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Towards a Multiresolution Approach
to Linear Control

Antoine Girard

Abstract—We develop a multiresolution approximation frame-
work for linear control. We construct a multiresolution analysis of
the set of input functions of a linear system. The approximation of
an input u at a scale j is defined as the input u; of minimal energy
such that the trajectories of the system associated with v and u;
coincide on a grid of step length 2—7. We propose a set of wavelet
functions which generate this multiresolution analysis. These func-
tions, called control theoretic wavelets, satisfy useful properties for
the representation of control inputs of a linear system. As an ex-
ample of application of our multiresolution approximation frame-
work, we propose a method for efficient encoding of control inputs
with regard to several criteria.

Index Terms—Encoding, linear systems, multiresolution approx-
imation, optimal control, wavelet transforms.

I. INTRODUCTION

URING THE past decade, the relationship between splines
Dand linear control theory has been analyzed in [4]-[6],
[11], and [13], resulting in a new class of spline functions: the
control theoretic splines. This class of functions has good prop-
erties to solve a wide range of continuous-time optimal control
problems.

For instance, the optimal trajectory of the interpolation
problem, which aims to drive the trajectory of a linear system
through specific points at specific times; is a control theoretic
spline [5], [13]. Furthermore, the solutions of the smoothing
problem [11] and of an optimal control problem with discrete-
time state—space constraints [4], are control theoretic splines.
More generally, every continuous-time optimal control problem,
which can be formulated using samples of the trajectory, can
be solved within the control theoretic spline framework.

These problems can be viewed as discrete approximations of
optimal control problems involving the value of the trajectory
on the whole interval of time, which are, in general, much more
difficult to solve. As the discretization step of the time becomes
smaller, the solution of the discretized problem provides a finer
approximation of the solution of the original one. More gener-
ally, any input function can be approximated with desired accu-
racy by the input associated with a control theoretic spline.

An effective approximation framework involving finer and
finer grids of samples is given by the theory of multiresolu-
tion approximation [1], [8]-[10], [12]. The basic idea is the fol-
lowing. The approximation of a function f of L2(0,1) at a res-
olution 27 (or at a scale j) is given by a grid of samples which
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provide local averages of f on intervals of length 277, More
formally, a multiresolution analysis is composed of a sequence
{V;} of embedded subspaces of L?(0, 1). The space V; regroups
all the possible approximations at the resolution 27. The approx-
imation of the function f at the resolution 27 is defined as the
orthogonal projection on the space V.

In this paper, we develop a multiresolution analysis of the set
of input functions of a linear system. The approximation of an
input u at a scale j is defined as the input u; of minimal energy
such that the trajectories of the system associated with u and
u; coincide on a grid of step length 277 Then, the set of con-
trol theoretic splines associated with the uniform grid of step
length 277 is generated by the input functions in the set Vi A
set of wavelet functions generating this multiresolution analysis
is derived. We call them control theoretic wavelets. These satisfy
several properties which make them interesting basis functions
for control inputs of a linear system. As an example of applica-
tion of our multiresolution approximation framework, we pro-
pose a method based on control theoretic wavelets for efficient
encoding of input functions with regard to several criteria.

Let us consider the linear control system given by a pair of
matrices (A4, B)

2/ (t) = Ax(t) + Bu(t), z(0) =9, u€ L*(0,1)™
ey
where z(t) € R"=, u(t) € R™, A and B are constant matrices
of compatible dimensions. Equivalently

t
vt € [0,1] z(t) = eMay + / A=) Bu(s)ds.
0
We assume without loss of generality that zo = 0. Let F(4 p)
be the linear map such that z = F(4 p)(u) is the trajectory of
(1) associated with the input u. We assume that rank(B) = n,,

and that the pair (A, B) is controllable. Then, the ¢-reachability
Gramian

t
M(t) — /e.A(tfs)BBTeAT(t—s)ds
0

is invertible for all ¢ > 0.

II. MULTIRESOLUTION APPROXIMATION FOR CONTROL

In this section, we develop a multiresolution approximation
framework for linear control. First, we introduce the notion of
second generation multiresolution analysis as it was presented
in [12]. Then, within this theoretical framework, we develop a
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multiresolution analysis suitable for the approximation of the
inputs of system (1). We derive a set of wavelets for this mul-
tiresolution analysis that we call control theoretic wavelets. This
set of wavelets generates a set of basis functions for the trajec-
tories of system (1) which exhibit interesting properties.

