Symbolic models for nonlinear control systems
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Abstract— Control systems are usually modeled by differ-
ential equations describing how physical phenomena can be
influenced by certain control parameters or inputs. Although
these models are very powerful when dealing with physical
phenomena, they are less suitable to describe software and
hardware interfacing the physical world. This has spurred a
recent interest in describing control systems through symbolic
models that are abstract descriptions of the continuous dynam-
ics, where each ‘“symbol” corresponds to an ‘‘aggregate” of
continuous states in the continuous model. Since these symbolic
models are of the same nature of the models used in computer
science to describe software and hardware, they provided a
unified language to study problems of control in which software
and hardware interact with the physical world. In this paper
we show that every incrementally globally asymptotically stable
nonlinear control system is approximately equivalent (bisimilar)
to symbolic model with a precision that can be chosen a—priori.
We also show that for digital controlled systems, in which inputs
are piecewise—constant, and under the stronger assumption of
incremental input-to-state stability, the symbolic models can
be obtained, based on a suitable quantization of the inputs.

keywords: symbolic models, approximate bisimulation,
digital control systems, incremental stability, nonlinear sys-
tems.

I. INTRODUCTION

The idea of using models at different levels of abstraction
has been very successfully used in the formal methods
community, with the purpose of mitigating the complexity
of software verification. A central notion when dealing with
complexity reduction, is the one of bisimulation equivalence,
introduced by Milner [1] and Park [2] in the 80s’. The key
idea in the notion of bisimulation is to find and compute a
symbolic model which shares with the original model most
of the properties of interest. In fact, the use of symbolic
models provides a unified framework for describing physical
processes as well as software and hardware interacting with
the physical world. Furthermore, dealing with symbolic mod-
els enables one to leverage the rich literature on supervisory
control [3] and game theory [4], [5], that can be of help
when synthesizing controllers. The problem of constructing
symbolic models of control systems is thus quite challenging
from a conceptual and technical point of view. After several
successful results on the existence of finite bisimulations
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for discrete-time control systems [6], [7], a new twist in
this research line has been recently given by the so—called
approximate bisimulation, introduced in [8], that captures
equivalence of systems in an approximate way. By relaxing
the usual notion of bisimulation to approximate bisimulation,
a larger class of control systems can be expected to admit
symbolic models. In fact in [9], [10], a symbolic model
is proposed, which is based on an approximate notion of
simulation (one—sided version of the notion of approximate
bisimulation). More precisely [10] shows that, if a nonlinear
control system is asymptotically stabilizable it is possible to
construct a symbolic model that approximates the control
system, up to a given precision that is chosen a—priori,
as a design parameter. However, if a controller fails to
exist for the symbolic model, nothing can be concluded
regarding the existence of a controller for the original model.
This drawback is a direct consequence of the one—sided
approximation notion used in [10]. This motivates the need
to extend the results in [10] to bisimulation. The aim of
this paper is to identify a class of control systems admitting
symbolic models, that are approximately bisimilar to the
given control system. The key idea in the results that we
propose is to replace the assumption of asymptotic stabi-
lizability of [10] with the stronger notion of asymptotic
stability. By doing so, we show that every incrementally
globally asymptotically stable [11] nonlinear control system
admits a symbolic model that is an approximate bisimulation
of the control system, with a precision that is defined a—
priori, as a design parameter. Furthermore if the state space
of the control system is bounded, which is the case in many
realistic situations, the symbolic model is finite. Moreover,
by focusing on digital control systems, i.e. systems where
control signals are piecewise—constant, a symbolic model
can be obtained by quantizing the space of inputs. As a by—
product, our results also shed some light into the construction
of finite abstractions in the context of quantized control
systems [12], [13]. Indeed, by performing a quantization
on the input space, we can guarantee that the resulting
symbolic model admits a lattice structure. However, while
in this paper this lattice structure is exploited for obtaining
a finite abstraction of the control system, in the context
of quantized control systems literature, it has been used to
obtain efficient motion planning algorithms. Similar results
have been recently reported in [14]. This paper extends
the work in [14] in two directions: (i) by enlarging the
class of control systems from linear to nonlinear and (ii) by
enlarging the class of input signals from piecewise—constant
to measurable. A full version of this paper can be found in



