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Abstract
This paperdiscussesFEM-basedsimulationsof soft bodiesin termsof speedand robustness.To be physically
plausible, threefundamentallaws mustbe respected:rotational invariance, Newton's law and Euler's law. We
showthat precomputedstrain-displacementmatricesgeneratenonphysicaltorqueswhich canleadto visualarti-
facts.WethenderivethefastestFEM-basedmethodmeetingour criteria of plausibilityandrobustnessanddiscuss
their limitations.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5[Computergraphics]:Physicallybasedmodeling
I.3.7 [Computergraphics]:Animation

1. Intr oduction and relatedwork

SinceTerzopoulossimulatedviscoelasticdeformablebod-
ies [TPBF87], physically-basedanimationhasits placein
the�eld of computergraphics.Making real-timesimulators
with theobjective of visual"realism"is now a centralprob-
lem.Indeed,thegraphicscommunitynow seeksto extendits
modelingtools towardsmathematicalmethodscloserto the
mechanicsof continuousmedium(from "realism" to "pre-
cision"). Becauseof the needfor speed,the �rst interac-
tive methodswerebasedon precomputedmatrix inversion
[CDC� 96, JP99]. Unfortunatelythesemodelsareonly valid
for small displacements,this is why a non-linearcomputa-
tion of thedeformationsis usedin [DDCB01, PDA03]. Re-
centlyproposedmethodsfavor anew approachbasedon the
decompositionof the displacementof eachelementinto a
rigid motionandapuredeformationtractablelinearly in the
local frame[MDM � 02, EKS03, HS04, MG04], anidea�rst
introducedin [TF88].
In thispaper, weinvestigatehow aFEM-basedsimulatorcan
ful�ll threemajorplausibilitycriteria:invarianceto rotation,
Newton's law on linearaccelerationandEuler's law on an-
gularacceleration.Weshow thatit is necessaryto recompute
thestrain-displacementmatrix of eachelementat eachtime
stepto avoid ghosttorques.Basedonthis,weproposeanew
implementationof tetrahedron-basedFEM usinganef�cient
computationandstorageof thestiffnessmatricesandcom-
pareit with thecurrentstate-of-the-artmethods.

2. Physically plausible linear FEM

Weconsiderthestandard�nite elementmethod(FEM) used
to simulate tetrahedrizedviscoelasticsolids. Background
can be found in standardtexts [ZC67]. The force applied
by thedeformedelementto its samplingpointsis givenby

f = BTs = BTDe= BTDBu= BTDB(x� x0) (1)
where s is the stress,e the strain, u the displacement,x
andx0 the currentandthe initial positions,B is the strain-
displacementmatrix andD is the stress-strainmatrix. This
articleis limited to linearelasticmaterial,but morecomplex
relationscanbeusedbetweens ande.

2.1. Rotational invariance

Thelinearequation(1) is insensitiveto translationsbut inac-
curatefor largerotationsof theelements.This resultsin so-
called“ghostforces”whichmake theelementarti�cially in-
�ate. A possibleapproachtosolvethisproblemis tousenon-
linear Green's strain tensorwhich is rotationally invariant.
Howeverthis tensoris notableto linearlyrelatedeformation
to displacementexcept asymptoticallyfor small displace-
ments.An alternative approachwasproposedby Müller et
al [MDM � 02] who decomposethe displacementin a rigid
rotationcombinedwith adeformation.Thenetforcecalcula-
tion becomesf = RTBTDB(Rx� x0), wherematrixR, which
encodestherotationof a local framewith respectto its ini-
tial orientation,is updatedateachframe.
Threeedgesareusedto computethe 3 � 3 transformation
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tial state,wherethee0
i aretheinitial edgevectorsandtheei

arethe currentones.Matrix J is thendecomposedin order
to extractseparatelyarigid rotationRappliedto theelement
anda deformationE asshown �g . 1. This decompositionis
notuniqueandseveralapproachescanbeconsidered.
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Figure1: An initial tetrahedron is deformedbythetransfor-
mationJ composedbotha rigid motionR andthedeforma-
tionsarecontainedin E.

