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Abstract

This paperdiscusses-EM-basedsimulationsof soft bodiesin termsof speedand robustnessTo be physically
plausible three fundamentalaws mustbe respectedrotational invariance Newton's law and Euler's law. We
showthat precomputedtrain-displacementnatricesgenerte nonphysicatorqueswhich canleadto visualarti-
facts.WethenderivethefastesFEM-basednethodmeetingour criteria of plausibility androbustnessnddiscuss

their limitations.

CatagyoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.5[Computergraphics]Physically basednodeling

1.3.7 [Computergraphics]:Animation

1. Intr oduction and relatedwork

Since Terzopoulossimulatedviscoelasticdeformablebod-
ies [TPBF87, physically-basedanimationhasits placein
the eld of computergraphics Making real-timesimulators
with the objective of visual"realism"is now a centralprob-
lem.Indeedthegraphicccommunitynow seekgo extendits
modelingtools towardsmathematicamethodscloserto the
mechanicof continuousmedium(from "realism" to "pre-
cision"). Becauseof the needfor speed,the rst interac-
tive methodswere basedon precomputednatrix inversion
[CDC 96, JP99. Unfortunatelythesemodelsareonly valid
for small displacementshis is why a non-linearcomputa-
tion of the deformationds usedin [DDCBO01, PDA03]. Re-
cently proposednethodgavor anew approactbasecnthe
decompositiorof the displacemenbf eachelementinto a
rigid motionanda puredeformatiortractabldinearlyin the
localframe[MDM 02, EKS03 HS04 MG04], anidea rst
introducedn [TF8§.

In this paperwe investigatehow a FEM-basedimulatorcan
fulll threemajorplausibility criteria:invarianceto rotation,
Newton's law on linear acceleratiorandEuler's law on an-
gularaccelerationWe shaw thatit is necessaryo recompute
the strain-displacememhatrix of eachelementat eachtime
stepto avoid ghosttorquesBasedon this, we proposea new
implementatiorof tetrahedron-baseeEM usinganef cient
computationand storageof the stiffnessmatricesandcom-
pareit with the currentstate-of-the-annethods.
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2. Physically plausiblelinear FEM

We considerthestandardnite elementmethod(FEM) used
to simulate tetrahedrizedviscoelasticsolids. Background
can be found in standardtexts [ZC67]. The force applied
by the deformedelemento its samplingpointsis givenby

f=B's=BDe= B'DBu=B'DB(x x°) (1)
wheres is the stress,e the strain, u the displacementx
andx® the currentandthe initial positions,B is the strain-
displacementatrix and D is the stress-straimatrix. This
articleis limited to linearelasticmaterial but morecomple
relationscanbe usedbetweers ande.

2.1. Rotational invariance

Thelinearequation(1) is insensitie to translationsut inac-
curatefor large rotationsof the elementsThis resultsin so-
called“ghostforces”which make the elementarti cially in-
ate. A possibleapproachio solvethisproblemis to usenon-
linear Greens straintensorwhich is rotationally invariant.
Howeverthistensotis notableto linearly relatedeformation
to displacemenexcept asymptoticallyfor small displace-
ments.An alternatve approachwas proposedoy Miiller et
al [MDM 02] who decomposehe displacementin a rigid
rotationcombinedwith adeformationThenetforcecalcula-
tionbecomed = R"B'DB(Rx  x°), wherematrixR, which
encodegherotationof alocal framewith respecto its ini-
tial orientation,is updatecht eachframe.

Threeedgesare usedto computethe 3 3 transformation
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h i
matrix:J= € € € l[el e e, with respectotheini-
tial state wherethe qo aretheinitial edgevectorsandthe g
arethe currentones.Matrix J is thendecomposedh order
to extractseparatelyarigid rotationR appliedto theelement
andadeformationE asshovn g. 1. This decompositions
notuniqueandseveralapproachesanbeconsidered.

deformed
and displaced

atrestform -/~

-

“ R
deformed and replaced
in the initial local frame
Ed

Figure 1: Aninitial tetrahedpbnis deformedy thetransfor
mationJ composedbotha rigid motionR andthe deforma-
tionsare containedn E.

