Recent Progress in Continuous and Hybrid Reachability Anaysis

Eugene Asarin, Thao Dang, Goran Frehse, Antoine Girarda<Cioé Guernic and Oded Maler

Abstract— Set-based reachability analysis computes all pos- starting fromall possible initial conditionsand underall
sible states a system may attain, and in this sense provides admissible disturbances and variations in parameter value
knowledge about the system with a completeness, or coverage a g ccessful analysis according to this method can replace

that a finite number of simulation runs can not deliver. . .. . N . . . -
Due to its inherent complexity, the application of reachabiity infinitely many individual simulations and give additional

analysis has been limited so far to simple systems, both in¢h insight on the properties of the system in question. One can
continuous and the hybrid domain. In this paper we present view this approach as a compromise between clean analytical
recent advances that, in combination, significantly improe  methods that give strong results but apply mostly to idedlliz
this applicability, and allow us to find better balance betwen 5 isolated subsystems, and simulation-based methods tha
computational cost and accuracy. The presentation coversn a . o .
unified manner, a variety of methods handling increasingly om- can be_applled, in principle, to arbitrary classes _Of system_
p|ex types of continuous dynamics (Constant derivative’ mear’ but the|r resu|tS cannot guarantee absolute Conf|dence. L|k
nonlinear). The improvements include new geometrical objets  any other proposed solution to the analysis and optimiaatio
for representing sets, new approximation schemes, and more of complex systems, thiseachability computatiorsuffers
flexible combinations of graph-search algorithm and partiion 5 thecurse of dimensionalifyand the analysis of systems
refinement. We report briefly some preliminary experiments . . . - .
that have enabled the analysis of systems previously beyond with more than ‘?‘ few continuous variables is con5|dere_d
reach. very hard. In this paper, we present recent progress in
the reachability analysis of continuous and hybrid systems

I. INTRODUCTION Several results of our group are presented for differessels

Complex systems that involve computers that interact witRf Systems of increasing complexity.
a physical external environment consist of heterogeneouql'
components that may include software, digital hardware, ) ] i ) ]
analog hardware, sensors and actuators. Mathematical modJ e interaction of discrete events and continuous, time-
els of such systems and of the external environment th&jjiven dynamics can be efficiently modeled by a so-called
are supposed to control are indispensable during the desigPrid automator{1]. It consists of a graph in which each

phase, as they allow to explore the behavior of the systeli§rtex, also calledocationor mode is associated with a set
either analytically or by simulation. of differential equations (or inclusions) that defines tineet

Hybrid systems are the result of the marriage of thgriven evolution of the continuous variables sfateconsists

two most commonly used models afynamical systems of a location and values for all the_c_ontinuous variables Th
namely continuous dynamical systems definediifigrential  €d9es of the graph, also callednsitions allow the system
equations and discrete-event systems definedanyomata  © Jump between locations, thus changing the dynamics, and
Continuous models are used extensively in the physical sdistantaneously modify the values of continuous variables
ences while discrete ones are used for the abstract modelfgFerding to gump relation The jumps may only take place
of software, digital hardware, manufacturing systems eté/Nen the values of the variables are within a certain range,
Hybrid systems research explores models that combine sugled guard, associated with each transition. The system
discrete and continuous dynamics, and attempts to extefY only remain in a location as long as the variable values
specific analysis methods developed for each type of syste@& in @ range callethvariant associated with the location.
toward methods that can analyze the behavior of a completeBecause of the switching between several modes, it may
system, having both types of dynamics. not pe sufficient t(_) regard the stz_:\tlonary behaviors of the
One promising approach that has emerged from hybrfaontmu.ous dynamics. Thus, cla5_3|cal resu!ts of contrel Fh
systems research consists of a combination of ideas froffy: Which seldom deal with transient behaviors of dynainica
algorithmic verification of discrete systemmgdel check- SyStems, are not always sufficient for analyzing the complex
ing) and numerical simulation of continuous systems. Thidynamics of hybrid systems. An algorithmic approach, based