[15].
II. CONTROL SYSTEMS AND STABILITY NOTIONS
A. Notation

The identity map on a set A is denoted by 14. If
A C B we denote by 14 : A — B or simply by ¢ the
natural inclusion map taking any a € A to 1(a) =a € B.
Given a function f : A — B, and a set C C A,
the symbol f|c: C — B denotes the restriction of f to
C, so that f|c(c) = f(c) for any ¢ € C. Given
a,b € R, we denote the closed interval by [a,b] and the
open interval by |a, b[, i.e. [a,b] = {r € R:a <z < b} and
Ja,b[={x € R:a < x < b}. Given a vector z € R" we
denote by x; the i—th element of x and by ||z|| the infinity
norm of xz; we recall that ||z| = max{|z1], |22, ..., |Zn|}s
where |z;| denotes the absolute value of z;. Given a
measurable function f R(J{ — R, the (essential)
supremum of f is denoted by | f|lco- The closed ball
centered at x € R" with radius ¢ is defined by
Bo(z) ={y e R" ||z —y|]| <e}. For any A C R"™ and
peR set [A],={acAla;=kipki€Z,i=1,..,n}
A continuous function v : R — R{ belongs to class K
if it is strictly increasing and (0) = 0; v belongs to class
Koo if y€K and y(r) — oo as r — oco. A continuous
function 3:R{ x Rf — R belongs to class KL if, for
each fixed s, the map ((r,s) belongs to class K., with
respect to r and, for each fixed r, the map S(r,s) is
decreasing with respect to s and 3(r,s) — 0 as s — co. We
identify a relation R C A x B with the map R: A — 2B
defined by b € R(a) iff (a,b) € R. Given a relation
R C A x B, R~ denotes the inverse relation defined by
R™'={(b,a) € Bx A: (a,b) € R}.

B. Control Systems

In this paper we consider the following class of nonlinear
control systems:
T = f (‘T ) U)

Z:{ reR" uelUCR™,

where x is the state and w is the control input. We suppose
that control input signals are the set, denoted by U, of all
measurable functions from intervals of the form ]a,b[C R
to U with a < 0 and b > 0. Moreover we suppose
that the function f : R™ x U — R"™ is a continuous
map satisfying the following Lipschitz assumption: for every
compact set K C R”, there exists a constant £ > 0 such
that || f(x,u) — f(y,u)|| < k|lz —y|| for all z,y € K and
all w € U. An absolutely continuous curve x :]a, b[— R" is
said to be a trajectory of X if there exists u € U satisfying
x(t) = f(x(t),u(t)), for almost all ¢ € ]a, b[. Although we
have defined trajectories over open domains, we shall refer
to trajectories x :[0,7] — R™ defined on closed domains
[0,7], 7 € RT with the understanding of the existence of a
trajectory x’ :]a, b[— R"™ such that x = x'[[y ). We will also
write x(7,x,u) to denote the point reached at time 7 under
the input u from initial condition z; this point is uniquely
determined, since the assumptions on f ensure existence and
uniqueness of trajectories.

(D

C. Stability notions

The results presented in this paper will assume certain
stability assumptions on the control systems. We briefly
recall those notions in the following definitions:

Definition 1: [11] A control system X is said to be in-
crementally globally asymptotically stable (6—GAS) if there
exist a KL function $ such that for any t € RZ, any
z1,22 € R™ and any input signal u € U the following
condition is satisfied:

Ix(t, 21, 0) — x(t, 22, 0)]| < Bl — a2l ,8). ()

Definition 2: [11] A control system 3 is said to be incre-
mentally input—to—state stable (6—ISS) if there exist a KL
function (3 and a K, function y such that for any ¢ € R,
any z1,x2 € R™ and any pair of input signals u;,us € U
the following condition is satisfied:

[x(t, 21, m1) = x(t, 22, w2)| < B(llzr — 22l ,1)  (3)
+(Juy — uall..).
By observing (2) and (3), it is not difficult to see that J—ISS
implies 0—GAS, while the converse is not true in general. In
general, inequalities (2) and (3) are difficult to check directly.
An approach based on Lyapunov functions, can be of help
into checking these stability properties.