Polar decomposition EtzmuRRet al [EKS03, followed by
other authors[HS04 MGO04], presenteda method based
on the polar decompositionusing eigervaluesand eigen-
vectors.The polar decompositiorof a squarematrix com-
putesthe nearestorthogonalframe to the given column
axes[EKS03 MG04, HS04. As suchit providesthe ideal
decompositionof the displacementmatrix J, giving the
smallestdeformationsThe strainvaluescanbe derived as
showvn in thefollowing formula.

J = Rp:Es 2
1+ ex Sy ez
Es = RyN=4%4 ey 1l+gy e
ez €yz 1+ ez

A relatedSVD-basedipproacthasbeenusedto handleele-
mentinversiong ITF04).

QR decomposition’ The QR decompositioris an alterna-
tiveto thepolarapproachThe rst axisof thelocal frameis

constrainedo bealignedwith the rst columnof J. Thenthe

secondaxisis constrainedo the planespannedy the two

rst columns,ansoon. We cancomputeit by performinga

Gram-Schmidirthogonalizationto guaranteghat we ob-

tain aright-handedrame.The straincanthenbe computed
by projectingthe columnsof Jto theaxesof thelocal frame,
or equivalently by thefollowing decomposition:

J = Rqr:Et 2
1+ ex 2ey 2exz
EE = RyJ=4 0 1+ey 28, 5
0 0 1+ e

Thisdecompositioiis signi cantly fastethanpolaror SVD,
however it dependn vertex orderingbecausall edgesdo
not have the samein uence, asillustratedin g. 2. Conse-
quently someordering-dependergnisotroy is introduced,
contraryto polaror SVD. Moreover, theevaluatedstrainis a
bit higher However, its computationakf ciency canallow
oneto usemorere ned meshes.

Y With our notationsQ correspondso therotationRy andRto E

@ yi @ 0
— b b
d * d 3

Figure 2: thelocal frames (1) Polar decompositionsingle
framere ecting bestthe matter neaestto theedges.(2) QR
decompositionthe r staxisis the r stedg ab, thesecond
axisis orthogonalto the r ston plane(ab;ac), andthelast
axisis obtainedby constructionof an orthonormalframe

2.2. Newton'slaw

Newton's law on linear acceleratiorrelatesthe acceleration
of a systemto the externalforcesappliedto it: Sjm;t; =
S; 7 wheref is the netexternalforce, m; the masseti;
theacceleratiomppliedto samplingpointx;. Thislaw is true
for asingleparticle,for anelementaswell asfor thewhole
object.Theviolation of thislaw would allow anisolated(not
submitedto externalforces)objectto linearly accelerate.
We now shav that Newton's law is necessarilysatis ed by
the constructiorof the strain-displacememhatrix B, thanks
to its propertySjB;jj = O, for arow i. Indeed,for ary uni-
form translationDu = [k:::k]T; k 2 R this propertyimplies
anull variationof thedeformationDe Dg = S;B;jDuj = 0.
Moreover, the netforce generatedby anarbitraryconstraint
vectors is Sj fj = S;SiB];s; = Sis;iS;jB]; = 0. Notethatthe
propertyis true evenif B is obsoletedueto a changeof the
shapeof theelementgvenif it modi es thematerial,it does
not createghostforces.On the otherhand,this propertyis
not guarantedy [MDM 02], becausét evaluatedifferent
localframerotationsfor eachnodeof asameelemenin pro-
cessingnenodeafterthe other Hence methodgrocessing
one elementafter the other (presentedn the previous sec-
tion) arenow preferedamongthe community

2.3. Euler'slaw

Euler'slaw relategsheangularacceleratiorof asystemnto the
nettorqueappliedtoit: Sjuj mjlj = Sju; f]-@“. Thevio-
lation of this law would allow anisolatedobjectto angularly
accelerateWe now show thatif matrix B is not up-to-date
thenEuler's law is not necessarilygatis ed.