A. Multiresolution Analysis and Wavelets

Definition 1: [12] An orthonormal multiresolution
analysis of L?(0,1)" is a sequence of closed subspaces
{V; € L?(0,1)"|j € N} such that

e V; C Vit

* Ujen Vi is dense in L2(0,1)"™;

e for each j € N, V; has an orthonormal basis given by
scaling functions {go] klk € K(j)} where KC(j) is a set of
indexes.

Thus, a multiresolution analysis consists of a sequence of
finer and finer approximation subspaces of L?(0,1)™. The ap-
proximation u; of u € L%(0,1)™ ata scale j is defined as the or-
thogonal projection of « on the subspace V;. The notion of mul-
tiresolution analysis is closely related to the concept of wavelet
functions. Wavelets are defined as basis functions of the orthog-
onal complement of V; in V4,

Definition 2: [12] A set of functions {¢;,[j € N,m €

M(5)}, where M(j) = K(5+ 1)\ K(j) is a set of orthonormal
wavelet functions if the following hold.

* The space W; = span({t;...|m € M(j)}) is the orthog-
onal complement of V; in V.

« The set {t;,m]j € N,m € M(j)} U {poilk € K(0)} is
an orthonormal basis of L2(0,1)™.

Hence, any function v € L?(0,1)™ can be written as an infi-

nite linear combination of wavelet functions.

Z 040k<P0k+Z Z BimWPj,m-

kek(0) FENmeM())

Then, its approximation at the scale .J is given by the truncated
sum

j=J—1

Z @o,kP0,k + Z Z Bm¥jm-

keK(0) 7=0 meM(j)

B. Control Theoretic Multiresolution Analysis

Let us construct a multiresolution analysis of L?(0, 1)™* suit-
able for the approximation of the inputs of system (1). In our
multiresolution approximation framework, the approximation
u,; at scale j of an input u is defined as the solution of the fol-
lowing optimal control problem:

1
Minimize /’U(S)T’U(S)ds
0
#(k)29) = y(k/2),
z = Fap)(u)
h ( ’ )
where {y = Foam(v).

under ke{l...29}

2
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Hence, the approximation of a function u at scale j is defined
as the input u; of minimal energy such that the trajectory
F(a,B)(u;) interpolates F4 5)(u) on the grid of [0, 1] of step
size 277. As shown in [13], u; is the unique element of the set

V= {BTeATffju)

fj :10,1] — R"=, constant
oneach [(k—1)/27 k/27)

satisfying the interpolation constraints of problem (2).

Remark 1: The set of control theoretic splines associated with
the uniform grid of [0, 1] of step size 277 is generated by the
input functions of the set V.

Theorem 1: The sequence of subspaces {V;|j € N} is an
orthonormal multiresolution analysis of L?(0,1)™.

Proof: Let us remark that the property V; C V4 is ob-
vious. For each j € N, Vj; is a finite-dimensional subspace (of
dimension 27n,,) of L2 (0, 1)™«, therefore, it has an orthonormal
basis. Let u be an element of L2(0,1)". Since rank(B) = n,,,
there exists a function f in L%(0,1)"= such that

u(t) = BTe 4"t f(1).

From [9], the set of piecewise constant functions over intervals
of a dyadic subdivision of [0, 1] is dense in L?(0,1)"=. Let
e > 0, there exist j € N and f; piecewise constant with respect
to the intervals of the uniform subdivision of [0, 1] of step size

2739, such that
/ 1£(s)

Let uj(t) = BTe=A" 1 f;(t), it is clear that it is an element of
V;. Moreover, it is easy to show that

s)||*ds < e.

[ uts) = (o) ds < (B0 e

Hence, | n Vj is dense in L2(0, 1)™«. [ |

JEN
C. Control Theoretic Wavelets

Let W; be the orthogonal complement of V; in V; ;.

Lemma 1: W; is the subspace of V;; consisting of the in-
puts u such that the associated trajectory F(4,g)(u) vanishes at
{k/22|k € {1...27}}.

Proof: Let v be an element of V;

o(t)= BTe A f,if te [(k—1)/27,k/27).