Definition 3: Consider a control system > and a smooth
function V' : R” x R” — R:{ .V is called a 6—GAS Lyapunov
Sfunction for X if there exist K, functions oy, as and p such
that:

(i) for any (x1,2z2) € R® x R"
ar([|lzr = 22l]) < V(z1,22) < as(||z1 — 22]));

(i1) for any v € U and any x;,z2 € R"
ov
dxy

V is called a 6—ISS Lyapunov function for X, if there exist

Ko functions ay, ag, p and o such that condition (i) is
satisfied and the following holds:

ﬂm#ﬁ+§£ﬂMﬂO<*MWh*mm-

(iii) for any uq,us € U and any x1,x2 € R”
2%
o ~p(llar — 2]
+o(fur - ual))-
The following result completely characterizes 6—GAS and
0-ISS in terms of existence of Lyapunov functions.

Theorem 1: [11] Consider a control system . Then:

o If U is compact then ¥ is —GAS if and only if it admits
a 0—GAS Lyapunov function;

o If U is closed, convex, contains the origin and
f(0,0) =0, then ¥ is 6-ISS if it admits a 6-ISS
Lyapunov function. Moreover if U is compact, existence
of a 6—ISS Lyapunov function is equivalent to §—ISS.

f(xlﬂul) + al

8:1:2f(x2’u2) <

III. APPROXIMATE BISIMULATIONS

In this section we introduce a notion of approximate
equivalence upon which all the results in this paper rely.
We start by introducing the class of transition systems that
will be used as abstract models for control systems.



Definition 4: A transition system is quintuple:
T= (Qva_)vOaH)v

consisting of:

o A set of states Q);

o A set of labels L;

o A transition relation —C @) X L X Q;

e An output set O;

e An output function H : Q — O.

A transition system (@, L, —, O, H) is said to be:
o metric, if the output set O is equipped with a metric
d:0x0 —R;

o countable, if Q) and L are countable sets;

e finite, if Q) and L are finite sets.
We will follow standard practice and denote an element
(p,l,q) e—byp LN g. Transition systems capture dynam-
ics through the transition relation. For any states p,q € Q,
P LN q simply means that it is possible to evolve or jump
from state p to state g under the action labeled by [. We
will use transition systems as an abstract representation of
control systems. There are several different ways in which
we can transform control systems into transition systems.
We now describe one of these which has the property of
capturing all the information contained in a control system
3. Given a control system X define the transition system
T(¥) :=(Q,L,—,0, H), where:

e Q =R"

o q — p if there exists a trajectory x : [0,7] — R” of

Y. satisfying x(7, ¢, u) = p for some 7 € RT;

. O = Rn;

L[] H == 1R7‘b.

Note that T'(X) is a metric transition system when we
regard O = R" as being equipped with the metric
d(p,q) = ||lp — ¢||- We now introduce a notion of approxi-
mate equivalence. The notion of equivalence that we con-
sider, is the one of bisimulation equivalence [1], [2]. Bisim-
ulation relations are standard mechanisms to relate the
properties of transition systems. Intuitively, a bisimulation
relation between a pair of transition systems 77 and 75 is
a relation between the corresponding state sets explaining
how a sequence of transitions r; of 7 can be transformed
into a sequence of transitions 75 of 75 and vice versa.
While typical bisimulation relations require that r; and 75 are
observationally indistinguishable, that is, H;(r1) = Ha(r2),
we shall relax this by requiring H;(r1) to simply be close
to Ho(ro) where closeness is measured with respect to the
metric on the output set. The following notion has been
introduced in [8] and in a slightly different formulation in
[10].

