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Abstract: Hybrid systems often exhibit periodic behaviours. Therefore, the com-
putation and the stability analysis of hybrid limit cycles is an important problem.
Recently, several techniques have been proposed for the stability analysis of
periodic solutions. However, all of these assume that the cycle has previously been
computed, which is not the easiest part of the work. In this paper, we present a
method for the numerical computation of limit cycles in piecewise linear hybrid
systems. It uses the concept of hybrid Poincaré map and is an extension of the
algorithms existing for smooth dynamical systems. An example is treated in order
to show the results that can be obtained in practice.

Keywords: hybrid systems, limit cycles, stability, Poincaré map

1. INTRODUCTION

Hybrid systems have become the standard modeli-
sation tool for the systems involving interactions
between continuous processes and a discrete au-
tomata. The applications are numerous in fields
such as avionics, automotive industry or biology.
The subclass of piecewise linear hybrid systems is
doubtless one of the most used. Indeed, they have
been used for a long time by engineers to approx-
imate non-linear systems. Recent work has been
realized on global geometric analysis (Pettit and
Wellstead, 2000), reachability analysis (Asarin et
al., 2000), optimal control and Lyapunov stability
(Johansson and Rantzer, 1998) ...

Many of these systems exhibit periodic behaviour
(see e.g. (Rubensson et al., 1998), (Hiskens,
2001a)). Therefore, mathematical tools for the
computation and the stability analysis of these
solutions need to be developped. Previous work
mainly focused on localization (Matveev and
Savkin, 2000) or stability of hybrid limit cycles.
Methods using discrete time Lyapunov stabil-
ity (Rubensson and Lennartson, 2000), trajec-

tory sensitivity analysis (Hiskens and Pai, 2000),
(Hiskens, 2001b) or some similar techniques (Simic
et al., 2002) have been proposed.

However, only a few work have been realized on
the computation of limit cycles. In (Llibre et
al., 2002), non trivial symbolic equations were
given for the computation of limit cycles in a
planar piecewise linear dynamical systems with
two zones. Even in this simple case, the use of
numerical methods is needed in order to solve
the equations. Consequently, it seems useful to
propose some numerical methods that can hold
more complicated systems. In (Guckenheimer and
Meloon, 2000) and (Viswanath, 2001), efficient
techniques were proposed for an accurate com-
putation of limit cycles in continuous dynamical
systems.

In this paper, we propose to extend these tech-
niques to the computation of periodic solutions in
piecewise linear hybrid systems. Our method lies
on a generalization of the Poincaré map to hybrid
systems. In a first part, we will present briefly this
concept . Then, we will detail our method and



finally we will apply 1t to the classical example of
the two tank system.

2. POINCARE MAP

The computation of limit cycles is one the most
important problem of the theory of dynamical
systems and one of the most tractable tool for this
is the Poincaré map. The principle is illustrated
on figure 1.

o

Fig. 1. Poincaré map

Let us consider a dynamical system with a limit
cycle T'. Let § be a hyperplane transversal to the
cycle I' at a point 2.. We now define the Poincaré
map P on a neighborhood of 2., to each point
xz of & we associate the point P(x) such that
the trajectory of the dynamical system emanating
from « will cross S at P(z) after approximatively
one period of T'.

Then, computing the limit cycle of the dynamical
system is equivalent to find the fixed point of
the Poincaré map. Moreover, if we are able to
compute its differential dP(z), Newton’s method
applied to P provides an efficient algorithm for the
computation of the limit cycle (see (Guckenheimer
and Meloon, 2000), (Viswanath, 2001)).

In the next section, we will show that this con-
cept can be generalized to piecewise linear hybrid
systems.

3. COMPUTATION AND ANALYSIS OF
HYBRID LIMIT CYCLES

In this paper, we consider the class of piecewise
linear hybrid systems.