Let w be an element of V1, such that F(4 p)(w) vanishes at

{k/27|k € {1...27}}. Then, it is easy to show that
k/27
Yk e {1...27} e~ Bw(s)ds = 0.
(k—1)/27
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Therefore
L k=27 k/2
/’UT s)ds = Z it e~ Bw(s)ds = 0.
0 =L -1/
Thus
F(a,B)(w) vanishes at
ev; L . cWw;
{w I (k29 € {1...27})

Moreover, it is easy to show that these subspaces have equal
dimensions (i.e. 2/n,,), therefore, they are equal. [ |
In the following theorem, we introduce a set of wavelet func-
tions for our multiresolution analysis. In the next section, we
will show that these functions have useful properties for the rep-
resentation of the inputs of system (1).
Theorem 2: Let

ol(t) = BTeA (1=1) ¢l le{l...n.}
with
1
f'=—=e
A
where )\6 > ... > )\g’” > 0 are the eigenvalues of the matrix

M(1), and {e}, ..., ek} is the orthonormal basis of R™* com-
posed of associated eigenvectors

0, on [0, %)
T(2m+41 m m
o d BTG on [ 2
7, - T(m+l_
am BT AT (5 )hl on [Zmtl ml)
0, on I:'m,2-;—l71)
jeEN,me{0...27 —1}, 1€ {l...n,}
with

1 1
L -1 1
95 = N M <2j+1> €j+1
J

+1
—1 1 "
1 1 Aj2ItY L
hj = N M <21’+1> € €it1
it

where 0 < Aj,; < ... < A1 are the eigenvalues of the matrix

AT it 1 /20t 1 1
€ M <2j+1>e +M <2j+1

and{e}, ,..., e}, }isthe orthonormal basis of R™* composed
of associated eigenvectors. Then, the set of functions {g/}l lj €
N,m e {0...29 —1},1 € {1...n,}} is aset of orthonormal
Wavelet functions for the multiresolution analysis {V;|j € N}.
We call these functions control theoretic wavelets.
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Proof: Ttis clear that forall [/, <p’ € Vp. Let!, !’ be elements

of {1...n,}
1 ’
[ me s)ds = Ty = O (1)@
o' ( s = =
J NSV
l’ ,
= /\l eéTef) = 51711.
{1 € {1...n,}} is an orthonormal family of Vo whose di-

mension is n,.. Hence, it is an orthonormal basis. Let j € N,
letm € {0...20 —1},1 € {1...n,},itis clear that w;}m €
Vit1. Let us show that .7-"(A B)(dl ) vanishes at {k/27|k €
{L...27}}. For k < m, ¢!, = 0 on the interval [0, k/27),
therefore, (4, 5)(¢} ) = 0 on [0,k/27]. Fork = m + 1

(m+1)/29
A5 —5)B¢l,’m(3)d3
0
(2m+1)/2741
= A=) ppT A" (35 S)gé»ds
m/2i
(m+1)/27
+ AT =) BT (57 )bl ds
(2m41)/20+1

Ayt 1 . 1 .
=€ M<2j+1>gj+M<2j+1 h]‘—o.

+1)/27, k/27),
= 0 on [(m + 1)/27,k/27]. Conse-

€ Wj.Letj € N, letm,m’ € {0...27 — 1},
LU €{l...n,}.Tfm # m/, then ! and !, have disjoint
supports; hence, they are orthogonal. If m = m/’

Fork >m+ 1,4},
therefore, F(4,B) (1/1;,m)
quently, ’l/};',m

= 0 on the interval [(m

1
[ (s
0
(2m+1)/29+1
= ng A(S - )BBTeAT(%is)gé‘,ds
m/27
(m+1)/27
+ BT ACE =) BT AT (5 =)l s
(2m41)/25+1
_ l'TM 1 +thM 1 hl'
=9; 2i+1 q] 9i+1 ) i
1 T

= —e-
—Cj+1
VA
N [M_l < 1 ) +6A7‘/2.7+1M_1 < 1 >6A/2j+1:|
2i+1 2i+1
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Fig. 1. Functions ', %] , (top left), 11 ; (top right), and the associated trajectories x ', {5  (bottom left), ] , (bottom right) for a scalar system (2" = —x4u).

Thus, {¢},,Im € {0...27 — 1}, € {1...n,}} is an or-
thonormal family of W;, whose dimension is 277,,. Therefore,
it is an orthonormal basis. ]

Remark 2: For the scalar system z/ = u, the set of wavelet
functions given by Theorem 2 is composed of dilatations and
translations of the well known Haar wavelet which generates
the piecewise constant multiresolution analysis of L?(0, 1).

