularly, this means that
the set of linear equations that need to be solved to determine the
coefficients of the decomposition of is sparse. Thus, it follows
that the computation of the decomposition of in the control
theoretic wavelet basis can be done in a very efficient way.

Moreover, the information on the input is represented in
an intrinsically hierarchical and localized manner when is de-
composed in the control theoretic wavelet basis. Indeed, at lower
scales, the coefficients of the decomposition of the input cap-
ture the global behavior of the trajectory . At higher scales, the
coefficients capture the details of the trajectory. This is done in
a localized way.

In the next section, these properties are used to encode effi-
ciently the control input of a linear system.

III. EFFICIENT ENCODING OF CONTROL INPUTS

Efficient encoding of control inputs is a problem of great im-
portance in several control problems. For instance, for distant
control, involving wireless communications, the delay due to
the time of transmission is proportional to the number of bytes
needed to encode the control input. Thus, for efficiency, the en-
coding of the control inputs should contain the maximum of in-
formation on the minimum of bytes. In the signal processing
area, the properties of wavelets have been used successfully for
image compression [9]. In this section, we extend some of these
techniques to control inputs for linear systems. Let us consider
an input

Let , , the principle of compression by
wavelets is to choose the coefficients which contains the
more information, among those of the decomposition of in

the wavelet basis (see, e.g., [9]). The compressed control input
can be written as

where is either or 0, is either or 0 and such that

Several strategies can be used. In the following, we analyze three
of them. First, let us prove the following result.

Lemma 2: For all , ,

Proof: For , . Let
, , and

Since the inequality holds for all
and for all such that , then

.
Two criteria will be used to evaluate the quality of the com-

pression of the control input. The first one is the -norm of the
error of approximation of the input:

(5)

The second one is the -norm of the error of approximation
of the trajectory
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For given and , the functions have disjoint supports. Thus

Therefore

(6)

It is clear that from a control viewpoint, the second performance
criterion is more important than the first one. On that point, our
problem differs from traditional signal compression problems
where the main objective is to minimize the -norm of the error
of approximation of a signal.

In the following, we evaluate these errors for three different
compression strategies. First, we have to quantify the decrease
of the coefficients of the decomposition of the input in the
control theoretic wavelet basis.

A. Decrease of the Coefficients

Let us examine how the coefficients decrease under
some assumptions on the input .

Lemma 3: Let be bounded on [0, 1], for all ,
,

Proof: Let , ,

Lemma 4: Let be bounded and -Lipschitz, for all ,
,

where

Proof: Let , , .
From Theorem 2, we have

Then, for all

Since , the matrix is invertible. Let
, then

Since is -Lipschitz, we have

Furthermore

The assumption that the control input is bounded is reason-
able for practical applications. However, the coefficients of the
decomposition in the control theoretic wavelet basis of a func-
tion which is bounded but not Lipschitz decrease very slowly
compared to those of a bounded and Lipschitz function. Un-
fortunately, the assumption that control inputs are bounded and
Lipschitz may be too strong for many interesting applications.
From our perspective, it is reasonable to consider control inputs
that are bounded, piecewise continuous with a finite number of
discontinuities and Lipschitz on each interval where they are
continuous.

Let be such an input, we note the times at which
is not continuous. At each scale , we define the fol-

lowing subsets of :

At each scale, the elements of are the indices of the intervals
containing the instant at which is discontinuous. Note that the
set has at most elements.
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Proposition 2: For all , ,

if
if .

Proof: Obvious and relies on Lemma 3 and 4.
In the following, we use this result to analyze the performance

of some compression strategies for control inputs.

B. Uniform Interpolation of the Trajectory

The first strategy we consider is the most classical one. It con-
sists in choosing the first coefficients of the decomposition.
Thus, the compressed input is defined by the coefficients

In that case, the trajectory associated with the compressed
input interpolates the original trajectory at

.
Proposition 3: Let and be the input and trajectory ob-

tained by uniform interpolation of the trajectory , then

Proof: Equation (5) becomes

For any , there exist at most elements in and
elements in . Hence

Equation (6) becomes

Let us assume that is large enough so that is smaller
than . Therefore

C. Best -Approximation of the Input

We analyze a second strategy which consists in choosing the
largest coefficients (in absolute value) of the decomposition

of in the wavelet basis. Thus, the compressed input is the
best -approximation of in the wavelet basis with non-
zero coefficients. Let be the absolute value of the largest
coefficient (in absolute value). Therefore

if
if

if
if

Lemma 5: For sufficiently large, is smaller than
.

Proof: From Proposition 2, for all , ,

and, for all , ,

Hence, there are at most coefficients with
absolute value greater than . For
sufficiently large, is greater than

. This allows to conclude.
Proposition 4: Let and be the input and trajectory ob-

tained by the best -approximation of the input , then

Proof: Clearly, for all , .
Similarly, for all , , ,

is upper-bounded by and . Equation (5)
becomes

which leads to

Using the upper bound of given by Lemma 5, the latest in-
equality leads to .
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We now consider the -norm of the error of approximation
of the trajectory; from (6)

Hence, .