Definition 5: Let Ty = (Q1,L1,—1,0,H;) and
Ty = (Q2, Ly, —2,0, Hy) be metric transition systems
with the same output set O and the same metric d and
let ¢ € Rf. A relation R C Q1 x Qo is said to be an
e—approximate bisimulation relation between T7 and T5, if
for any (q1,¢2) € R:

(i) d(H1(q1), H2(q2)) < &5
(1) ¢1 iq p1 implies the existence of ¢ i@ p2 such
that (pl,pg) € R;
>iii) g2 ﬁ@ po implies the existence of ¢; iq p1 such
that (p1,p2) € R.

Moreover T is e-bisimilar to Ty if there exists a
e—approximate bisimulation R between 77 and 75 such that

R(Q1) = Q2 and R71(Q2) = Q1.

IV. APPROXIMATELY BISIMILAR SYMBOLIC MODELS

In the following we will work with a sub-transition
system of T'(X) obtained by selecting those transitions from
T(X) describing trajectories of duration 7 for some chosen
7 € R*. This can be seen as a time discretization or sampling
process.

Definition 6: Given a control system X and a parameter
7 € RT, define the transition system:

T‘F(E) = <Q1>L1’ —>17017H1);

where:
. Ql = Rn;
Ly ={uecl | x(1,z,u) is defined for all z € R"};
o q — p if there exists a trajectory x : [0,7] — R™ of
Y satisfying x(7, ¢, u) = p;

. 01 = Rn;

. H1 = 1Rn.

Note that the set of labels L; is composed by those control
inputs u € U for which x(7,z,u) is defined for all initial
condition x € R™. In the following we show existence of
a countable transition system that is approximately bisimilar
to T-(22), provided that X satisfies some stability properties.
For doing so we will extract a countable set of states and
a countable set of labels from 7,(X) in a way that the
obtained transition system satisfies the required approxima-
tion. By simple considerations on the infinity norm, for
any given precision 7 € R we can approximate the state
space Q1 = R"™ of T;;(X) by means of the countable set
Q2 := [R"],, so that for any & € R™ there exists ¢ € [R"],
such that ||z — ¢|| < n/2. The approximation of the set of
labels L of T'-(X) is more involved and it requires the notion
of reachable sets. Given a control system ¥, any time 7 € R
and any state € R” consider the set:

R(r,z) ={z e R": z =x(1,z,u),u € U},

of reachable states at time 7 from initial state x. Given a
precision € RT, we approximate the reachable set R(7, x)
by:

Pu(mz) ={y € [R"],: Iz € R(7, z) st [ly — 2| < pu}-

Since P, (7,x) C [R"],, it is countable. Notice that for any
y € Pu(r,z) there exists a (possibly infinite) set of labels
1 € L; so that d(y,x(7,¢,1)) < p. In order to approximate
the set of labels L; we consider for any y € P,(7,z)
only one label 1 € L, as “representative” of all labels



associated with p. The choice of representatives is defined
by the function:

B Pulr,x) = U,

T,T

that associates to any y € P,(7,z) one control input
u=1! (y) €U such that ||y — x(7,2,u)|| < p. Notice
that the function Yt . is not unique. We can now propose
the following symbolic model. Given a control system 3,
any 7 € RT, n € RT and p € R define the following
transition system:

Trnu(X) == (Q2, Lz, —2,02, Ha), “)
where:

¢ Q2= [Rn]n§
o Ly= qu[Rn]nLQ(q), where:

Ly(q):={le U : 1= (p),p € Pu(r,0)};  (5)

« ¢ p.if 1€ Ly(q) and p—x(r,q.D)| < n:

. 02 = R";

o« Hy=1:Qy — Os.

Parameters 7,  and p in the transition system 17 ,, ,(X)
can be thought of, respectively, as a sampling time, a
state space and an input space quantization. Notice that the
quantization g is given on the space of reachable states
R(r, q) rather than on the infinite dimensional space /. The
set appearing in (5) is countable since it is the image through
the function ¢ ; of the countable set P, (7, ¢). Hence, the set
of labels L5 is the union of a countable sequence of countable
sets and therefore it is countable as well. Finally since
also the set of states ()5 is countable, the transition system
T ..(X) is countable. Furthermore if the state space of the
control system 3 is bounded, the corresponding transition
system T’ , ,(X) is finite.

