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Abstract

In this paper, we present a new approach for hierarchical control based on the recent notions of approximate simulation and
simulation functions, a quantitative version of the simulation relations. Given a complex system that need to be controlled and
a simpler abstraction, we show how the knowledge of a simulation function allows us to synthesize hierarchical control laws
by first controlling the abstraction and then lifting the abstract control law to the complex system using an interface. For the
class of linear control systems, we give an effective characterization of the simulation functions and of the associated interfaces.
This characterization allows us to use algorithmic procedures for their computation. We show how to choose an abstraction
for a linear control system such that our hierarchical control approach can be used. Finally, we show the effectiveness of our

approach on an example.
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1 Introduction

Controlling complex (e.g. nonlinear and/or high-order)
systems in order to achieve sophisticated tasks consti-
tutes one of the great challenges of modern engineering.
Handling at once both complexities of the dynamics and
of the specification often leads to untractable problems
and therefore a hierarchical approach to control synthe-
sis is highly desirable. A hierarchical control architecture
has (at least) two layers. The first layer consists of a pre-
cise (and complex) model of the plant that need to be
controlled and is usually referred to as the concrete sys-
tem. The second layer consists of a coarse (and simple)
model of the plant that is used for control synthesis and
is referred to as the abstract system or abstraction. The
main challenge of such approaches is the refinement of
control laws designed for the abstract system in order to
control the concrete system. The older techniques, such
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as aggregation [1] or the inclusion principle [11] impose
that the concrete and abstract systems are driven by the
same inputs. In the past decade, approaches based on
the notion of simulation relations, have been proposed
for computing consistent abstractions driven by refin-
able abstract inputs [14,19].

Recently, the notion of simulation function, a quantita-
tive version of the simulation relation, has been intro-
duced in [9]. This generalization is more appropriate for
systems whose state-space is equipped with a natural
topology such as continuous systems. In this framework,
it is not required that the trajectories of the system and
of its abstraction match exactly but only approximately.
This relaxation allows us to consider simpler abstrac-
tions thus simplifying the design of high level control
tasks.

In this paper, we present a hierarchical control frame-
work based on this notion of approximate simulation.
Given a complex system that need to be controlled and
a simpler abstraction, we show how the knowledge of a
simulation function allows us to synthesize hierarchical
control laws. For the class of linear control systems, we
give an effective characterization of the simulation func-
tions allowing us to use algorithmic procedures for their
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computation. We show how to choose an abstraction for
a linear control system so that our hierarchical control
approach is possible. Finally, we show the effectiveness
of our approach on an example.

Preliminary versions of the results presented in this pa-
per appeared in [6,8]. An application of our hierarchical
control framework to motion planning problems with
temporal logic specifications has been discussed in [5].
An approach with similar flavors has been proposed
in [2,3] for hierarchical stabilization and tracking con-
trol. In this paper, we consider continuous abstractions
of continuous systems; however, a similar philosophy
can be used for hierarchical control using discrete ab-
stractions [15,18,20].

2 A Framework for Hierarchical Control

Let us consider the control system given by:

. { %(t) = f(x(t), u(t)
9(x(t))

where x(t) € R”, u(t) € R?, y(t) € R¥. We assume that
f:R*"xRP - R” and g : R® — RF are continuous
maps. An admissible input for ¥ is a locally measurable
map u : Z — RP where the interval Z C Rt contains 0.
A state trajectory of ¥ is an absolutely continuous map
x : T — R™ such that there exists an admissible input
u : 7 — RP satisfying: x(¢t) = f(x(t),u(t)) for almost
every t € Z. We assume that the vector field f is such
that for any admissible input, for any initial condition in
R™, this differential equation has a unique solution (see
e.g. [16] for sufficient conditions). An output trajectory
of ¥ is amap y : T — R* such that there exists a state
trajectory x : Z — R™ satisfying y(t) = g(x(t)) for all
tel.

Throughout the paper, we will refer to ¥ as the concrete
system, that is the (complex) system that we actually
want to control. Control will be synthesized hierarchi-
cally, using an abstract system, that is a system giving a
simpler, though less precise, description of the dynamics
of X. This abstract system will be denoted by ¥’ defined
by:

E,:{zu) = ha(t). V(1))
wi(t) = k(a(t))

where z(t) € R™, v(t) € R?, w(t) € RF. We make the
same assumptions on h and k than on f and g. Note that
systems X and ¥’ have the same observations space (i.e.
R¥), but may have different state and input spaces.