approach, which uses graph algorithms, numerical analy<¥8 the computation of the reachable set, has emerged from

and computational geometry, allows to compute (an apgbrid systems research.
proximation of) the set ofall trajectories of the system,  1he reachable set consists of all the states that can be
visited by a trajectory of the hybrid system starting in a
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hybrid system is not exactly computable, we try to compute In the case of LHA, both Post-operators can be imple-
an overapproximation so that if it does not intersect the setented using simple polyhedral computations [3]. If the
of bad states, the hybrid system is guaranteed to be safe fixed-point computation terminates, one obtains the exact
There is a vast literature on reachability analysis of hybrireachable set of the LHA for unbounded time horizon. While
systems. For systems such as timed automata or linear hybtédmination often occurs in practice, it is not guaranteed a
automata, where the continuous dynamics are given by linesihowing safety is undecidable for LHA [21]. The extension
constraints on the derivatives of the continuous variablesf the algorithm to hybrid automata with more complex
an exact reachability analysis is possible using standadynamics is straightforward for systems for which one can
linear algebra and algorithmic computations on polytopesompute continuous successors, or an overapproximation
[1], [6], [13], [22]. For systems with more complex continu-thereof. Several such classes are discussed later in {hés.pa
ous dynamics, several methods compute overapproximationsAn advanced version of the above algorithm has been
of the reachable sets by combining numerical integratioimplemented in the tool PHAVer [13], which uses polyhedral
and computational geometry. These techniques use varictmmputations based on the Parma Polyhedra Library [7]
representations for the reachable sets such as polytogexl exact arithmetic based on integers. PHAVer improves
[5], [9], [16], [18], ellipsoids [8], [25], or level sets [31 on earlier tools, namely HyTech [22], in that it employs
Finally, other approaches are based on computing simplmbounded number representations, only recomputes states
discrete or hybrid abstractions of the complex continuoushere necessary, has a shared passed and waiting list, and
dynamics and performing the reachability analysis on theptimizes the search order based on the topology of the
approximate model [2], [4], [13], [23], [28], [30]. The abev transition graph.
methods are concerned with explicitly deriving the set of

reachable states. To simply show that forbidden states dpe COMputing with exact arithmetic

not reachable, implicit techniques, such as barrier cestifis, For all except the most simple systems, the repeated
can be advantageous [27]. application of the Post-operators leads to polyhedra of in-
creasing complexity, which manifests itself in three ways:

I1l. L INEAR HYBRID AUTOMATA the size of the integer coefficients of the constraints (in

A simple, yet surprisingly powerful, class of hybrid sys-the ctas.etof exglctth anthmsuc cfom;l)ur:agons), the numbe_rdlof
tems are those witlpiecewise constant derivativé®CD) constraints, and the number of polyhedra may grow rapidly
and exceed practical limits. When the reachable set coaserg

[6], also known adinear hybrid automataLHA) [21]. In ; d vhedron defined b tonal b "
linear hybrid automata, the continuous dynamics are give wards a polyhedron defined by non rational nNumbers or 1o

as linear differential inclusions, i.e., conjunctions lisfear a non polyhedral shapg, the size of c.oeff|C|ents, respégtive
constraints the number of constraints, grows without bounds and the

reachability algorithm does not terminate.
a-i<b, a€Z"bel, (1) Consequently, a key component in computing reachability
is the ability to limit this complexity, i.e., to conservadiy
over the time derivatives of the variables. All other set®verapproximate polyhedra with smaller coefficients and
(invariants, guards, jump relations, initial and final egtare |ess constraints. In theory, termination of the reachgbili
defined by boolean combinations of linear constraints oveilgorithm is guaranteed under such limits, since only agfinit
the variables, and can be interpreted as collections of-poliumber of constraints are possible. However, convergence
hedra. LHA readily model systems with simple dynamicsnight still be slow, and the final result may be an excessively
such as timed protocols with drifting clocks, or productionarge overapproximation. Nonetheless, in practice limgiti

systems with tanks and buffers [3]. the complexity is indispensable and its implementation in
) ) _ PHAVer has allowed us to analyze LHA of practical rele-
A. Fixed-point algorithm vance that were previously intractable [13].