Polar decomposition Etzmußet al [EKS03], followed by
other authors [HS04, MG04], presenteda method based
on the polar decompositionusing eigenvaluesand eigen-
vectors.The polar decompositionof a squarematrix com-
putes the nearestorthogonal frame to the given column
axes [EKS03, MG04, HS04]. As suchit provides the ideal
decompositionof the displacementmatrix J, giving the
smallestdeformations.The strainvaluescanbe derived as
shown in thefollowing formula.

J = Rp:Es

Es = R� 1
p J =

2

4
1+ exx exy exz

exy 1+ eyy eyz
exz eyz 1+ ezz

3

5

A relatedSVD-basedapproachhasbeenusedto handleele-
mentinversions[ITF04].

QR decompositiony The QR decompositionis an alterna-
tive to thepolarapproach.The�rst axisof thelocal frameis
constrainedto bealignedwith the�rst columnof J. Thenthe
secondaxis is constrainedto the planespannedby the two
�rst columns,ansoon.We cancomputeit by performinga
Gram-Schmidtorthogonalization,to guaranteethat we ob-
tain a right-handedframe.Thestraincanthenbecomputed
by projectingthecolumnsof J to theaxesof thelocal frame,
or equivalentlyby thefollowing decomposition:

J = Rqr:Et

Et = R� 1
qr J =

2

4
1+ exx 2exy 2exz

0 1+ eyy 2eyz
0 0 1+ ezz

3

5

Thisdecompositionis signi�cantly fasterthanpolaror SVD,
however it dependson vertex orderingbecauseall edgesdo
not have the samein�uence, asillustratedin �g . 2. Conse-
quentlysomeordering-dependentanisotropy is introduced,
contraryto polaror SVD. Moreover, theevaluatedstrainis a
bit higher. However, its computationalef�ciency canallow
oneto usemorere�ned meshes.

y With ournotations,Q correspondsto therotationRqr andRto Et
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Figure 2: the local frames.(1) Polar decomposition:single
framere�ecting bestthematter, nearestto theedges.(2) QR
decomposition:the �r st axis is the �r st edge ab, thesecond
axis is orthogonal to the�r st on plane(ab;ac), andthelast
axisis obtainedbyconstructionof anorthonormalframe.

2.2. Newton's law
Newton's law on linearaccelerationrelatestheacceleration
of a systemto the external forcesappliedto it: S jmj ü j =
Sj f ext

j where f ext
j is thenetexternalforce,mj themasse,̈u j

theaccelerationappliedto samplingpointx j . Thislaw is true
for a singleparticle,for anelementaswell asfor thewhole
object.Theviolationof this law wouldallow anisolated(not
submitedto externalforces)objectto linearlyaccelerate.
We now show that Newton's law is necessarilysatis�ed by
theconstructionof thestrain-displacementmatrix B, thanks
to its propertySjBi j = 0, for a row i. Indeed,for any uni-
form translationDu = [k:::k]T ; k 2 R this propertyimplies
a null variationof thedeformationDe: Dei = SjBi jDu j = 0.
Moreover, thenetforcegeneratedby anarbitraryconstraint
vectors is Sj f j = SjSiB

T
i js i = Sis iSjB

T
i j = 0. Notethatthe

propertyis trueeven if B is obsoletedueto a changeof the
shapeof theelement,evenif it modi�es thematerial,it does
not createghostforces.On the otherhand,this propertyis
not guarantedby [MDM � 02], becauseit evaluatesdifferent
local framerotationsfor eachnodeof asameelementin pro-
cessingonenodeaftertheother. Hence,methodsprocessing
oneelementafter the other (presentedin the previous sec-
tion) arenow preferedamongthecommunity.

2.3. Euler' s law
Euler'slaw relatestheangularaccelerationof asystemto the
nettorqueappliedto it: Sju j � mj ü j = Sju j � f ext

j . Thevio-
lationof this law wouldallow anisolatedobjectto angularly
accelerate.We now show that if matrix B is not up-to-date
thenEuler's law is notnecessarilysatis�ed.
To respectEuler's law, let usshow that the following prop-
erty, trueby constructionof B, mustbeveri�ed: S jx j � BT

i j =
0. Indeed,a purerotationw generatesa variationof thedis-
placementsDu j = w� x j but mustnot generatea variation
of thedeformation.This impliesthatDei = SjBi jw� x j = 0
for any w, thus Sjx j � BT

i j = 0. In the sameway, let us
checkthat the net torquedue to an arbitrary constraints
is null: Sjx j � f j = Sjx j � SiB