Simulation functions have been introduced in [9] as a
quantitative generalization of the notion of simulation
relations. Initially developed for discrete systems [13],

simulation relations have been extended in the latest
decade to continuous systems [14,19]. Intuitively, a sim-
ulation relation of ¥’ by X is a relation over their state
spaces explaining how a state trajectory of ¥’ can be
transformed into a state trajectory of 3 with identical
output trajectories. Similarly, a simulation function of
3’ by ¥ is a function over their state spaces explain-
ing how a state trajectory of ¥/ can be transformed into
a state trajectory of ¥ such that the distance between
the associated output trajectories remains within some
computable bounds. Formally, a simulation function is
defined as follows:

Definition 1 LetV : R™ x R™ — R be a smooth func-
tion and uy : RY x R™ x R™ — RP be a continuous func-
tion. V is a simulation function of ¥/ by ¥ and uy is an

associated interface if there exists a IC function® ~ such
that for all (z,z) € R™ x R™,

V(z,x) 2 |[k(z) — g()]] (1)

and for all v € RY, satisfying v(||v]|) < V(z,x),

V(z,x) () + V(z,x)

9z g (@muv(v.z,2)) <0 (2)

A simulation function allows us to bound the distance
between output trajectories of ¥’ and X.

Theorem 1 Let V be a simulation function of ¥/ by 2
and uy an associated interface. Let v : T — R be an
admissible input of ¥, let z and w be the associated state
and output trajectories of ¥'. Let x be a state trajectory
of ¥ satisfying the differential equation

x(t) = f (x(t), up(v(t), 2(t),x(1))) 3)
and let y be the associated output trajectory. Then, for
allteZ,

[w(t) =y ()] <max {V(2(0),%(0)),([[v[loo)} -

Before giving the proof of Theorem 1, we should point
out that equation (3) involves a feedback composition.
In the following, we shall assume that this composition
is well defined: for any initial state there exists a unique
solution to differential equation (3) defined on the inter-
val Z.

Proof : Let 6 = max {V(z(0),x(0)),v(||v|lec)}, we shall
prove that for all t € 7, V(z(t),x(t)) < ¢. Initially, it is
clear that V(z(0),x(0)) < d. Assume there exists 7 € Z,
7 > 0 such that V(z(7),x(7)) > 6. Then, there exists

1A function v : R — R" is a K function if it is continuous,

strictly increasing and satisfies v(0) = 0.



< 7" < 7 such that V(z(7'),x(7")) = § and for all
€ (7, 7], V(z(t),x(t)) > 0. Then, for all t € (7', 7],
(vl < Y(Ivlleo) < 6 < V(z(t),x(t)). It follows
from equation (2) that

0
t
v

dv(z(t), x(t))

vt e (7', 7], pr

< 0.

Therefore,

T aV(z(t), x(1))

0.
, dt <

V(a(r), x(1)) = V(a(r), x(7')) = /

This contradicts V(z(7),x(7)) > & = V(z(7'),x(")).
Therefore, we proved by contradiction that for all t €
Z, V(z(t),x(t)) < 6. We conclude by remarking, from
equation (1), that for all t € Z,

[w(t) =y @) = [|k(z(t)) — g(x(®) | < V(z(t),x(t)) < 0.
|
The control architecture, allowing us to refine the inputs

the abstract system through the interface wy is shown
on Figure 1.
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Fig. 1. Hierarchical control system architecture.

Definition 2 If there exists a simulation function of ¥’
by X, then we say that ¥ approzimately simulates X' .

Let us remark that ¥ approximately simulating ' is
equivalent to the composite system

h(z(t), v(t))

Yot %(t) = f(x(t),uv(v(t),2(t), x(t)))
k(z(t)) — g(x(t))

being input to output stable (where v is the input and e

is the output). The simulation function V is an input to
output stability Lyapunov function for that system [17].