(1) = Ag(y(t) + by (1)
q(t) € T(x(t),q(t7)) '

where z(t) € RV is the continuous variable of
the system and ¢(¢t) € @ = {l,...,n} is the
discrete state. In each discrete state, the vector
x(t) satisfies a linear differential equation. The

switching procedure is given by a transition map
T

ie€T(z,i) = Vji#i, 2 ¢S, (2)
Vi#i, jeT(x,i) < z€5;;

where S; ; are the switching planes

Sij={x € RV[kj jz —dij =0} (3)

3.1 Notations and assumptions

Let us assume that the system 1 has a peri-
odic solution (z*(t),¢*(¢)) and that 2*(0) is on
a switching plane of the system. There exists a
sequence of discrete states {q1,...,¢,} and p+ 1
scalars 0 = tf < 1] < ... <t such that :

F ) = g V€ 1)
{r* (ty) =2°(0) *)

{¢i} is the sequence of the successive discrete
states of the periodic solution and {t} is the
associated sequence of switching times. We note,

zf =2*(t;) and sf =t —17_, . (5)

I3

We now have to make two assumptions.

Assumption 1. For all i € {1,...,p}, there exists
a unique ¢ € @ such that ] € Sy, 4.

Assumption 2. x*(t) does not reach any switching
plane tangentially, i.e.

{ k%z,qi+1 (Asz:;—{— sz) 7é 0) i € {L P 1} (6)
(Agyzy +bg,) #0 .

9p,q1

These two assumptions are directly related to the
stability of the hybrid limit cycles. Indeed, if the
first one does not hold, then at the time ¢ there
are at least two possible transitions. We easily
imagine that this can have dramatic consequences
on the stability of the periodic solution. If the
second one does not hold then a small perturba-
tion on the initial condition #*(0), might involve
dramatic changes of behaviour, indeed in this
case the perturbated solution might not reach the
switching plane and then the switching sequence
will be different.

Under these two assumptions and due to the
continuity of the flow in each discrete state, we
can show that a trajectory of the hybrid system
emanating from a point 2o on the switching plane
Sqp,q1 1n a neighborhood of the point z§ with ¢; as
initial discrete state, will have the same switching
sequence than the periodic solution.
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Fig. 2. Definition of the function P;

3.2 Hybrid Poincaré map

Let ¢ be an element of {1,...,p}, let us consider
the initial value problem :

B(t) = Agz(t) + bgi, z(0) =21 (7)

where z;_1 is in a neighborhood of z} ; on the
same switching plane than z}_,. We call P; the
function that associates to the point x;_; the
point z; which is the first intersection of the
solution of 7 with the switching plane Sy, 4., (see
figure 2). Note that we have P;(z}_ ;) = z}. This
function has the following properties :

Lemma 1. Pjis defined in a neighborhood of z}_;.
Moreover, it is continuous and differentiable. We
note 2; = P;(x;_1), s; is the time that the solution
of T takes to reach the point z;. The expression of
the derivative of P; 1s

Ag.x; + b ; kt
dPi(éEi_]): 7 (tfh Q) 9i,9i41 ES’A%‘(S)
fiqien (Agi i + bg))

Now, let us consider a point zg in a neighborhood
of zf and on the plane Sy, 4,. The solution z(t)
of the hybrid system 1 with initial value (2o, ¢1),
reaches the switching plane Sy, 4, at the point
x1 = Pi(xo). Then the discrete state of the
system becomes ¢, since P; 1s continuous on a
neighborhood of z} then z; is as close to z] as
we want. Consequently, z(t) reaches the switching
plane S, 4, at the point s = Py(x1) = PaoPy(z0)
and so on...

Finally, z(t) comes back on the plane S, 4, at
the point z, = P,0P,_10...0P;(xg). Therefore,
the function

P=P,0P,_10...0P (9)

is the Poincaré map associated to the plane Sy, 4,

Moreover we have the following result.

Theorem 1. P is defined in a neighborhood of zj.
Moreover it is continuous, differentiable and its
differential at the point zq is

where z; = Pio...Pi(zg) .

The proof is not given here but is obvious using
equation 9 and lemma 1.

3.8 Stability of the limit cycle

The result given in this paragraph is quite similar
to those of (Simic et al., 2002), (Hiskens, 20014),
(Hiskens, 2001b). The cycle is said to be stable if
for any zp in a neighborhood of zj, the solution
of the hybrid system 1 emanating from 2o with
the initial discrete state ¢1 converges to the limit
cycle. In the other cases, the cycle is said to be
unstable. Let A; be the eigenvalues of the matrix

dP(zf).