D. Basis Functions for the Trajectories

The set of control theoretic wavelets generates a set of trajec-
tories of system (1)

X' =Fa.p(e')
&om =Fa,8) (Vjm) |
JjeN, me{0...27 -1}, le{l...n.}.

On Fig. 1, some control theoretic wavelets for a scalar system
(¢/ = —x + u) and the associated trajectories are shown. Let
u be an element of L?(0,1)", from Theorem 2, there exist
coefficients {o![l € {1...n,}}, {6},,li e N,m € {0...27 —
1},1 € {1...n,}} such that

l=n, j=ocom=27—11l=n,
DU DIED DR DY L SO
1=1 j=0 m=0 I=1
Proposition 1: Let v = F(4 py(u). Forall t € [0, 1]
l=n, j=com=2'—11=n,
“)

w®) =Y N+ D D DY Bk )
=1 j=0 m=0 I=1

Proof: Let J € N, we define

l=n, j=J—1m=27—11l=n,

_ [ l l
wr=3 o'+ 3 Y D Btim
=1 7=0 m=0 [=1

From Theorem 2, we have that

lim
J—o00

[ uts) = wsts) P ds =o.

Letx; = F(a,p)(ur), then forall ¢ € [0,1]

j=J—1m=27—11=n,

Yo D Bimbim(D

m=0 =1

l=n_,

zy(t) = Z ol x' (1) +

=0
Let ¢ € R™= such that ||¢|| = 1. Forall ¢ € [0, 1],
. 2

- / T A9 (u(s) — up(s)) ds

0

2

T ((t) — 24(1))|
1

§cTM(t)c/||u(s) g ()| ds

< M(e [ flus) - us(o)” ds

0
1
<Al / lu(s) — us(s)| ds.
0
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Since the inequality holds for all unitary ¢ € R™=, then

Jlim ||z(t) — x5 (¢)|| = 0.

|

We now show that the control theoretic wavelets satisfy prop-
erties that make them interesting basis functions for control in-
puts of system (1). Let u € L?(0,1)" and z = F(4,p)(u),
then « and x can be written as in (3) and (4).

Let J € N, forall j > J, m € {0...27 — 1},
I € {0...n,}, we have by construction that &~ van-
ishes at {k/27|k € {1...27}}. Thus, the value of a
trajectory © = JF(a p)(u) at these instants is uniquely
determined by the coefficients {a!|l € {l...n,}} and
{B5nli €{0...J =1} m e {0...27 =1} € {1...n,}}
of the decomposition of u in the control theoretic wavelet
basis. These coefficients can be computed by solving a set
of linear equations involving the value of the trajectory = at
{271k € {1...27}}.

Moreover, let us remark thatforall j > .J,m € {0... 27 -1},
I € {0...n,}, the support of the function £}, , is included in the
open interval (m/27, (m + 1)/27). Particularly, this means that
the set of linear equations that need to be solved to determine the
coefficients of the decomposition of « is sparse. Thus, it follows
that the computation of the decomposition of u in the control
theoretic wavelet basis can be done in a very efficient way.

Moreover, the information on the input u is represented in
an intrinsically hierarchical and localized manner when w is de-
composed in the control theoretic wavelet basis. Indeed, at lower
scales, the coefficients of the decomposition of the input u cap-
ture the global behavior of the trajectory x. At higher scales, the
coefficients capture the details of the trajectory. This is done in
a localized way.

In the next section, these properties are used to encode effi-
ciently the control input of a linear system.

III. EFFICIENT ENCODING OF CONTROL INPUTS

Efficient encoding of control inputs is a problem of great im-
portance in several control problems. For instance, for distant
control, involving wireless communications, the delay due to
the time of transmission is proportional to the number of bytes
needed to encode the control input. Thus, for efficiency, the en-
coding of the control inputs should contain the maximum of in-
formation on the minimum of bytes. In the signal processing
area, the properties of wavelets have been used successfully for
image compression [9]. In this section, we extend some of these
techniques to control inputs for linear systems. Let us consider
an input u € L?(0,1)"«

I=n, j=o00 m=27—11l=n,

T TS S SR S
1=1 §=0 =0 =1

Let J € N, N = 27n,, the principle of compression by
wavelets is to choose the N coefficients which contains the
more information, among those of the decomposition of u in
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the wavelet basis (see, e.g., [9]). The compressed control input
can be written as

l=n, j=com=27—11=n,

up= Y ae'+ > > N 8Lk
1=1 j=0 m=0 I=1

where &' is either o or 0, B;m is either ,[3;-1m or 0 and such that

#{a' #£0,p, #0} <N.