Synthesizing the interface uy can be viewed as finding
a controller rendering the composite system input to
output stable. However, in such problems, one gener-
ally regards the input v as an unknown disturbance. On
the contrary, in our setting, v is a control input which
can be used by the controller. There are also similarities
with control problems such as the regulator problem [21]
or the more general asymptotic model matching prob-
lem [4]. However, asymptotic model matching requires
the distance between y and w to converge asymptoti-
cally to 0 which is equivalent to the composite system 3,
being output globally asymptotically stable [12]. In our
setting, it is only needed that the distance between y and
w remains within some computable bounds. Therefore,
asymptotic model matching implies ¥ approximately
simulating >, however the converse is not true.

The applicability of our approach relies on our capabil-
ity of computing a simulation function and an associ-
ated interface. In the following section, we give an effec-
tive characterization of simulation functions for linear
control systems allowing us to design algorithmic proce-
dures for their computation.

3 Simulation Functions for Linear Systems

In the following, we assume that the concrete and ab-
stract systems are linear control systems:

where x(t) € R”, u(t) € R?, y(t) € R¥ and

5. {z(t) = Fz(t) + Gv(t)
w(t) = Haz(t)

where z(t) € R™, v(t) € R?, w(t) € RF. We as-
sume, without loss of generality, that rank(B) = p and
rank(C) = k. Since ¥’ is typically simpler than X, we
assume that m < n.

We shall further assume that the concrete system X is
stabilizable. Then, there exists a p X n matrix K such
that the matrix A + BK is Hurwitz. The proof of the
following lemma is omitted here but can be found in [7].

Lemma 1 There exists a positive definite symmetric
matriz M and a strictly positive scalar number X such
that the following matriz inequalities hold:

M >c'c, (4)

(A+BEK)"M + M(A+BK) < -2\M.  (5)



The stabilizing gain K and the matrix M can be com-
puted jointly using semidefinite programming. Indeed,
denoting K = KM~', M = M~ and using Schur com-
plements, (4) and (5) are equivalent to the following lin-
ear matrix inequalities:

M MCT

CM I ©

where I}, denotes the k x k identity matrix, and
MAT + AM + KTBT + BK < —2)\M. (7)

We now give an effective characterization of simulation
functions and of the associated interfaces.

Theorem 2 Let us assume there exists an n X m matriz
P and a p x m matriz Q such that the following linear
matriz equations hold:

PF = AP + BQ, (8)

H=CP. (9)
Then, the function defined by

V(z,2) = \/(Pz — 2)TM(Pz — x)

18 a simulation function of ¥’ by ¥ and an associated
interface is given by

uy(v,z,¢) = Rv+ Qz + K(x — Pz).
where R is an arbitrary p X q matriz.

Proof : From equations (4) and (9), we have that

V(z,2) 2 \/(x — P2)TCTC(a — Pz) = |[Ca — Hz]|

Then, equation (1) holds. Now, let us show that equation
(2) holds as well. We have

oV(z,x) MV (z,x) B
5, (Fz+ Gv) + e (Az + Buy) =
(x — P2)TM(Ax + B(Rv + Qz + K(xz — Pz)) — P(Fz + Gv))

V(= P2)TM(x — Pz)

From equation (8), it follows that

0 0
%(Fz + Gv) + Véizm’x)(flm + Buy) =
(x — P2)"M((A + BK)(x — P2) + (BR — PG)v)

V(@ — P2)TM(x — Pz)

Using equation (5), we can show that
(Fz+ Gv) + V(= z)
Mz — P2)TM(z — Pz) + (x — P2)TM(BR — PG)v <

(x = P2)TM(z — Pz) -
—NV(z,z) + [VM(BR — PG)v||

V(z,
% (Az + Buy) <

Let v be the K function defined by

|varBR - Po)|
2 () = . v (10)
Then,
%(Fz + Gv) + %(Aw + Buy) <

A(=V(z2) +(lvl]) -

Therefore, for all v € R? such that v(||v|]) < V(z,z),
equation (2) holds. Then, V is a simulation function of
Y by X, uy is an associated interface. B

Let us remark that if the abstract system X/ is fed with a
zero input (i.e. v = 0), then our approach solves the reg-
ulator problem [21] and the simulation function V pro-
vides a Lyapunov function proving asymptotic stability
of the output e = w — y. It is to be noted that the lin-
ear matrix equations (8) and (9) are key ingredients in
the resolution of the regulator problem. Conditions on
the matrices A, B, C, F' and H that guarantee the exis-
tence of matrices P and @ such that equations (8) and
(9) hold can be found in [10].

