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Abstract
This paperprovidesa curvature-basedalgorithm to computelocally shortestgeodesicson closedtriangulated
surfaces.Thesecurves,which are called“constrictions”, are usefulfor shapesegmentation.Thekey ideaof the
algorithmis thatconstrictionsarealmostplanecurves;it �r st �nds well-locatedsimple, plane, closedcurves,and
thenslidesthemalongthesurfaceuntil a shortestgeodesicis reached.An initial curveis de�nedasa connected
componentof theintersectionbetweenthesurfaceanda planegoingthroughan initial vertex. Initial verticesand
planesaredeterminedusingapproximationsof surfacecurvature.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling

1. Intr oduction and relatedwork

Automaticdetectionof particular, well-de�ned, object fea-
turescanbeof greatinterestfor many applications.For ex-
ample,detectionof thenarrow partsof anobjectde�ned by
its boundarysurface(usually representedasa triangulated
mesh)hasbeenappliedto solveat leastthreedifferentprob-
lems.In [DGG03], suchpartsarede�ned assubsetsof the
objectvolume,andcalled“stablemanifolds”.They areused
for shapesegmentationand,subsequently, shapematching.
Anotherapproachis to de�ne thesepartsassimple,closed
curvesonthesurface.Suchcurvescorrespondto bottlenecks
of theobjectif they locally minimize length(that is to say,
if every other simple, closedcurve in a tubular neighbor-
hoodhasgreaterlength).Figure1 givesanexampleof such
acurve.

Figure1: Exampleof a constriction.

This approachhasbeendevelopedin [HA03a], in which

thesecurves are called “constrictions”. They are closed
geodesics,andtheangleof a constrictionat eachof thever-
tices it goesthrough is at leastp. Suchconstrictionscan
beusedto segmentshapes;but computingconstrictionscan
alsobeusefulin orderto detectmedicaldiseases,suchasso
calledairway or vascularconstrictions[BWK05]. As far as
weareconcerned,weplanto applyconstrictiondetectionto
characteranimationin a futurework.
The algorithm given in [HA03a] to �nd simple, closed
curves nearconstrictions,and then to slide them to reach
constrictions[HA03b], has several drawbacks. First, its
computationtime seemsprohibitive, sinceit requirespro-
gressive surfacesimpli�cation. Second,it is unableto com-
putesomespecialcon�gurationsof constrictions,suchasor-
thogonalconstrictions(seeFig. 4). This is because�nding a
seedcurveduringthesurfacesimpli�cation stagesometimes
preventsto �nd otherneighboringseedcurves,sincesurface
cannotbesimpli�ed anymorearoundthesecurves.
In thispaper, weproposeanew algorithmto detectconstric-
tionsonclosedtriangulatedsurfaceswhichovercomesthese
problems.This algorithm �rst �nds initial simple, closed
curvesonthesurface,andthenslidesthemto reachconstric-
tions, using the algorithmof [HA03b]. Detectionof initial
curvesmustsatisfytwo majorrequirements:

1. thenumberof curvescomputedmustberelevant for the
application;

2. thesecurvesmustbelocatedascloseaspossibleto con-
strictions,in orderto reducethecomputationtime of the
sliding algorithm,andnot to slideto a singlevertex (de-
generatedconstriction).

Ouralgorithm�rst choosessomespecialverticesonthesur-
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face,and then computesinitial planecurves startingfrom
thesevertices.Selectionof theseverticesandof the under-
lying planesof thecurvesis basedonsurfacecurvature,and
is detailedonsection3. We havechosento makeuseof sur-
facecurvaturebecausewe believe thereis a stronglink be-
tweenconstrictionsandsurfacecurvature;in particularcon-
strictionsoftenfollow principalcurvaturedirections.
Thefollowingsectionrecallssomede�nitions andproperties
aboutconstrictionsandcurvatures.Section3 thendescribes
ouralgorithm.Resultsareshown anddiscussedin section4,
andweconcludein lastsection.

2. Constrictions and curvature

2.1. Constrictions on closedsurfaces

Let P be a 2-manifold embeddedin R3. Let a be a sim-
ple, closedcurve on P. a is a constriction if thereexists
e > 0 such that every simple, closedcurve on P whose
Hausdorff distanceto a is lower thane hasgreaterlength
than a's [HA03a]. It follows that constrictionsare closed
geodesicsonP.
We now only considerthe caseof polyhedralsurfaces.A
vertex throughwhich a curve goesis calleda pivot vertex.
Theanglemadeby a curvea at a pivot vertex v is themin-
imum of the two anglesmadeby a on the surfacearound
v [HA03a]. If a is a constriction,thentheanglemadeby a
at eachof its pivot verticesis at leastp. As a consequence,
for eachpivot vertex v of aconstriction,theangleof thesur-
faceatv (thatis to say, thesumof theanglesof thetriangles
which areadjacentto v at v) is at least2p. Suchverticesare
calledsaddlevertices. Constrictionscanbecharacterizedas
closedgeodesicswith angleat leastp at eachof their pivot
vertices[HA03a].