D. Best -Approximation of the Trajectory

While the second strategy tried to minimize the error of ap-
proximation of the input, the third strategy aims to minimize the
error of approximation of the trajectory. According to Lemma
2, for , , , the contribu-
tion of the coefficient to the trajectory is bounded by

The third strategy consists in keeping the largest contributions
to the trajectory. Let be the value of the largest ele-
ment of the set of normalized coefficients

, the compressed input
is defined by the coefficients

if
if

if
if

Lemma 6: For sufficiently large, is smaller than
.

Proof: From Proposition 2, for all , ,

and, for all , ,

Hence, there are at most normalized coeffi-
cients strictly greater than . For large
enough, is greater than . This
leads to the conclusion.

Proposition 5: Let and be the input and trajectory ob-
tained by the best -approximation of the trajectory , then

TABLE I
L -NORM OF THE APPROXIMATION ERROR OF THE INPUT FOR THE DIFFERENT

STRATEGIES AND SEVERAL COMPRESSION RATES

TABLE II
L -NORM OF THE ERROR OF APPROXIMATION OF THE TRAJECTORY FOR THE

DIFFERENT STRATEGIES AND SEVERAL COMPRESSION RATES

Proof: For all , . For all ,
, , is bounded

by and . Equation (5) becomes

which leads to

Since , .
We now consider the error of approximation of the trajectory.

We assume that is large enough so that .
Equation (6) becomes

Using the bound of given by Lemma 6, this inequality leads
to the expected result.
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Fig. 2. Approximation errors against the compression parameter J .

E. Numerical Experiments

In this part, we check the validity of the theoretical results
from the previous part. We consider the following control
system:

(7)

The desired trajectory is

if
if

if
if

The corresponding input is computed in the control the-
oretic wavelet basis by solving a sparse system of linear equa-
tions. We computed the 2048 first coefficients given by the value
of the trajectory on the grid of step size 1/1024 of the interval
[0, 1].

Then, we applied the three compression strategies presented
in the previous section. The estimations of the different approx-
imation errors are presented in Tables I and II. Fig. 2 shows the
graphs of the approximation errors against the compression pa-
rameter .

The -approximation errors of the input are presented in
Table I. The experimental results confirm approximatively the
theoretical ones. Indeed, the error seems to evolve as
with the first strategy (truncation of the sum) as it evolves
roughly as for the other ones. We can see, that the quality
of approximation is quite the same for the second and the third
strategies though it is always better with the second strategy
(thresholding the coefficients).

In Table II, the -approximation errors of the trajectory
are presented. We can see that they agree with theoretical es-
timations for the first and the third strategies. The interpreta-
tion of the results obtained with the second strategy is much
harder since the error of approximation does not decrease in a

regular way. This may be evidence that the second strategy is
not adapted for approximating the trajectory.

In Fig. 3, we represented one of the original inputs and the
associated trajectory on the top of the figure. Below, we plotted
one of the compressed inputs and the associated trajectory ob-
tained by the third compression strategy (thresholding the nor-
malized coefficients). In that case, the input is encoded using
64 nonzero coefficients. We can see that the trajectory associ-
ated with the compressed input restores accurately the original
trajectory. Particularly, we can see that irregularities of the tra-
jectories are conserved.

IV. CONCLUSION

In this paper, we developed a new approximation framework
for linear control. It results in a multiresolution analysis of the
space of input functions of a linear control system. We computed
an associated set of orthonormal wavelet functions which we
call control theoretic wavelets. The main advantage over clas-
sical wavelet bases is that the hierarchical structure is given in
the space of trajectories of the system while the inner product is
consistent with the space of input functions.

We presented an application of the multiresolution approxi-
mation framework for linear control. Given a desired trajectory,
we synthesized an input which can be coded on a given number
of bytes and such that the associated trajectory remains close
to the desired one. We analyzed three different approaches to
this problem. These methods of compression have applications
in distant control problems where the time of transmission of
input signals has a critical role. The methods of compression
using wavelet bases can generally be adapted to denoising prob-
lems [9]. In [6], a denoising problem has been handled using the
framework of control theoretic splines. It is likely that control
theoretic wavelets will be useful to propose an alternative ap-
proach to this problem. This will be part of future research.

We think that the hierarchical and localized properties of the
control theoretic wavelets can be used advantageously to solve
a wide range of control synthesis problems. In [7], for instance,
we proposed a method for computing an approximation of the
solution of an optimal control problem for linear systems sub-
ject to continuous-time state constraints. On theoretical side, it
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Fig. 3. Second component of the input v (top left), and the components x and y of associated trajectory (top right). The second component of the compressed
input v (bottom left), and the components x and y of associated trajectory (bottom right) for the third compression strategy.

would be interesting to analyze the link between control theo-
retic wavelets and spline wavelets as these seems to be control
theoretic wavelets associated with specific matrices and .
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