T
i js i = Sis iSjx j � BT

i j = 0.
The property is no more guarantedwhen B is obsolete
due to a changeof shapebecausethe original x j are re-
placedby new values.Computingforceswith initial strain-
displacementmatricesamountsatcomputingfrest! def ormed
whereasfdef ormed! rest is sought.Consequently, it is neces-
saryto recomputeeachmatrixB element's ateachtimestep
to avoid arti�cial torques.An exampleof arti�cial torqueis
givenin �g . 3. Note,however, thatmultiplying matrixB with
a scalaruniformly scalesthe net torque,andthusmodi�es
thematerial,but doesnot inducearti�cial torques.
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3. Ef�cient implementation

Our methodupdatesstrain-displacementmatricesat each
time stepto avoid ghosttorques.Deformationscomputation
is basedon theQR decomposition,becausethis decomposi-
tion simpli�es a lot the calculationsof strain-displacement
matricesand becomessigni�cantly faster. About the dy-
namic resolution,we show that the assemblyis not in-
evitably the bestapproachin the caseof interactive simu-
lations.

3.1. Strain-displacementmatrix computation

Thestrain-displacementmatrixB is a6� 12matrixstraight-
fowardly deducedfrom shapefunctions,factoredby 1=6V
whereV is thevolumeof theelement.Theclassiccomputa-
tion of B takes72multiplicationsand60additions[BNC96],
and the computationof Df = RTBTDBDu using this ma-
trix takes 6660 multiplications and 2760 additions.Since
we areusingQR decomposition,a lot of vertex coordinates
are null in the local frame. The calculationof the strain-
displacementmatrix is thusgreatlysimpli�ed. It is possible
to recomputeit at eachtime stepusingonly 14 multiplica-
tionsand5 additions,andperformanoptimizedcomputation
of Df using4554multiplicationsand1707additions.For a
tetrahedron(a;b;c;d), thecoef�cients of theshapefunctions
Ni = a i + bix+ giy+ dizare,in thelocal frame:

ba = � yczd
ga = (xczd) � (xbzd)

da = ycxd � xcyd + xbyd � xbyc

bb = yczd bc = 0 bd = 0
gb = xczd gc = zdxb gd = 0

db = ycxd � xcyd dc = � ydxb dd = � xbyc

It is shown in section2.3thatit remainsphysicallyplausible
whenmultipliedby ascalar. Wecanexploit thisopportunity
to useeachelement's initial volumeinsteadof recomputing
it. The advantagesarea fastercomputationandrobustness
whenlargedeformationsresultin �at elementswith null vol-
ume.

3.2. Time integration

To dynamicallyinteractwith aFEM-basedsystem,wesolve
a secondorderdifferentialequation,globally, on all theele-
mentsvertices:Mü+ C�u+ Ku = f z, wherematrixM mod-
els mass,C modelsdamping(C = aK + bId is a popular
approximation)andK modelsstiffnessfor all the vertices.
The global matricescan be computedby summingup the
contributionsof eachelementto its vertices.This operation
is called the assembly. Baraff [BW98] hasshown how to
solve this differential equationef�ciently even in the case
of stiff material.A modi�ed conjugate gradientalgorithm
is usedto iteratively solve a sparselinear equationsystem

z Bold lettersdenoteglobal matricesand vectors,as opposedto
singleelements.

Figure3: A setof forceswith null nettorqueis appliedto an
equilateral tetrahedron. If thestrain-displacementmatrix is
notupdated,thenthetetrahedronstartsto rotate.
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Figure 4: Computationtime with or without assembly, on
3430tetrahedra and512particles.
modelinga constrainedelasticsystem.The main computa-
tional task consistsin evaluatingDf = [ ¶F