Several strategies can be used. In the following, we analyze three
of them. First, let us prove the following result.
Lemma 2: Forall j e N,m € {0...29 —1},1 € {0...n,}

“51,,m||oo < /HBBTHeIIAIIQ—J'/?

Proof: For t & [m/27, (m + 1)/27], ¢ (t) = 0. Let
t e [m/27,(m+1)/2/],c € R", and ||c|| = 1

¢ 2

|CT ;',m(t)l2 = CT/GA(FS)BQZJ;m(s)ds

0
t
< ||1/1;-7m||§cT / A=) pBT AT (1=9) gg¢
m/27
(m+1)/27
< e2||A||((m+1)/2f—s)HBBTHdS
m./23'
T .
BB (e2||A||/2J _ 1)
2/l

< ||BBT||e2l4lig=3.

Since the inequality holds for all ¢ € [m/27,(m + 1)/27]
and for all ¢ € R™ such that ||c]| = 1, then [|¢},,]| _ <

VIIBBT||ellAll2—i/2, n
Two criteria will be used to evaluate the quality of the com-
pression of the control input. The first one is the L2-norm of the

error of approximation of the input:

l=n_,

le = uslly = ) (of —a')?
=1

j=ocom=2"—-1l=n,

DD DD DU FE /M C)
j=0 m=0 [=1

The second one is the L°°-norm of the error of approximation
of the trajectory

l=n,

lz = sl < D la! = allIxXllos
=1

oo
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For given [ and j, the functions £ ;-,m have disjoint supports. Thus

m=27—1
Z (ﬂ; _/Bém) J,m
m=0 &9
m=27— 1 [ l
= "'max 1B = Bl 116

< m%£1|ﬂ;m — B .| 27972\ /|| BBT ||l 4.

Therefore
l=n,

< \/IBBT el S " o — &'
=1

l=ng, j=00

+1/||BBT||e!l Al Z Z me&iX

1=1 ;=0

e =zl

1Bim = Bim| 27772 (©)

It is clear that from a control viewpoint, the second performance
criterion is more important than the first one. On that point, our
problem differs from traditional signal compression problems
where the main objective is to minimize the L?-norm of the error
of approximation of a signal.

In the following, we evaluate these errors for three different
compression strategies. First, we have to quantify the decrease
of the coefficients of the decomposition of the input u in the
control theoretic wavelet basis.

A. Decrease of the Coefficients

Let us examine how the coefficients ﬁ;m decrease under
some assumptions on the input u.
Lemma 3: Let u be bounded on [0, 1], forall j € N, m €

{0...20 =1}, 1 € {1...n,}

185 | < Ilulloc27772.

Proof: Letj € N,m € {0...27 —1},1 € {1...n,}

2

2
8y l” = | [ (50 (9
0
(m+1)/27 (m+1)/27
2
< lu(s)|* ds [45.m ()| ds
m/2j m/2j
(m+1)/27
< ul2ds = [Jul|%,277.
m./ZJ'
| |
Lemma 4: Let u be bounded and L-Lipschitz, for all j € N,
me{0...20 =1}, 1€ {1...n,}
|85 1| < k273972
where
k= L+ |BTNIBI|[(B7B) | 147 M ).
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Proof: Letj € N,m € {0...29 —1},1 € {1...n,}.

From Theorem 2, we have

1

/fTe_Asté-’m(s)ds = 0.

0

VfeR"

Then, for all f € R"=

1
8l = | [ 07 )51
0
; T
= / (BTe_ATSf - u(s)) ;ym(s)ds
0
<2792 sup ‘BTe_ATSf—u(s)H .
selg 5]

Since rank(B) = n,,, the matrix B” B is invertible. Let f =
e’ m/QJB(BTB)_lu(m/Zj ). then

HBT ASf BT, ATm/2JfH
—u(m/ZJ)H.