We give a basic algorithm for computing the set of We briefly illustrate our technique to limit the number of
reachable states from a set of initial stafesGiven a set bits using the polyhedron shown in Fig. 1(a), which features
of statesQ, let Post(Q) be the set of states reachable bya constraint with 7 bits. The coefficients are rounded to 3
letting time elapse starting from a state@nLet Posg(Q) be  bits, which gives the slightly tilted constraint shown in.(b
the set of states that result by taking a transition from testalinear programming is used to push the constraint towards
in Q. Then the set of reachable stafesach is computed by the outside of the polyhedron, see (c), thus making the

the following fixed-point algorithm: approximation conservative. Further rounding yields thelfi
R:=1I R :=0 constraint, and the resulting polyhedron is outlined in (d)
while R # R’ do For limiting the number of constraints, we have tried
R = R: several techniques that are based on ranking the constraint
R := RU Post(R) U Post(R); according to some measure of |mpo_rtance, e.g., vqumgk slac
end while or the angle between the constraints. Irdeconstruction
Reach := R scheme, we rank the constraints and drop the least sigrtifican

ones. In areconstructiona new polyhedron is built one by



(a) »4

t approach consists in forwarding the reachable set using the
T 109x+121 y<100

autonomous dynamics and then adding, using the Minkowski
sum (denotedp), a set that accounts for the influence of the
inputs [18]. In this case); 1 is computed fronf2; using a
recurrence relation of the form

Qi1 =™ 0V, ®)

600 7 .
6x+6y=<T05 "\ 6x+6y<6 where the sel/ depends on the matrice$ and B, the set

of inputsU and the time step. Both approaches guarantee
the computation of an overapproximation of the reachable

o L setReachyy (5, I) that converges as tends to0.

B. Scaling up reachability computations
Fig. 1. Limiting the number of bits of a constraint .
In the recent years, much effort has been directed at devel-

one with the most significant constraint of those not yedpping scalable methods for reachability analysis [168],[1
chosen. In experiments, an angle based reconstruction Hae], [29]. In the following, we summarize the contribut®n
shown to be orders of magnitudes faster than other methodd,[18] and [16] towards an efficient implementation of the
and acceptable in its degree of overapproximation as long eecurrence relation (3).
the number of constraints is chosen sulfficiently high. 1) Reachability using zonotopedhe choice of the rep-
resentation of the sef3y, ..., Qy is crucial for reachability
computations and determines the balance between accuracy

Hybrid systems whose continuous dynamics are given f the overapproximation and efficiency of the algorithm.
a collection of linear differential equations is a widelyeds For instance, the use of polytopes allows to compute an
class of systems for which numerous reachability analysigbitrarily accurate approximation of the reachable sat, b
techniques have been proposed [5], [8], [9], [18], [25]][26 the use of the Minkowski sum in (3) will result in in-
[30]. Unlike the previous class of systems, the exact compuéreasingly complex polytopes leading to intractable com-
tation of the continuous successors is generally impassibputations even for systems of relatively small dimension.
and, therefore, overapproximation methods are needed. 'fie use of sets of bounded complexity such as ellipsoids
us consider a linear system of the form: or parallelotopes will allow an efficient implementatiomytb

S:i— Az + Bu, uel, @) sinc_e_ these classgs are not c_Iosed under the Minkowski sum,
additional approximations will be needed at each step of

whereU is a bounded convex set. Given a set of initial statethe computations. The propagation of these approximations
I, and a positive time, Reachy (S, I) denotes the set of through the computations has generally a dramatic impact
states that are reachable on the intefoal]. on the global approximation error of the reachable sets and
is known as thevrapping effec{24].