The matrix R can be chosen arbitrarily and thus con-
stitutes a free design parameter of the interface. It can
be used, for instance, to minimize the I function . The
minimization of v is important for the following reason.
From Theorem 1, it is clear that the smaller the func-
tion 7, the smaller we can expect the distance between
the output trajectories of ¥ and X'.

Proposition 1 The function ~y defined by equation (10)
is minimal for R = (BT MB)~'BT M PG.

Proof : The minimization of the function v over R is
equivalent to

min
RERPX4

VM(BR - PG)H.

This is clearly a least squares approximation problem.
Then, since rank(B) = p and M is definite positive,
it follows that the matrix BT M B is invertible and the
minimal 7 is reached for R = (BT M B)~!BTMPG. B



Remark 1 The minimization of the function v over all
the design variables (i.e. K, M, A\, P, Q and R) is a
complex, non-convex optimization problem that is out of
the scope of this paper.

For practical implementation of the hierarchical control
architecture, it is desirable that a uniformly bounded in-
put v of ¥’ results in a uniformly bounded input u of ¥.
A sufficient condition is given in the following proposi-
tion:

Proposition 2 Let equations (8) and (9) hold with Q =
0, let V and uy be given as in Theorem 2. Let xo € R",
20 € R™ be initial states of ¥ and X' and v € RT. Then,
for all inputs v of X' such that, ||v||s < v; the associated
input u of X given by the interface uy satisfies:

ullee < [[R]lv + KV M~ max {V(20,20),7()} -

Proof : Since Q = 0, u(t) = Rv(t) + K(x(t) — Pz(t)).
Therefore,

a@)[ < IRV + [[KVM=H[V(=(t), x(t)).

From the proof of Theorem 1, we have the inequality
V(z(t),x(t)) < max {V(z9,70),v(v)} which allows us to
conclude. B

Remark 2 The assumption Q = 0 in the previous
proposition essentially means that the matrix F' is sim-
ilar to the restriction of A on an A-invariant subspace
given by im(P). This condition can be enforced when the
choice of the abstract system Y is free.

4 Abstraction Design for Linear Systems

In the previous sections, we assumed that the abstract
system Y’ was given a priori. It is clear that this is gen-
erally not the case. In this section, we give a procedure
to compute an abstract system enabling the hierarchical
control approach described previously.

4.1 Tl-related systems

A “good” abstraction should preserve all the behaviors
of the concrete system; for that purpose we use the no-
tion of IT-related systems introduced in [14].

Definition 3 Let II be a m x n matriz, Y is Il-related
to 33 if the following hold: for all x € R™,u € RP, there
erists v € RY such that

II(Az + Bu) = FIlz + G, (11)

and
C = HIIL (12)

In [14], it is shown that (11) holds if and only if for any
state trajectory x of 3, there exists a state trajectory
z of ¥’ such that for all ¢, z(t) = IIx(t). Together with
equation (12), it implies the following result:

Theorem 3 IfY is Il-related to 33, then for any output
trajectory y of ¥, w =y is an output trajectory of ¥'.

In our abstraction procedure, we want to determine an
injective abstraction map P and then a system 3’ such
that the linear matrix equations (8) and (9) hold for some
matrix (), in order to use ¥’ in our hierarchical control
approach. Further, we want that X/ is II-related to X for
some matrix I so that we do not disregard controllable
behaviors of ¥ when working on X'.

Remark 3 Our abstraction procedure uses two maps, P
and I1. It is simpler to derive a characterization of the
map P. 11 is essentially a pseudo inverse of P, though
not necessarily the Moore-Penrose pseudo inverse.

4.2 Characterization of abstraction maps

In the following, I; denotes the d x d identity matrix.
We start by remarking that equation (8) is equivalent to
AP = PF — BQ. Then, the following result is straight-
forward.