We now have all the ingredients to state the main result
relating —GAS to the existence of symbolic models.

Theorem 2: Consider a control system Y and any desired
precision ¢ € RT. If ¥ is 6—GAS then for any 7 € R,
n € RT and p € RY satisfying the following condition:

B(e,7)+2u+n<e, (6)

where [ is a KL function satifying inequality (2), the
transition system 7, (X) is e-bisimilar to T ,, ,,(X).

Before giving the proof of this result we point out that
if 3 is 0—GAS, there always exist parameters 7, n and u
satisfying condition (6). In fact, if > is §—GAS then there
exists a sufficiently large 7 so that 3(e,7) < e; then by
choosing sufficiently small values of p and 7, condition (6)
is fulfilled. As pointed out in Section II-C it is difficult in
general to find a KL function 3 satisfying inequality (2).
However, once a §—GAS Lyapunov function V' for X has
been found, an expression for the function 5 can be derived
on the basis of V.

Proof: Consider the relation R C (1 X Q2 defined
by (z,q) € R if and only if ||z — ¢|| < e. By construction
R(Q1) = Q2; by geometrical considerations on the infinity
norm, 1 C queQan(qg) and therefore, since by (6),

n < e, we have that R71(Q2) = Q. We now show
that R is an e—approximate bisimulation relation between
T,;(X) and T, ,(X). Consider any (z,q) € R. Condition
(i) in Definition 5 is satisfied by the definition of R. Let us
now show that condition (ii) in Definition 5 holds. Consider
any u; € L; and the transition © —>; y in T.(X). Let
v = x(7,¢,uy); since R™ C U“)G[Rn]uyBﬂ(w), there exists
w € [R™],, such that:

[0 —wl < p. (7

Since v € R(7,q), it is clear that w € P, (7, q) by definition
of P,.(7,q). Then, let 15 € L(q) be given by 1y = 2 (w).
By setting z = x(7, ¢, L), it follows that:

[w— 2] < g ®)
Since R™ C | o engn(‘D)’ there exists p € ()2 such that:
|z —pll <n. )

Thus, ¢ 32 p and since ¥ is —-GAS and by (7), (8), (9) and
(6), the following chain of inequalities holds:

ly—pll=lly—v+v—wt+w—z+z—p|
<y —oll + v —wl + lw—z| + [z —pl
< B(llz —dqll,m) + v —w| + [[w =z + ||z — pl
<Ble,7)+u+pt+n<e.

We now show that condition (iii) holds as well. Consider
any ly € Lo and the transition ¢ i@ p in Trp u(X).
By definition of T, ,(X) there exists z € @ such that
z=x(7,q,12) and [z —p| < 7. Choose u; = 1, and
consider now the transition 2 —5; y in T,(¥). Since ¥
is 0—GAS and by condition (6), the following chain of
inequalities holds:

ly=pl=lly—2z+z=pll <ly—zl+z—pl
< Bz —dgll,7)+ 1z —pl <Be,7) +n <e

Thus (y,p) € R, which completes the proof. ]

This result represents a substantial improvement over pre-
viously known classes of control systems admitting symbolic
models, which included output controllable linear systems
in discrete—time [7] and stable linear systems in discrete—
time [14]. Despite its conceptual importance, highlighting
stability as a sufficient condition for the existence of sym-
bolic models, Theorem 2 does not suggest how to construct
such models. In the next section we address this issue
by identifying input quantizations, leading to the desired
symbolic models.