These observations lead us to propose in [18] the use of

Several methods for computifRpachy 4 (S, I) are based zonotopes for the representation of the $@¢s...,Qn. A
on time discretization: let- = ¢/N be the time step, we zonotopeZ is a polytope that can be represented as the

IV. LINEAR SYSTEMS

A. Time discretization methods

compute a sequence of séds, ..., Qx such that?; is an  Minkowski sum of segments:

overapproximation of all the states that are reachable from m

I within [ir, (i + 1)r] time. ) Z=(u,(ve,...,0m)) = u+ Zo‘“’i | e [-1,1] p.
Let us first consider an autonomous system (ie= —

Az). The initial set of the sequenc®, can be obtained .
z) q 0 The vectoru is called thecenterand the vectors, ..., v,

by bloating the convex hull of the sets and e"4I (see
eyg [5] :)rg[9]) Ther\ll )t(heuother elements of ?[he S((equen tge generatorsof the zonotope. Zonotopes are closed under
e ) ' cilnear transformation and Minkowski sum. Moreover, the

are computed using the recurrence relatidn; = e"4Q;. tati £ th i . " v simole-
The implementation of this algorithm requires to choose gomputation of these operations 1S extremely simple-

representation for the sef3g,...,Qy. In order to avoid ®Z = (Du,(Pvy,...,Duy)),
additional approximations, this choice generally cossit
a class of sets that is invariant under linear transformatio
such as polytopes [5], [9] or ellipsoids [8], [25]. Consequently, an implementation of the recurrence (3)gusin
A similar algorithm is possible for systems with inputszonotopes is very efficient even for high dimensional sys-
such as the one in (2). There are two main approaches tems. However, let us remark that the number of generators
take into account the effect of inputs. The first one is baseaf (); increases linearly with the number of iterations.
on the maximum principle [5], [25], [32], and computes atHence, the linear transformation applied £ becomes
each time step and for each point of the boundar2pthe more expensive at each step and the computations may
input that results in the maximal successr ;. The second become intractable for a large time horizdn A solution

Z&Z = (uttds(Unree s vV thos)).



to this problem consists in adding a reduction operation at
each stepe™Q; @ V is overapproximated by a zonotope
with a predetermined number of generaters This results

in faster computations, but the wrapping effect inevitably
appears for long time horizons. The parameterallows

to adjust the balance between accuracy and efficiency. This
method, though presented for time-invariant systemsnelste
straightforwardly to time-varying systems.

2) Efficient implementation for LTI system#/hen con-
sidering specifically linear time-invariant systems, an ef
ficient implementation is possible based on the following
observation [16]:

01 = HVTAQ @ (A (e(i—l)rAV e V) _

Fig. 2. Projection of an overapproximation of the reachablt
Reach(g,1)(S, I) of a five dimensional linear system. The overapproxima-

Let us define the following auxiliary sequences of sets: ;" 2 ¢ the union of interval hulls.

Xo = Qo X = €KX,
_ g — rAy/
go B K’)} g’_“ B g_ G;/l{/ ) the state-space and perform the reachability analysis ®n th
o b T mee e . approximate hybrid model [4], [13], [23]. This approach is
Then, it is clear that);;; = X;11 @ Sip1. X; is an  referred to asybridization