Lemma 2 Let P be an injective map, there exists ma-
trices F' and Q satisfying the linear matrixz equation (8)
if and only if

im(AP) C im(P) + im(B). (13)

Equivalently, this means that im(P) needs to be an
(A, B)-controlled invariant subspace [21]. Equation (9)
gives us the matrix H = C'P. Equation (12) states that
there must exist a marix II such that C' = HIL

Lemma 3 Let P be an injective map, let H = CP.
Then, there exists I such that C = HII if and only if

im(P) + ker(C) = R". (14)
Moreover, II can be chosen such that IIP = I,,.

Proof : Let us assume that there exists II such that C' =
HII. Then, since H = CP, we have C' = CPII and
C(I, — PII) = 0. For all x € R™, we have x = PIlzx +
(I, — PII)z. Since PIlz € im(P) and C(I, — PII)z = 0,
we have im(P)+ker(C) = R™. Conversely, let us assume
that im(P) + ker(C) = R™. Then, there exists a matrix
D such that

im(D) C ker(C), and im(P) @ im(D) =R". (15)



Then, there exists matrices II and F such that
I, =PIl+ DE . (16)

It follows that C = CPII+CDE = C'PII = HII because
im(D) C ker(C). It remains to show that IIP = I,,.
Since I,, = PII+ DE, it follows that P = PIIP+ DEP.
Then, P(I,,—IIP) = DEP. Since im(P)Nim(D) = {0},
P(I,, — IIP) = DEP = 0. Finally, P(I,, — ILP) = 0
implies (I, — IIP) = 0 because P is injective. B

Lemmas 2 and 3 give necessary and sufficient condi-
tions for a suitable abstraction map P: im(P) must be
an (A, B)-controlled invariant subspace complementing
ker(C).

4.8  Computation of the abstract system

Given an abstraction map P, a suitable abstract system
Y’ can be computed as follows:

Theorem 4 Let P be an injective map such that
im(AP) C im(P) 4+ im(B) and im(P) + ker(C) = R".

Let D and IT be maps satisfying equations (15) and (16).
Let F and @QQ be matrices such that AP = PF — BQ, let
H = CP and G = [IIB IIAD)]. Then, equations (8) and
(9) hold and X' is T-related to X.

Proof : By Lemma 2 and by construction of H, we have
that equation (8) and (9) hold. Let us verify that ¥’ is
II-related to ¥. By Lemma 3, equation (12) holds. Let
xr € R", u € RP, then

II(Ax 4+ Bu) =IAPIIx + ITA(L,,, — PII)z + I1Bu
=1IAPIlx + [TIADEx + I1Bu

where E is as in equation (16). Since equation (8) holds,
we have AP = PF — BQ. Then,

II(Az + Bu) =II(PF — BQ)Ilz + IADEx + I1Bu
=IIPFIz + 1B(u — BQIzx) + IIADE=z.

From Lemma 3, IIP = I,,,, then

u — BQIlx

II(Az + Bu) = Fllz + Gv with v =
Ex

Therefore, equation (11) holds as well and %’ is IT-related
to 2. W

If we impose that im(P) is A-invariant:

im(AP) C im(P)

instead of (A, B)-controlled invariant, then the assump-
tions of Proposition 2 hold. This allows us to use a hier-
archical control architecture where uniformly bounded
inputs v for the abstract system ¥’ result in uniformly
bounded inputs u for the concrete system . Finding
such a matrix P is easy: if (C, A) is observable, then the
intersection of any A-invariant subspace with ker(C) is
the null subspace. Then, it is sufficient to choose P as
a matrix spanning an arbitrary A-invariant subspace of
dimension greater than or equal to k. The A-invariant
subspaces are easily determined using the Jordan nor-
mal form of the matrix A.

5 Example

In this section, we use our approach to design abstrac-
tions for the following class of systems:

r—1
2y + Y ay@ () = u(),
1=0

where u(t) € R* and y(t) € R¥, » > 1 and y(™ denotes
the 7" order derivative of the output trajectory y. With
the notations of the previous sections, we have:

Ok Ik Ok . Ok
A = Ok 5
O oov ... 0 I
—OZ()Ik ......... —Oér,sflfk

BT =[0f ... 0r I], C=[I 0k ... 04,

where I denotes the k& x k identity matrix, 0 denotes
the k x k zero matrix. For simplicity, we assume that the
polynomial s” 4+ a,_18" "' 4+ -+ + a15 + ag has at least
one real root denoted A (note that this is always true
if r is odd). In the following, we compute a first order
abstraction of 3.