Theorem 2. (Stability of the limit cycle).

o If for all j, [A;| < 1 then the limit cycle is
stable.

o If there exists one j', |A;;| > 1 then the limit
cycle 1s unstable.

o If there exists one j', [A;/| = 1 and that for
all j # 7', |A;] < 1 then the method does not
yield a conclusion about stability.

This theorem is a classical result of the discrete
time dynamical system theory.

3.4 Computation of the limit cycle

Computing the limit cycle is equivalent to finding
the fixed point of the Poincaré map which is zj.
In other words, zf is the root of the equation

P'(z)=2—P(z)=0. (11)

Therefore, if dP’(z}) is regular, Newton’s method
applied to the function P’ will converge to zj. We
consequently make the following assumption.

Assumption 3. The limit cycle is not singular;
dP(xf) has no eigenvalue equal to 1.

Let 25 be an approximation of z} on the plane
Sgp,q1» under assumption 3, Newton’s method
applied to P’ becomes

k+1 _ ok -1 25V P (2"
R L



Consequently, the iterative scheme is

B = [T = dP (k)7 (P (k) — dP(ak)ah) (13)

At each iteration of the method, we have to
compute the values of P and dP. Computing
P(zf) is done by simulation. We compute the
solution of the hybrid system 1 with initial value
(2% 1) until it comes back on the plane Sqpa1-
The final point is P(z%). During this simulation,
and thanks to an accurate event detection process
(Girard, 2002), we have computed the switching
points and the time passed in each discrete state.
Therefore, we are able to compute, dP(z¥). Then,
applying iteration 13, we can compute the value of
;L‘ﬁ"'l. This numerical scheme is convergent, indeed
the classical result of convergence of Newton’s
method gives :

Theorem 3. Let x] be on Sqp,qn and sufficiently
near of zf, then

lim zf = 2; 14
kggj% Ty ( )
moreover
k
llog* — 25l = O(ll«§ — 2511%) . (15)

We can see, that the convergence of our method
is only local. Thus, we first have to make a
localization of the limit cycle. This can be done
using simulation or qualitative analysis such as
the hybrid Poincaré Bendixon theorem presented
in (Simic et al., 2002).

In the next section, we apply our method to an
example.

4. EXAMPLE

The two-tank system (see figure 3) has been pre-
sented in (Rubensson et al., 1998) as an illus-
tration of limit cycles arising in hybrid systems.
The stability analysis of this system has been
done in (Rubensson and Lennartson, 2000) and
(Hiskens, 20016).

The system consists of two tanks and two valves.
The first valve allows to add water in the first
tank, while the second one allows to drain off the
second tank. There are also a constant inflow in
tank 1 and a constant outflow in tank 2. The
system 1s obtained by linearization about an op-
erating point. The objective is to keep the water
levels within some limits using a feedback on/off
switching strategy for the valves.

T
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Fig. 3. Two tank system
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The two valve settings result in four discrete states
for our piecewise linear hybrid system (see table

).

Table 1. Discrete states of the two tank

system
state of the valve 1 valve 2
hybrid system
q(t) = off off
q(t) =2 on off
q(t) =3 off on
q(t) =4 on on

For an initial continuous state (21(0), 22(0)) there
is an associated discrete state ¢(0) defined by

1if 21(0) > 0, 24(0) < 0

] 2t 20(0) <0, 22(0) <0
10 =1 3ir2,(0) >0, 250) >0 16

4 if .7:1(0) <0, 332(0) >0

-1 0) (17)
1-1

The switching planes are

S12=2534:21+1=0
51732527311‘2—1:0
S3.1 =542 1 g =
Sa3 1 —1=0

)

(18)



Fig. 4. Example of trajectory of the two tank
system

On figure 4, an example of trajectory of the two
tank system is shown. The axes correspond to
the water levels in the tanks. The dashed lines
correspond to the switching planes. It seems that
the trajectory converges to a limit cycle. The
discrete state sequence corresponding to this cycle
is {1,2,3}. To initialize our algorithm we must
choose a point near the limit cycle on the plane
Ss1, zj = (1,0)" seems to be a reasonable initial
point.