V. DIGITAL CONTROL SYSTEMS

In this section we specialize the results of the previous
section to the case of digital control systems, i.e. control
systems where control signals are piecewise—constant. In
many man made systems, input signals are physically imple-
mented as piecewise—constant signals. Our assumptions are
then in consonance with real physical constraints. Moreover,
input quantization can be seen as a very powerful complexity



reduction mechanism, simplifying several control synthesis
problems [12], [13]. In the following we suppose that the
input space U of the control systems involved, contains the
origin and it is a hyper rectangle, i.e. U = [a1, b1] X [ag, ba] X

. X [am,bp], for some a; < b;,i = 1,2,...,m. Given
7 € R*, we now consider the class of constant inputs of
duration 7, that is U, = {u € U : u(t) = u(0),t € [0, 7]}.
We denote by u the control input u € U, for which u(t) = u,
t € [0, 7]. Let us denote by Ty, (X) the sub—transition system
of T (X) where only control inputs in U, are considered.
More formally define:

TUT(Z) = (QlaLla —>1,01,H1)7

where:
e Q1 =R";
. L1 = U;
e q —l>1 p if there exists a trajectory x of X satisfying
x(7,q,1) = p;
. Ol = Rn;
] Hl - 1]Rn.

We now define a suitable symbolic model associated with
transition system Ty, (X). Given a control system X, any
7 €R*,ne R and u € RT, define the following transition
system:

Trnu(E) = (Q2, Lo, —2, 02, Ha), (10)
where:
o Q2= [R"];;
. L2 = [U]#;
l .
o ¢ —2pif lp—x(7,q, )| <n;
. 02 = Rn;

e« Hy=1:Qy — Os.

Notice that transition system in (10) differs from transition
system in (4), (only) in the way that we use for approxi-
mating control inputs. In particular, the choice of labels in
transition system (10) is done without assuming the knowl-
edge of reachable set associated with the control system, and
therefore the construction of T’ ,, ,(X) is effective. We refer
to [15] for a discussion on the computational issues related
to the construction of the proposed symbolic model.

We are now able to give the following result that relates
0-ISS to the existence of symbolic models.

Theorem 3: Consider a control system ¥ and any desired
precision ¢ € R, If ¥ is 6-ISS then for any 7 € R,
n € RT, and p € RT satisfying the following condition:

Ble,7) +(p) +n<e, (11)

where (3 is a KL function and « is a K, function satisfying
inequality (3), the transition system T, (X) is e—bisimilar to
Tr (%)

Before giving the proof of this result we point out that,
analogously to conditions of Theorem 2, there always exist
parameters 7, 1, and p satisfying condition (11). As pointed
out in Section II-C it is difficult to find in general, a KL
function § and a K, function ~ satisfying inequality (3).
However, once a d—ISS Lyapunov function V' for X has been

found, an expression for the functions  and «y can be derived
on the basis of V'; we show this in the next section by means
of an illustrative example.

Proof: Consider the relation R C (1 X )2 defined
by (z,¢) € R if and only if ||z — ¢|| < e. By construction
R(Q1) = Q2; by geometrical considerations on the infinity
norm, Q1 C |J ” G[R,L]ngn(qz) and therefore, since by (11),
n < &, we have that R~1(Q2) = Q1. We now show that
R is an e—approximate bisimulation relation between T (%)
and T, ,(X). Consider any (x,q) € R. Condition (i) in
Definition 5 is satisfied by the definition of R. Let us now
show that condition (ii) in Definition 5 holds. Consider any
u; € U and the transition 2 —; 3. Consider an input
lo € Lo such that:

Jur = laf| < p, (12)

and set z = x(7, ¢, l2). (Notice that such input lo € Lo exists
because the assumptions on U make [U], non—empty.) Since
Q1 C que[Rn]an(qz), there exists p € () such that:

lz —pll <, (13)

and ¢ —2 p. Since ¥ is 6-ISS and by (11), (12) and (13),
the following chain of inequalities holds:
ly —pll = lly—z+2z—pll <lly — 2l + [z — pll
< Bz —all,7) +7(llur = l2llec) + 7
< B(e,7) +y(n) +n<e
Hence (y,p) € R and condition (ii) in Definition 5 holds.
We now show that condition (iii) holds as well. Consider

any ls € Lo and the transition ¢ £>2 p in Tr, . (X). By
definition of 7T~ ,, ,,(¥):
Iz =pll <n, (14)

where z = x(7, ¢, l2). Consider now the transition x iq Y
in Ty (X). Since ¥ is 0-ISS and by (11) and (14), the
following chain of inequalities holds:
ly—pll=lly—z+z—pll < lly—z[l+ |z — pl
< Bz —all,7) + (12 = l2llos) + 1
<pleT)+n<e
Thus (y,p) € R, which completes the proof. |
VI. A SIMPLE EXAMPLE