overapproximation of the states reachable by the autonemou . ) L
dynamics from the initial states within [ir, (i + 1)r] time. A APPproximation of reachable sets by hybridization
S; is an overapproximation of the states reachable by systemLet us consider a nonlinear system of the form:
(2) from the initial stated within [ir, (i 4+ 1)r] time. S i = f(a) )
The computation of), ..., Qy can be implemented very ' ’
efficiently using the scheme given by (4) and zonotopwhere f is L-Lipschitz. The construction of an approximate
representations. Indeed, the number of generators of thgstem by hybridization consists of two steps. First, the
zonotopes to which the linear transformations are appliestate-space of the system is discretized into disjointoresgi
does not grow. Thus, the cost of an iteration is constantX).cic. We denote byA the diameter of the largest region.
This allows fast computations even for large time horizon.Then, in each elemeit, of the partition, the dynamics given
However, the fact that for large, €2; is a zonotope by (5) is approximated by a differential equation of the form
with a large number of generators can be problematic for )
operations other than linear transformations and Minkéwsk @ = gr(x) +u, u € Uy, (6)
sum. For example, intersecting a zonotope with another sefhere the set of input&, is such thatf(z) — gi(z) € Uy
which is needed for reachability analysis of hybrid systemsor all « € X,. The piecewise system defined by this
is intractable in high dimension. This can be handled bgrocedure defineH A, our hybrid abstraction of. Typically,
overapproximating the zonotopes. A variant of the previousie dynamics given by (6) is chosen much simpler than
algorithm is presented in [16] for the computation of thahe one ofS, e.g. , constant [13], [23] or linear [4]. This
interval hull of ©,...,Qy. The overapproximations do allows one to use methods for LHA or linear dynamics,
not propagate through the computation and therefore it isich as those presented in the previous sections, for the
not subject to the wrapping effect. The projection of theeachability analysis off. Note that any trajectory(t) of
overapproximation of the reachable set of a five dimensiongl is also a trajectory offx, since one may always choose
linear system, computed with this method, is presented the inputu(t) = f(x(t)) — gi(z(t)). This property insures
Fig. 2. In practice, our algorithm can handle systems witkhat the reachable set of is included in the one o .
about a hundred variables in a few seconds and using fee hybridization approach allows in principle to compute
MBytes [16]. arbitrarily close overapproximations of the reachabledfet
a nonlinear system. LeV/ (., ) denote thej-neighborhood

V. ANALYSIS OF NONLINEAR SYSTEMS USING and

HYBRIDIZATION

When dealing with dynamics defined by nonlinear dif- ¢(S, Ha) = sup ( sup  [[f(x) — gr(z) —u||) ,
ferential equations, the computation of the reachable set kek \z€Xi,uels
becomes much harder. Methods based on time discretizatithen we can prove that [4]
(see e.g. [11]) generally compute overapproximations that oLt_|
are often very large compared to the actual reachable seReach[O,t](HA,I)gN(ReachW] (S,1),e(S, Hp) 7 )
To compute a more accurate approximation, we can split
the state-space into small disjoint regions, compusevgle Sincef is Lipschitz,e(S, Ha) can be made arbitrarily smalll
piecewise approximation of the system on the partition dfy using fine enough partitions of the state space, and the




reachable set of/a arbitrarily close to that ofS. In [4], reachable &
we presented a method based on hybrid abstraction with final states oo .
linear continuous dynamics defined by the piecewise linear 7 1~ final states
interpolant of the vector fieldf on a simplicial mesh of * ool
the state-space. For a mesh a sixewe showed that the reachaple T
approximation error of the reachable set W¥g\?) provided 1 N initial states
fis C? or O(A) otherwise. Note that in practice, the hybrid e te e ee e
abstraction can be computed on the fly as the partition

(Xk)kex only needs to be generated in the region of the

state-space that is explored while computing the reachable

set. The hybridization approach has been implemented in restricted s
PHAVer to overapproximate linear systems using LHA, and states of H, %71
was used to verify systems of up to four dimensions [13].

06

(a) lteration 1.

initial states

reachable final
states

B. Forward/backward refinement of the partition final states —_|

When only interested in verifying the reachability of a N T
particular set of final (or unsafe) statés even an optimal ‘
partitioning of the reachable states might result in small, (b) tteration 2.
costly partitions in irrelevant parts of the state space, i.
where trajectories never even get close to the bad states. In final states 2
[14], [15], similar to some approaches for discrete systems
[19], we proposed an improved partitioning algorithm based
on forward/backward refinement (f/b-refinement) that aiow et
us to analyze systems of much higher complexity. A similar
algorithm was proposed independently in [12].