¶u ]Du, wherema-

trix [ ¶F
¶u ] is thestiffnessmatrix K = BTDB. Whenthestiff-

nessmatrix is precomputed,thecalculationof thenetforces
("right part"of theintegration)canbeoptimizedby precom-
puting f 0 = RTKx0, with f = RTK(Rx� x0) = RTKRx� f 0

asshown in [MG04]. In this case,thecomputationof f and
Df = RTKRDu usethesameproductby thestiffnessmatrix
R� 1KR, so it is interestingto assemblyall the individual
stiffnessmatricesof all the elements,to limit the calcula-
tion by a single force computationby vertex. But we have
shown in thesection2.3thatupdatingthestiffnessmatrix is
mandatory. In thiscase,f 0 can't beprecomputed,soweneed
two differentproducts:oneby RTKR for Df andanotherby
RTK for f . In pratice,it is moreef�cient not to build anas-
sembledstiffnessmatrix ; its heavy constructioncould be
amortizedby a lighter computationof the conjugategradi-
ent iterations,but in the caseof interactive animations,the
numberof iterationsis generallytoo small. It is preferable
to storeseparatelyR, B andD andto processeachelement
independently. For eachelement,we�rst computeRDu, then
BRDu until RTBTDRDu.
Figure 4 shows thatto amortizethecostof theassembly, 50
iterationsminimumarenecessaryin this example,which is
really toobig in thecaseof aninteractivesimulation.

4. Discussionand results

4.1. Robustness

Large displacementsor usermanipulationssometimesre-
sult in degeneratecon�gurationssuchas�at or invertedele-
ments.Suchcasesarenot properlyspeakingphysical,but it
is importantto beableto facethemto guaranteethestabil-
ity of thesimulator. Thepolardecompositionappliedto an
invertedelementcomputesa left-handedlocal frame.The
elementtendsto recover its initial shapein this frame,con-
verging to a reversedshape.This canbesolvedby �ipping
thesignof anaxis,but this requiresthecomputationof the
determinantto detectachangeof signresultingfrom thein-
version.Irving etal [ITF04] proposeaveryelegant,butmore
expensive,solutionto thisproblem,basedonaSVD decom-
position.They alwayscomputethesmallestinversionamong
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Figure 5: A rabbit with null Young's modulusis crushed
ontotheground.By increasingits stiffness,it regainsits ini-
tial shape.

Figure 6: A liver is �xed in four points(red balls). A user
imposesa violent displacement(blue ball) which reverses
elements.Thesystemremainsstable, andrecovers its initial
shapewhenreleased.

all thepossiblecombinations.
UsingtheQRdecompositionmethod,theinversionof anel-
ementis freely detectedandautomaticallymodeledas the
crossingof the (a;b;c) planeby vertex d, the only onenot
usedin the constructionof the local frame.If the inversion
actuallyoccursatthisfourthvertex, thenthereactionis plau-
sible, but in caseof anothervertex inversion,the element
regainsits restform by a largerotation.On a singletetrahe-
dron,this canleadto a non-intuitive behavior. In a complex
model,mostelementsarenot invertedandbehave correctly
andwe have not detectedvisible artifacts.In all cases,the
tetrahedrado not breakandthey recover their initial shape,
asillustratedin �g . 5 and6.

4.2. Ef�ciency

Theresultsgiven�g . 7 useatimestepof 0.4msand� veiter-
ationsof theconjugategradientsolutionareperformedin the
implicit integration.Wecanseethemajorinterestof theQR
decompositionappliedto tetrahedraconcerningthecompu-
tationtime,whichis about30%fasterthanthemethodusing
the polar decompositionwhenprecomputationof B is dis-
abledto ensurecorrectnessbasicmechaniclaws.By increas-
ing thenumberof iterationsin theconjugategradient,results
remainsimilar, becausethecomputationof Df ateachitera-
tion is moreef�cient with QR decompositionthanpolarde-
composition.With thedisplay, ourmethodrunsat30frames
persecondfor approximately2000-3000tetrahedra.

5. Conclusion

We have shown that physical plausibility requiresthe up-
dateof thestrain-displacementmatrix.Wehaveproposedan
ef�cient implementationfor interactive applications.Rota-
tional invarianceandrobustnessof tetrahedraaremoreef�-
cientlyhandledusingtheQRdecomposition,while thepolar
decompositionis preferableto enforceisotropy. Finally, we
have seenthat the costof stiffnessassemblyis dif�cult to
amortizein caseof interactive simulationsusingfew itera-
tionsin implicit integration.In thenearfuture,wewouldlike
to extendourmodelto hexahedralelementsandcomparethe
accuracy of suchinteractivesmethods.
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