To respecttuler's law, let us shav thatthe following prop-
erty, trueby constructiorof B, mustbeveri ed: Sjx; BiTJ- =
0. Indeed,a purerotationw generates variationof the dis-
placementfu; = w  Xj but mustnot generatea variation
of thedeformationThisimpliesthatDg = S;Bjjw xj=0
for ary w, thus Sjx; BiT]- = 0. In the sameway, let us
checkthat the net torque due to an arbitrary constraints
is null: Sjxj  fj = SjX; SiBiTjSi = SisiSjXj Bi-li = 0.
The property is no more guarantedwhen B is obsolete
dueto a changeof shapebecausethe original x; are re-
placedby new values.Computingforceswith initial strain-
displacementnatricesamountsaatcomputingfreqi deformed
whereasfgetormed reg IS Sought.Consequentlyit is neces-
saryto recomputeeachmatrix B elements at eachtime step
to avoid arti cial torquesAn exampleof arti cial torqueis
givenin g. 3. Note,however, thatmultiplying matrix B with
a scalaruniformly scalesthe nettorque,andthus modi es
thematerial,but doesnotinducearti cial torques.
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3. Ef cient implementation

Our method updatesstrain-displacemenmatricesat each
time stepto avoid ghosttorques Deformationscomputation
is basedn the QR decompositionbecausehis decomposi-
tion simpli es a lot the calculationsof strain-displacement
matricesand becomessigni cantly faster About the dy-
namic resolution, we shav that the assemblyis not in-
evitably the bestapproachin the caseof interactize simu-
lations.

3.1. Strain-displacementmatrix computation

Thestrain-displacememhatrixBisa6 12 matrix straight-
fowardly deducedrom shapefunctions,factoredby 1=6V
whereV is thevolumeof theelementTheclassiccomputa-
tion of B takes72 multiplicationsand60 additiong BNC9€],
and the computationof Df = R"BTDBDu using this ma-
trix takes 6660 multiplications and 2760 additions.Since
we areusingQR decompositiona lot of vertex coordinates
are null in the local frame. The calculationof the strain-
displacemeninatrix is thusgreatlysimpli ed. It is possible
to recomputdt at eachtime stepusingonly 14 multiplica-
tionsand5 additions andperformanoptimizedcomputation
of Df using4554multiplicationsand1707 additions.For a
tetrahedroria; b; c; d), thecoefcients of theshapdunctions
Ni = aj + bjx+ gy+ djzare,in thelocal frame:

ba=yezg
G = (XZ) (XoZg)
Oa= YecXd XcYd+ XoYd  XbYe
bb:chd bc:O bd:0
G = XcZg &= ZgXp x=0

o= YoXd X¥d de= VYaXo dd= XoYc

It is shavn in section2.3thatit remaingphysically plausible
whenmultiplied by a scalar We canexploit this opportunity
to useeachelements initial volumeinsteadof recomputing
it. The advantagesare a fastercomputationand robustness
whenlargedeformationsesultin at elementsvith null vol-
ume.

3.2. Time integration

To dynamicallyinteractwith a FEM-basedystemwe solve
asecondrderdifferentialequationglobally, on all the ele-
mentsverticesM i+ Cu+ Ku = f #, wherematrixM mod-
els mass,C modelsdamping(C = aK + bld is a popular
approximation)and K modelsstiffnessfor all the vertices.
The global matricescan be computedby summingup the
contributionsof eachelementto its vertices.This operation
is called the assemblyBaraf [BW98] hasshavn how to
solve this differential equationefciently evenin the case
of stiff material. A modi ed conjuaate gradientalgorithm
is usedto iteratively solve a sparsdinear equationsystem

Z Bold letters denoteglobal matricesand vectors,as opposedto
singleelements.
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Figure 3: A setof forceswith null nettorqueis appliedto an
equilateal tetrahedpon. If the strain-displacementnatrix is
notupdatedthenthetetrahedon startsto rotate
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Figure 4. Computationtime with or without assemblyon
3430tetraheda and 512 particles.

modelinga constrainecklasticsystem.The main computa-
tional task consistsin evaluatingDf = [%]m, wherema-

trix []&—E] is the stiffnessmatrix K = BT DB. Whenthe stiff-

nessmatrix is precomputedthe calculationof the netforces
("right part” of theintegration)canbeoptimizedby precom-
puting f0 = RTKX?, with f = RTK(Rx x%) = RTKRx  f°

asshawvn in [MGO4]. In this case the computatiorof f and
Df = RTKRDu usethe sameproductby the stiffnessmatrix
R KR soit is interestingto assemblyall the individual

stiffnessmatricesof all the elementsto limit the calcula-
tion by a single force computationby vertex. But we have

shavn in thesection2.3 thatupdatingthe stiffnessmatrixis

mandatoryln this case fcant beprecomputedsowe need
two differentproducts:oneby RTKRfor Df andanothery