The results of our algorithm applied to the

computation of the limit cycle are shown in table
2.
We can see that the convergence is quadratic.
Only three iterations of our algorithm are needed
to obtain an approximation of the limit cycle with
a precision near of the one allowed by matlab’s
floating point arithmetics.

Table 2. Succesive approximations of
the fixed point of the Poincaré map and
associated errors

(z5)" [1P(=5) = 5l
[1.0000000000000000 0] _ 0.1195483220052789
[1.1086673728553014 0]  0.0005631232587389
[1.1081603057366756 0]  0.0000000125312090
[1.1081602944523914 0] 0.0000000000000390

W = o|x

At the last iteration, the derivative of hybrid
Poincaré map is

—0.1105 —0.3099
dP(xf) = ( 0 0) (19)

whose eigenvalues are 0 and -0.1105. Conse-
quently, the limit cycle is stable. Moreover, its
period is around 2.7732 and the time passed in
each state are 1.1340 for state 1, 1.3868 for state
2 and 0.2524 for state 3.

On figure 5, the limit cycle of the two tank system
is shown.

Fig. 5. Limit cycle of the two tank system
5. CONCLUSION

The stability analysis result given here is very
similar to those of (Simic et al., 2002), (Hiskens,
2001a), (Hiskens, 20015). The main contribution
of this paper lies in the computational aspect
of our method. Indeed, we proposed here a nu-
merical iterative scheme which allows an efficient
accurate computation of the limit cycles in piece-
wise linear hybrid systems. Our method is eas-
ily implementable and should be generalizable to
non-linear hybrid systems borrowing some tech-
niques from (Guckenheimer and Meloon, 2000) or

(Viswanath, 2001).
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APPENDIX
Proof of lemma 1

Let ®,, be the flow associated to the differential
equation 7. We have z; = ®g, (z;_1, s;). Since z;
is on the plane Sy, 4..,, #;—1 and s; are related
according to the equation

Hi(l‘i—l, Si) = k;l,qi+1 QQz ('xi_l, 87:) - sz7Qz+1 (20)

H;(z;_1,s;) is continuous and differentiable and
its derivatives are :

87-[2 s, A
axi_l(l’i—l;si) = k;“qH_Ie i .
OHi . (21)
9s; (Ti-1,8) = qu,qi+1 (Agizi + bg,)
Moreover, H;(zf_,,s7) = 0 and according to

assumption 2

87{1 * * P
g(%’_hsi) #0. (22)

Thus, the theorem of implicit functions applies,
therefore there exists a function S; defined on a
neighborhood of z}_; such that s; = S;(z;-1)
is a solution of equation 20. Moreover, §; is
differentiable and its derivative is

OH;
0S; (#11) = 3o (Tio1, 5i)
a$i_1 == OH,i Ti_1,8; ¢
f“;;t( , j (23)
— qiyqi+1 )
ktt]i,qi+1(AQizi + bqi)

It follows that Pj(zi_1) = ®g,(zi—1, Si(xi—1)) is
defined on a neighborhood of z}_,. Moreover it is
differentiable and its derivative 1s

o
dPi(x;-1) = 3 .q’ (ziz1,Si(xi-1))
0Py, sz_l 0S; (24)
+ ds; (Ii—la Z(Iz—l))m(l‘z_l)
dPi(l‘i) — ¢Sidy;
_kt ES’Aqi (25)
+(A i+ b l) dirdit1 )
! ! kf}nqim (Agizi + bg,)

Proof of theorem 3

First, note that equation 13 is equivalent to

eh¥ = P(af) + dP(h) (o) — o) (26)

From theorem 1 and since zj is fixed point of the
Poincaré map P we have :

¥ = P = Pk + (5~ 28)
P(xg) + dP(zq)(xg — zq) (27)
+O(llef — 2611%)

Now, substracting equation (26) to equation (27),
we have

wy — gt = dP(ag) (@5 — 25™)

Lo(lley — Py @

Consequently
(1 = dP(xg)) (25 — 25™") = O(llg — #5][*) (29)

and since I — dP(z}) is regular,

25 — 25| = O[5 — zcll) . (30)