HBT ASf

+ uls

Since u is L-Lipschitz, we have

Hu(s) - u(m/2j)|| < Lls—m/27| < L2777,

Furthermore

HBTe—ATSf _ BTe—ATm/ijH

< ”BT eAT(m/2Ls) .

efATm/ijH
T -1
< IBT (AT b4 V2= B | (BT B) || e

|
The assumption that the control input « is bounded is reason-
able for practical applications. However, the coefficients of the
decomposition in the control theoretic wavelet basis of a func-
tion which is bounded but not Lipschitz decrease very slowly
compared to those of a bounded and Lipschitz function. Un-
fortunately, the assumption that control inputs are bounded and
Lipschitz may be too strong for many interesting applications.
From our perspective, it is reasonable to consider control inputs
that are bounded, piecewise continuous with a finite number of
discontinuities and Lipschitz on each interval where they are
continuous.
Let u be such an input, we note {¢1 . ..t4} the times at which
u is not continuous. At each scale j € N, we define the fol-
lowing subsets of {0...27 — 1}:

B; = {m|3t; € [m/2, (m +1)/27)}
C;={0...27 —1}\ B;.
At each scale, the elements of B; are the indices of the intervals

containing the instant at which w is discontinuous. Note that the
set B; has at most d elements.
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Proposition 2: Forall j € N, m € {0...29 —1},1 €
{1...n,}
=2 ifm € B;
L < fllulle272, ifm e B,
[im| < k27312, if m € C;.
Proof: Obvious and relies on Lemma 3 and 4. ]

In the following, we use this result to analyze the performance
of some compression strategies for control inputs.

B. Uniform Interpolation of the Trajectory
The first strategy we consider is the most classical one. It con-

sists in choosing the N first coefficients of the decomposition.
Thus, the compressed input u s is defined by the coefficients

a] = Qg
ﬂl {ﬁé,

In that case, the trajectory x; associated with the compressed
input u; interpolates the original trajectory z at {q/27|q €
{1...27}}.

Proposition 3: Let uy and z ;7 be the input and trajectory ob-
tained by uniform interpolation of the trajectory x, then

j<J-1
i>

lu —uslly =027"")
=0(277).

e = 2.1ll oo

Proof: Equation (5) becomes

I=n, j=ocom=27 -1

lus —ullz=" > >

I=1 j=J m=0

For any j € N, there exist at most d elements in B; and 2/
elements in C;. Hence

: I=n
lus —ull; < Z

d||u||302*1' + 27/ k?2727)

4
(2d||u||3,o + 5/7<:22J> .

Equation (6) becomes

l=n, j=o0
z—as|_ < +\/|[BBT||elAl mm'é;l Bl 27902,
oo
1=1 j=J

Let us assume that .J is large enough so that k2737/2 is smaller
than ||u||c2~ /2. Therefore

l=n, j=00

<\JIBBTIT ST S Jufle27

=1 j=J

<27 Jullooy/1BBT |11,

e =zl
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C. Best L*-Approximation of the Input

We analyze a second strategy which consists in choosing the
N largest coefficients (in absolute value) of the decomposition
of u in the wavelet basis. Thus, the compressed input u s is the
best L2-approximation of u in the wavelet basis with N non-
zero coefficients. Let § 7 be the absolute value of the N'*" largest
coefficient (in absolute value). Therefore

A = ay, if|al| 2 0]
P70, if || < 6y
: l
Bl. — /[Jm7 1f|/8]7m| ZHJ
j,m 0, if|/8;.7m| < 0y.

Lemma 5: For .J sufficiently large, f; is smaller than
max(k, ||ulloc)27/ 7172,
Proof: From Proposition 2, for all 7 > J — 1, m € Cj,
le{l...n.}

161 .] < E2-3(J-1)/2
and, forall j > 3(J —1),me B;,l € {1...n,}

18] < o222

Hence, there are at most n, (27 =1 +2d(J — 1)) coefficients with

absolute value greater than max(k, ||u||o0)2~3/=1/2, For .J

sufficiently large, N = n,27 is greater than n, (27~ +2d(J —

1)). This allows to conclude. ]
Proposition 4: Let uy and x y be the input and trajectory ob-

tained by the best L?-approximation of the input w, then

llu —uyll, =0(277)
20(2_3J/2).

e =zl

Proof: Clearly, for all [ € {1...n,}, |a' — !| < 6.
Similarly, forall j € N, m € {1...29 —1},1 € {1...n,},
|8% . — B35 | is upper-bounded by 67 and |3}, |. Equation (5)
becomes