Before we can introduce the algorithm, we need two
operators: Thereverse of a hybrid automatonH is the (c) lteration 3.
automatonH —! obtained by reversing the transitions and
jump relations and reversing the sign of the differential
equations defining the continuous dynamics. Tésdriction  The verification goal is to show the existence of a cyclic
of H to a set of statest is the automatort |r obtained by inyariant, i.e. to prove that a set of states oscillates. The
intersecting invariants wittR. The oper_ators do no'F affect proof strategy is to cut the cycle with a Poincaré plane,
whether the bad states are reachable in the following sensgiough which all trajectories in the vicinity of the cycle
H reachesF’ from a set of initial stated if and only if  myst pass exactly once. If there is a set of states on this
H~! reached from F'. Given thatReach(H,I) € R, H|r  plane whose trajectories land back inside the set after one
is safe (i.e. does not readh) if and only if 1 is safe. The cycle, the set, and all the reachable states from the set,
refinement procedure is described by the following simplg; g cyclic invariant. The model of the VCO has 3 state
algorithm. The parametera,,;, and A,q. represent the yariaples, and is difficult to analyze because the system is
minimum and maximum size of the partition of the statepnly marginally stable in certain parts of the cycle. Figdre
space. shows the forward reachable states in yellow, and the parts

1) Initialize A = Ayy0, R =R". that land outside the initial states are clearly visiblee Th

2) ComputeR = Reach(Hal|r, I N R). If RNF =0 unsuccessful forward computation shown takes about 0.5h

returnsafe else if A > A,,;,,, decreasel and go to and 1GB RAM on a 2.8GHz Xeon running 32-bit Linux.
3; otherwise returiinconclusive The problem is solved using f/b-refinement by checking that
3) ComputeR = Reach(HX'|r,F N R). If RNI =0 the complement of the initial states on the Poincaré plane
returnsafe else if A > A,,;,,, decreasel and go to is not reachable. If this is the case, all trajectories passi
2; otherwise returnnconclusive through the plane must pass through the initial states. F/b-

Figure 3 illustrates the procedure. In (a), a forward reachiefinement with PHAVer terminates successfully after 11.5h
ability with a coarse partition yields a subset of bad, oand 1.7GB. Extrapolating from the partition size necessary
“final”, states as reachable. Using the reversed automatdn,show invariance, a successful forward computation would
reachability with a finer partition results in an even smallehave taken at least twice as long, and consumed about 30
intersection with the initial states. In another forwargr#- times more memory. The final guaranteed limit cycle, also
tion, the reachable states do not intersect with the fintésta computed using f/b-refinement, is shown in green in Fig. 4.
and we can conclude th& is safe.

F/b-refinement, implemented in PHAVer, was successful
in verifying a voltage controlled oscillator circuit (VCO) In this paper, we presented several methods for the
that proved intractable with simple forward reachabiltp]. reachability analysis of continuous and hybrid system® Th

:/ reachable states
vanish at last
iteration

R

3

N initial states
003 04 05 06 07 08 09 10
X

Fig. 3. lllustration of f/b-refinement

VI. CONCLUSIONS AND FUTURE DIRECTIONS
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invariant 20 ]
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(6]

flow

(7]

8
Fig. 4. Invariant for a VCO circuit from f/b-refinement vesséorward e
reachability

[9]
complexity of reachability computations is confronted by
using several types of overapproximation, and with 54%0]
representations that are particularly amenable to the -mathi]
ematical operators used. For linear hybrid automata, whi
have piecewise constant bounds on the derivatives, and ior]
systems with linear dynamics, this has allowed us to verify
systems of practical relevance and of a complexity preWous(3!
beyond reach. Using hybridization approaches, we can apply
these methods to continuous and hybrid systems of arbitrainy]
dynamics. Improvements in the search mechanism such as
forward/backward-refinement help us to keep the complexitys;
of such hybridizations as low as possible.