R'K for f. In pratice,it is moreefcient notto build anas-
sembledstiffnessmatrix ; its heary constructioncould be
amortizedby a lighter computationof the conjucate gradi-
entiterations,but in the caseof interactve animationsthe
numberof iterationsis generallytoo small. It is preferable
to storeseparatel\R, B andD andto processachelement
independentlyFor eachelementwe rst computeRDu, then
BRDu until R"B" DRDu.

Figure 4 shaws thatto amortizethe costof theassembly50

iterationsminimum arenecessaryn this example,which is

really too big in the caseof aninteractive simulation.

4. Discussionand results
4.1. Robustness

Large displacement®r user manipulationssometimesre-
sultin degenerateon gurationssuchas at or invertedele-
ments.Suchcasesarenot properlyspeakingphysical, but it

is importantto be ableto facethemto guaranteehe stabil-
ity of the simulator The polar decompositiorappliedto an
inverted elementcomputesa left-handedlocal frame. The
elementtendsto recover its initial shapen this frame,con-
vemging to a reversedshape This canbe solved by ipping

the sign of an axis, but this requiresthe computatiorof the
determinanto detecta changeof signresultingfrom thein-

version.rving etal [ITFO4] proposeveryelegant,butmore
expensve, solutionto this problem ,basena SVD decom-
position.They alwayscomputehesmallesinversionamong
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Figure 5: A rabbit with null Young's modulusis crushed
ontothe ground.By increasingits stiffnessjt regainsits ini-
tial shape

Figure 6: A liver is xed in four points (red balls). A user
imposesa violent displacement(blue ball) which reverses
elementsThesystenremainsstable andrecoversits initial
shapewhenreleased.

all the possiblecombinations.

Usingthe QR decompositionmethod theinversionof anel-

ementis freely detectedand automaticallymodeledasthe

crossingof the (a; b;c) planeby vertex d, the only onenot

usedin the constructionof the local frame.If the inversion
actuallyoccursatthisfourthvertex, thenthereactionis plau-

sible, but in caseof anothervertex inversion,the element
regainsits restform by a largerotation.On a singletetrahe-
dron, this canleadto a non-intuitive behaior. In a comple

model,mostelementsarenot invertedandbehae correctly
andwe have not detectedvisible artifacts.In all casesthe

tetrahedralo not breakandthey recover their initial shape,
asillustratedin g. 5 and®6.

4.2. Ef ciency

Theresultsgiven g . 7 useatime stepof 0.4msand veiter-

ationsof theconjugategradientsolutionareperformedn the
implicit integration.We canseethe majorinterestof the QR

decompositiorappliedto tetrahedraoncerninghe compu-
tationtime, whichis about30%fasterthanthemethodusing
the polar decompositiorwhen precomputatiorof B is dis-

abledto ensurecorrectnesbasicmechanidaws. By increas-
ing thenumberof iterationsin theconjugategradientresults
remainsimilar, becauséhe computatiorof Df ateachitera-
tion is moreef cient with QR decompositiorthanpolarde-
compositionWith thedisplay our methodrunsat 30 frames
persecondor approximately2000-300Qetrahedra.

5. Conclusion

We have shavn that physical plausibility requiresthe up-
dateof thestrain-displacememhatrix. We have proposedan
efcient implementatiorfor interactve applications.Rota-
tional invarianceandrobustnesof tetrahedraremoreef -
ciently handledusingthe QR decompositionwhile thepolar
decompositions preferableto enforceisotropy. Finally, we
have seenthat the costof stiffnessassemblyis dif cult to
amortizein caseof interactive simulationsusingfew itera-
tionsin implicit integration.In thenearfuture,wewouldlike
to extendourmodelto hexahedraklementsandcomparehe
accurayg of suchinteractvesmethods.
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