2
llu = wll3
j=J—2m=27-1

<ng [05+ ) > 63
7=0 m=0

j=2J-3

S DS
j=J—1 \meB; mecC;
j=o0

+ o lulE2 7+ Y k2
j=2J-2 \meB; meC;

which leads to

lu = uglly < no63 (2771 +d(J - 1))
+n,2720 0 (482 /3 4 2d||u)| %) -

Using the upper bound of 6 ; given by Lemma 5, the latest in-
equality leads to |lu — uy||, = O(277).
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We now consider the L,-norm of the error of approximation
of the trajectory; from (6)

j=o00
Iz =zl < \/IBBT[lel4ng0, | 14+ ) 27772

=0
Hence, ||z — z ]| = O(0;) = O(273//2). -

D. Best L>-Approximation of the Trajectory

While the second strategy tried to minimize the error of ap-
proximation of the input, the third strategy aims to minimize the
error of approximation of the trajectory. According to Lemma
2,forj € N,m € {1...29 —1},1 € {1...n,}, the contribu-
tion of the coefficient ﬂ;-}m to the trajectory is bounded by

8, 27721 BB,

The third strategy consists in keeping the largest contributions
to the trajectory. Let #; be the value of the N** largest ele-
ment of the set of normalized coefficients { ||, |55 ,,[277 2|5 €
N,m € {1...27 —1},l € {1...n,}}, the compressed input
u 7 is defined by the coefficients

_ (07}
w) =
! 0
l
3l _ J,m
jm T 0

Lemma 6: For J sufficiently large, #; is smaller than
max(k, ||u]|so)2 2.
Proof: From Proposition 2, forall j > J — 1, m € C,,
le{l...n.}

if|al| Z 0]

if|al| < 9]
if |3 ,,]279/2 > 6,
if |8 ,,|277/% < 6;.

|ﬂ;m| 2—j/2 S k_2—2(.]—1)
and, forall j > 2(J —1),m e B;,l € {1...n,}
18] 27977 < lufl 0272070,

Hence, there are at most 1, (27 ~* +d(.J—1)) normalized coeffi-
cients strictly greater than max(k, ||u||o )2~ 2’ 1. For .J large
enough, N = 27n, is greater than n,(2”~! + d(J — 1)). This
leads to the conclusion. |
Proposition 5: Let uy and x 5 be the input and trajectory ob-
tained by the best L°°-approximation of the trajectory x, then

lu—usll, =027
lz = 25l = O(J2727).

me{l...27 =1}, le{l...n.},|B,, —
by 6,29/2 and |3, ,|. Equation (5) becomes
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TABLE I
L?-NORM OF THE APPROXIMATION ERROR OF THE INPUT FOR THE DIFFERENT
STRATEGIES AND SEVERAL COMPRESSION RATES

[[ Strategy 1 | Strategy 2 | Strategy 3 |

J=4 1.9578358 1.0680063 1.2174699

J=5 1.2462848 0.4734766 0.5814066

J=6 0.8116987 0.2277683 0.2336332

J=7 0.5343714 0.1101325 0.1120497

J =38 0.3430447 0.0512162 0.0521266
TABLE II

L,>°-NORM OF THE ERROR OF APPROXIMATION OF THE TRAJECTORY FOR THE
DIFFERENT STRATEGIES AND SEVERAL COMPRESSION RATES

[[ Strategy 1 [ Strategy 2 | Strategy 3 |

J=4 0.1702431 0.2197090 0.1115303
J=5 0.0842527 0.1091285 0.0257247
J=6 0.0405219 0.0864505 0.0067362
J=7 0.0201837 0.0025790 0.0014312
J=38 0.0080961 0.0006317 0.0003677

Proof: Foralll € {1...n,},|a'—a!| < 6,.Forallj € N,
! | is bounded

oy — w2
j=J—2271
<n, |6%+ 0227
7=0 m=0
j=2J-3
+ (Z 0327 + > kP27
j=J—=1 \meB; meC;
Jj=00
+ (Z ul2277 + Y k2%
j=2J-2 \mée€B; meC;

which leads to

22(J—1) 2
% +d27 (27 - 1)>

+n,27 207D (4523 4 2d||ul|%) -

Iw—uﬂﬁsnw3<

Since 6; = O(2727), |luy — ull, = O(277).