Future work includes the development of a software todi
for the reachability analysis of large-scale systems. The
development of new reachability computation methods fdi7]
more complex yet tractable continuous dynamics is al
important. This allows us to, on one hand, enlarge the class
of hybrid systems that we can analyze directly, and on tH&9]
other hand to approximate nonlinear hybrid systems usir}go]
the hybridization approach more efficiently.

Along these lines, we have developed a method for sys-
tems with polynomial continuous dynamics, using Béziel?!]
techniques from computer-aided geometric design to repre-
sent the reachable sets [10]. This also suggests that otl@
geometric modelling tools can be exploited in the algorithm
analysis of hybrid systems.

Another promising approach for complex continuous dyp4]
namics is the simulation-based reachability analysis.[17
It is based on so-called bisimulation metrics, which defin
topologies on the set of trajectories of a system. Then,
provided we can compute a bisimulation metric for thd26l
system, it is possible to cover its reachable set with the
neighborhoods of a finite number of its trajectories. Thi§7]
enables sound reachability analysis from a finite humber ?58]
simulations of the system.

8]

[23]

5]

REFERENCES [29]
[1] R. Alur, C. Courcoubetis, N. Halbwachs, T. A. HenzingErH. Ho,
X. Nicollin, A. Olivero, J. Sifakis, and S. Yovine, “The algthmic [30]
analysis of hybrid systemsTheoretical Computer Scienceol. 138,
no. 1, pp. 3-34, 1995. [31]
[2] R. Alur, T. Dang, and F. Ivancic, “Reachability analysi$ hybrid
systems via predicate abstraction.” HHECC’'02 vol. 2289 in LNCS.
Springer, 2002, pp. 35-48. [32]

[3] R. Alur, T. A. Henzinger, and P.-H. Ho, “Automatic symimlveri-
fication of embedded systemdEEE Trans. Soft. Engvol. 22, pp.

181-201, 1996.

E. Asarin, T. Dang, and A. Girard, “Reachability anatysif nonlinear
systems using conservative approximation ."H8CC’'03 vol. 2623
in LNCS. Springer, 2003, pp. 20-35.

E. Asarin, T. Dang, O. Maler, and O. Bournez, “Approximatach-
ability analysis of piecewise-linear dynamical systenis. HSCC’'0Q
vol. 1790 in LNCS. Springer, 2000, pp. 20-31.

E. Asarin, O. Maler, and A. Pnueli, “Reachability anatyof dy-
namical systems having piecewise constant derivativEsgoretical
Computer Sciengevol. 138, no. 1, pp. 35-65, 1995.

R. Bagnara, E. Ricci, E. Zaffanella, and P. Hill, “Podgibot closed
convex polyhedra and the Parma Polyhedra Library, it Symp.
Static Analysisvol. 2477 in LNCS. Springer, 2002, pp. 213-229.
O. Botchkarev and S. Tripakis, “Verification of hybrid stgms with
linear differential inclusions using ellipsoidal appnmstions.” in
HSCC’'0Q vol. 1790 in LNCS. Springer, 2000, pp. 73-88.

A. Chutinan and B. H. Krogh, “Computational techniques hybrid
systems verification.IEEE Trans. Aut. Contvol. 48, pp. 64—75, 2003.
T. Dang, “Approximate reachability computation forlypeomial sys-
tems.” inHSCC’06 vol. 3927 in LNCS. Springer, 2006, pp. 138-152.
T. Dang and O. Maler, “Reachability analysis via fac#ifg.” in
HSCC'98 vol. 1386 in LNCS. Springer, 1998, pp. 96-109.