Let us consider the abstraction map P given by:

PT =1y M ... N7'L].
It is easy to check that im(P) @ ker(C) = R™ and that
AP = A\P. Thus P is a suitable abstraction map. Let us

compute the associated abstract system given by Theo-
rem 4.

We can choose the following matrices D and 11

O e
D:[ kn—k

T =[I), Of...04
Infk




where 0, ,,— denotes the k x (n — k) zero matrix. Equa-
tion (8) holds with F' = Al and Q = 0. Then, H =
CP =1, and

G =[IB IAD] = [0, I Og...04]

which can equivalently be replaced by G’ = I, by chang-
ing the dimension of the input of the abstract system.
Then, the abstract system is

Y w(t) = Aw(t) +v(t),

where v(t) € R¥ and w(t) € R*. In order to use our hi-
erarchical control approach, it remains to find a stabiliz-
ing gain K and a positive definite symmetric matrix M
such that equations (4) and (5) hold. This can be done
for instance by solving the linear matrix inequalites (6)
and (7).

We now apply our approach for the following particular
system:

Sy (1) = ult)

where u(t) € R? and y(t) € R? Following our approach,
with the abstraction map P? = [I, 05 05], the following
abstract system is computed:

¥ow(t) = v(t)

where v(t) € R? and w(t) € R?. We designed a simula-
tion function V of ¥’ by 3. The associated interface is
given by:

uy (v, w,y,9,4) = 26.00 — 13.3§ — 52.3y — 52.0(y — w)

(17)
and the associated function 7 is v(v) = 2.128v. Assume
that 3 describes the (high-order) dynamics of a mobile
planar robot. The ouput y(t) € R? gives the position of
the robot. Initially, y(0) = 0 and §(0) = 0. Particularly,
if we set the initial state of the abstract system to w(0) =
y(0), then the initial value of the simulation function V
is 0.

We consider the problem of driving the robot in the en-
vironment shown in Figure 2. It consists of a corridor of
width 1. At the end of the corridor, there is a room with
an obstacle. The goal of the motion planning problem
consists in reaching a target which is a circle of diame-
ter 1, behind the obstacle. Since the abstract system ¥’
is fully actuated, it is easy to synthesize a path for this
system. This path is represented by the dashed line in
Figure 2. It is clear that any trajectory remaining within
distance 0.5 from this path satisfies the problem speci-
fication. We thus choose a bound v for the inputs of the
abstraction ¥’ such that () < 0.5. Then, from The-
orem 1, we know that the ouput trajectory y remains
within distance 0.5 from w, and thus satisfies the speci-
fication of the motion planning problem.

Fig. 2. Output trajectory y of the concrete system X (plain,
blue) and output trajectory w of the abstract system ¥’
(dashed, red). y satisfies the specification of the problem.
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Fig. 3. Value of |ly(t) — w(t)|| for the trajectories of ¥ and
Y’ presented in Figure 2. We can see that it is bounded by
~(v) = 0.5 (horizontal line). The vertical lines correspond
to the times at which the direction of the trajectory of the
abstract system Y’ changes.

We can choose v = 0.235 (y(v) = 0.5). The output tra-
jectory y obtained by connecting the abstract system
and the concrete system through the interface given by
equation (17) is represented by the full line in Figure 2.
It is clear that it satisfies the specification of the mo-
tion planning problem. In Figure 3, we represented the
evolution of ||y (t) — w(t)|| for the trajectories of ¥ and
Y’ presented in Figure 2. We can check that it remains
bounded by v(v) = 0.5 which is expected from Theo-
rem 1. Moreover, we can see that this bound is quite
tight.

6 Conclusion

In this paper, we presented a theoretical framework for
hierarchical control based on the recently introduced no-



tion of simulation function. For the class of linear sys-
tems we gave an effective characterization of simulation
functions and of the associated interfaces. We derived
a method to compute abstractions of linear control sys-
tems allowing us to design hierarchical control systems.
An example of application was shown, more complex
examples for a second order model of a robot can be
found in [5]. Future work includes the extension of our
approach to synthesize output feedback interfaces and
the extension of the framework to networked control sys-
tems.
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