Consider a control system:

HE

zeR?ueUCR,
where U = [-0.1,0.1] and f : R? x U — R? is defined by:
fl(@1,0),u) = [ —221 + 23 —Tu —2(1+u?)as |

15)

We work in the compact set X = [—1,1] x [—1,1]. The set
X is invariant for the control system ¥, i.e. x(¢,z,u) € X,
for any € X, any u € U, and any time ¢t € R.
Given a desired precision ¢ € R*, the goal is to find
suitable parameters 7 € RT, € Rt and 4 € R™, so that



transition system 7 ,, ,(3) as defined in (10) is e-bisimilar
to transition system 7,_. In order to find such parameters we
can apply Theorem 3. We start by showing that the control
system 3 defined by (15) is §-ISS. Consider the function
V : R% x R? — R{ defined by V(z,y) = 0.5 ((x1 — 1) +
(w2 = y2)?), for any & = (z1,22),y (y1,92) € X.
Function V satisfies condition (i) of Definition 3, by choosing
ai(r) = 0.572 and ay(r) = r2. Moreover it can be shown
that:
et + 50 <~ o=yl + 148}~ ol 16
Thus condition (iii) of Definition 3 is satisfied with p(r) = r
and o(r) = 14.8r and therefore by Theorem 1, the control
system X is J—ISS. In order to apply Theorem 3, we need
to find a CL function § and a K function ~ satisfying
inequality (3). By inequality (16), the definition of V and
the comparison lemma, the following inequalities hold for
any xz,y € X, any u,v € U/ and any time ¢ € RS’:

[x(t, 2, 0) = x(t, y, v)|| < V2V (t) <
22tV (0) 4 1/29.6 (/ eQada> |t — Voo <
0

V2e ||z — yl| + V/14.8]Ju — ]| (17)

Define 3(r,s) := v2e~*r and ~(r) := /14.87 for any
r,s € R. Functions [ and ~ are respectively a L function
and a K, function and by (17) they satisfy inequality (3).
We can now apply Theorem 3. Condition (11) becomes:

V2e e+ /148 pu+n<e. (18)

Set the precision e = 0.5 and choose n = 1/3 and 7 = 5;
inequality (18) implies ¢ < 0.0017 and therefore we can
choose 1 = 0.001. The resulting transition system:

TT,’V],[L(Z) = (Q25L27 42’ ,02’H2)

is defined by:
b QQ = {77770777} X {77%0?77};
o Ly =[Ulo.oo1;
. is depicted in Figure 1;
] 02 = X;
. HQ =1 QQ — 02.

VII. DISCUSSION

2

This paper extends the results of [9], [10], from approx-
imate simulation to approximate bisimulation. The key idea
was to replace the assumption of asymptotic stabilizability
of [9], [10] by the stronger notion of asymptotic stability.
Note that for control systems with bounded inputs, which
is the case in many realistic situations, even if a feedback
control law rendering the closed-loop system 6—GAS were
found, there is no guarantee that such feedback satisfies the
input constraints. For the class of digital control systems, a
symbolic model is proposed and based on a quantization of
the control input space. The construction of this symbolic
model is effective. We refer to [15], for a discussion on
the computational issues arising in the construction of this
symbolic model.

Fig. 1. Symbolic model T ; /3 13 () associated with the control system
33, as defined in (15). An arrow from a state g to a state p means that there
exists at least one label [ in Lo so that x(5,q,1) is in By2(p).
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