We now consider the error of approximation of the trajectory.
We assume that .J is large enough so that k2727 < ||ul[c277.
Equation (6) becomes

j=2J-3

o — 2 slloe <\IBBT(l M, (0,+ S 65
7=0
Jj=o00
+\/IBBT[lel M, >~ fluflec27.
j=2J-2

+ ||BBT||e”AHn:p2||U||OO2_2(J_1)-

Using the bound of #; given by Lemma 6, this inequality leads
to the expected result. |
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Error of approximation of the input
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Log(error)
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Fig. 2. Approximation errors against the compression parameter .J.

E. Numerical Experiments

In this part, we check the validity of the theoretical results
from the previous part. We consider the following control
system:

() =( )G+ 3)0) @

The desired trajectory is

[ sin(37t), ift €10,2/3]
olt) = { —1 4273 ift € [2/3,1]

e t(cos(3nt) — 1), ifte€0,2/3]
y(t) = { 0, ift e [2/3,1]

The corresponding input (u, v)? is computed in the control the-
oretic wavelet basis by solving a sparse system of linear equa-
tions. We computed the 2048 first coefficients given by the value
of the trajectory on the grid of step size 1/1024 of the interval
[0, 1].

Then, we applied the three compression strategies presented
in the previous section. The estimations of the different approx-
imation errors are presented in Tables I and II. Fig. 2 shows the
graphs of the approximation errors against the compression pa-
rameter J.

The L2-approximation errors of the input are presented in
Table I. The experimental results confirm approximatively the
theoretical ones. Indeed, the error seems to evolve as 2 2-67
with the first strategy (truncation of the sum) as it evolves
roughly as 277 for the other ones. We can see, that the quality
of approximation is quite the same for the second and the third
strategies though it is always better with the second strategy
(thresholding the coefficients).

In Table II, the L°°-approximation errors of the trajectory
are presented. We can see that they agree with theoretical es-
timations for the first and the third strategies. The interpreta-
tion of the results obtained with the second strategy is much
harder since the error of approximation does not decrease in a
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Error of approximation of the trajectory

o Strétegy 1
o Strategy 2
¢ Strategy 3

Log(error)
4

45 5 5.5 6 6.5 7 7.5 8

regular way. This may be evidence that the second strategy is
not adapted for approximating the trajectory.

In Fig. 3, we represented one of the original inputs and the
associated trajectory on the top of the figure. Below, we plotted
one of the compressed inputs and the associated trajectory ob-
tained by the third compression strategy (thresholding the nor-
malized coefficients). In that case, the input is encoded using
64 nonzero coefficients. We can see that the trajectory associ-
ated with the compressed input restores accurately the original
trajectory. Particularly, we can see that irregularities of the tra-
jectories are conserved.

IV. CONCLUSION

In this paper, we developed a new approximation framework
for linear control. It results in a multiresolution analysis of the
space of input functions of a linear control system. We computed
an associated set of orthonormal wavelet functions which we
call control theoretic wavelets. The main advantage over clas-
sical wavelet bases is that the hierarchical structure is given in
the space of trajectories of the system while the inner product is
consistent with the space of input functions.

We presented an application of the multiresolution approxi-
mation framework for linear control. Given a desired trajectory,
we synthesized an input which can be coded on a given number
of bytes and such that the associated trajectory remains close
to the desired one. We analyzed three different approaches to
this problem. These methods of compression have applications
in distant control problems where the time of transmission of
input signals has a critical role. The methods of compression
using wavelet bases can generally be adapted to denoising prob-
lems [9]. In [6], a denoising problem has been handled using the
framework of control theoretic splines. It is likely that control
theoretic wavelets will be useful to propose an alternative ap-
proach to this problem. This will be part of future research.

We think that the hierarchical and localized properties of the
control theoretic wavelets can be used advantageously to solve
a wide range of control synthesis problems. In [7], for instance,
we proposed a method for computing an approximation of the
solution of an optimal control problem for linear systems sub-
ject to continuous-time state constraints. On theoretical side, it
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Fig. 3. Second component of the input v (top left), and the components x and y of associated trajectory (top right). The second component of the compressed
input v5 (bottom left), and the components x5 and y; of associated trajectory (bottom right) for the third compression strategy.

would be interesting to analyze the link between control theo-
retic wavelets and spline wavelets as these seems to be control
theoretic wavelets associated with specific matrices A and B.
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