L. Doyen, T. A. Henzinger, and J.-F. Raskin, “Automatactangular
refinement of affine hybrid systems,” IRORMATS'05 vol. 3829 in
LNCS. Springer, 2005, pp. 144-161.

G. Frehse, “PHAVer: Algorithmic verification of hybrigystems past
HyTech.” inHSCC'05 vol. 3414 in LNCS. Springer, 2005, pp. 258—
273.

G. Frehse, B. H. Krogh, and R. A. Rutenbar, “Verificatiohhybrid
systems using iterative refinement,” Rroc. SRC TECHCON 2005,
Portland, USA, Oct. 24-26, 2002005.

——, “Verifying analog oscillator circuits using forwd/backward
refinement,” inProc. DATE’'06 2006.

A. Girard, C. L. Guernic, and O. Maler, “Efficient compitibn
of reachable sets of linear time-invariant systems withuigf) in
HSCC'06 vol. 3927 in LNCS. Springer, 2006, pp. 257-271.

A. Girard and G. J. Pappas, “Verification using simuaafi in
HSCC'06 vol. 3927 in LNCS. Springer, 2006, pp. 272-286.

A. Girard, “Reachability of uncertain linear systensing zonotopes.”
in HSCC’05 vol. 3414 in LNCS. Springer, 2005, pp. 291-305.
S. G. Govindaraju and D. L. Dill, “Verification by appriomate forward
and backward reachability,” iIlCCAD, 1998, pp. 366-370.

Z. Han and B. Krogh, “Reachability analysis of largedec affine
systems using low dimensional polytopes.” HSECC'06 vol. 3927
in LNCS. Springer, 2006, pp. 287-301.

T. A. Henzinger, “The theory of hybrid automata,” roc. |IEEE
Symp. Logic in Computer Science | EEE Computer Society Press,
1996, pp. 278-292.

T. A. Henzinger, P.-H. Ho, and H. Wong-Toi, “HYTECH: A rdel
checker for hybrid systemsSTTT vol. 1, no. 1-2, pp. 110-122, 1997.
——, “Algorithmic analysis of nonlinear hybrid systeth¢EEE Trans.
Automatic Contral vol. 43, pp. 540-554, 1998.

W. Kiihn, “Rigorously computed orbits of dynamical s without
the wrapping effect"Computing vol. 61, pp. 47-68, 1998.

A. B. Kurzhanski and P. Varaiya, “Ellipsoidal technegifor reacha-
bility analysis.” in HSCC'0Q vol. 1790 in LNCS. Springer, 2000,
pp. 202-214.

G. Lafferriere, G. J. Pappas, and S. Yovine, “Symboéaahability
computation for families of linear vector fieldsJ. Symb. Compuyt.
vol. 32, no. 3, pp. 231-253, 2001.

S. Prajna and A. Jadbabaie, “Safety verification of ytsystems
using barrier certificates.” ilSCC’04 vol. 2993, 2004, pp. 477-492.
S. Ratschan and Z. She, “Safety verification of hybridtesns by
constraint propagation based abstraction refinemendS€C’05 vol.
3414 in LNCS. Springer, 2005, pp. 573-589.

O. Stursberg and B. H. Krogh, “Efficient representatenmd compu-
tation of reachable sets for hybrid systems."H®CC’'03 vol. 2623
in LNCS. Springer, 2003, pp. 482-497.

A. Tiwari, “Approximate reachability for linear systes.” in HSCC'03
vol. 2623 in LNCS. Springer, 2003, pp. 514-525.

C. Tomlin, I. Mitchell, A. Bayen, and M. QOishi, “Comptutanal tech-
niques for the verification and control of hybrid systen®ceedings
of the IEEE vol. 91, no. 7, pp. 986-1001, 2003.

P. Varaiya, “Reach set computation using optimal adritin KIT
Workshop 1998, pp. 377-383.