2.2. Geodesicsand surfacecurvature

Constrictionsseemto be closely relatedto surfacecurva-
ture. In particular, experienceshows that constrictionsare
speciallines of curvature.The algorithmdescribedin next
sectionthusconstructsconstrictionson closed,triangulated
surfacesusingsurfacecurvature.But insteadof computing
principal curvaturedirectionson the whole surface,which
can be time prohibitive, it usesthe following propertyfor
smoothsurfaces,which canbefor examplefoundasanex-
ercisein [dC76], p. 260:

� if a curve on a smoothsurfaceis botha line of curvature
andageodesic,thenit is aplanecurve;

� if a (nonrectilinear)geodesicon a smoothsurface is a
planecurve, thenit is a line of curvature.

Since,in computergraphics,polyhedralsurfacesoften ap-
proximatesmoothsurfaces,we hopeto �nd constrictionsas
approximationsof planecurves.

3. Algorithm

Ouralgorithmreliesontheideathataconstrictiononapoly-
hedralsurfaceapproximatesa planecurve. Thus,if we �nd

both a vertex throughwhich the constrictiongoesand the
correspondingplane,we cantheoreticallyconstructa con-
striction.In fact,sincethis is justanapproximation,weneed
to slightly move the curve to �nd a constriction.Our algo-
rithm proceedsin threesuccessivestages:

1. we �nd candidateverticesto constructthecurves;
2. we computethe correspondingplanesand the intersec-

tionsbetweentheseplanesandthesurface,whichgiveus
theinitial curves;

3. we slidethesecurvesto reachconstrictions,usingtheal-
gorithmof [HA03b].

Notethat,theoretically, averyhugenumberof constrictions
can exist on a polyhedralsurface, including constrictions
very closeto others.The goal of this algorithmis to com-
puteonly a few relevantones.

3.1. Choiceof initial vertices

The�rst stageof thealgorithmis to �nd vertices(hopefully)
belongingto constrictions.Wecanthink of interactiveselec-
tion of vertices[BWK05]; however it cantake a long time,
and if the shapeof the surfaceis complex (this canbe the
casein somemedicalapplications,for example),somecon-
strictionsmay be forgotten.That is why we prefer an au-
tomaticsolution,even thoughsomeparametersmustbese-
lectedby hand.Sinceeachpivot vertex of a constrictionis
a saddlevertex, thesimplestideais to choose,asinitial ver-
tices,thesaddleverticesof thesurface.Unfortunately, on a
standardtriangulatedsurface,abouthalf of the verticesare
saddlevertices,which is far too muchfor our purpose.An-
otherideacanbe to chooseonly verticeson which thesur-
faceangleis locally maximum.But suchverticesalso are
too numerous.Actually, the problemis that we only need
one vertex to constructa constriction,and not all vertices
throughwhich it goes.
Sinceconstrictionscorrespondto concave areason thesur-
face,we decidedto selectinitial verticesaccordingto the
(oriented)anglesmadebetweensuccessive adjacentfaces
arounda vertex: if the sumof theseanglesis lower thana
user-de�ned(negative) threshold,thevertex is selectedasan
initial vertex. Moreformally, let v beavertex onthesurface,
andlet f1; f2; : : : ; fn; fn+ 1 = f1 bethesuccessivefaceswhich
areadjacentto v. Let qi ;1 � i � n, betheorientedanglebe-
tween fi and fi+ 1. qi is positive if theorientededgeei inci-
dentto fi and fi+ 1 is convex, andnegative if ei is concave.

Thenv is selectedasinitial vertex if, andonly if,
n

å
i= 1

qi < T,

whereT is auser-de�ned threshold.
qi is sometimesusedasa coarseapproximationof themean
curvatureof thesurfacearoundei . For sakeof simplicity and
in orderto speedupthealgorithm,wedidnotchooseto com-
puteothermorepreciseapproximationsof meancurvature,
suchasthosede�ned in [CP03,CSM03], althoughit would
beinterestingto compareresults.
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3.2. Computation of initial curves

An initial curvec is de�nedasaconnectedcomponentof the
intersectionbetweenthe surfaceanda planep to which an
initial vertex v belongs.In orderto de�ne a plane,sincewe
know a point on this plane(the initial vertex v), we needto
choosetwo directions.Thesedirectionsarecomputedusing
principalcurvaturedirections,asfollows:

� �rst, maximum(or minimum) principal curvaturedirec-
tion at v is computed,using the algorithm describedin
[CSM03,ACSD� 03].

� Then,this directionis projectedon a planep0 to which v
belongs.p0 is de�ned by its normal,which is theaverage
sumof the normalsof the incidentfacesfi , with respect
to theanglesmadeby the facesat v. This normalcanbe
seenasanapproximationof thenormalof thesurfaceatv.

� Eachface fi is alsoprojectedon p0. The projectedface
to which the projectedmaximumcurvaturedirectionbe-
longsis selected,andthemaximumcurvaturedirectionis
re-projectedon the correspondingface,to a segmentvw
whichgivesusthe�rst of ourtwo directions.Thismethod
ensuresthatwegetone,andonly one,projectionof thedi-
rectionon thesurface.

� Maximum (or minimum) principal curvature direction
at w is computed,astheweightedaveragebetweenmax-
imum (or minimum)principalcurvaturesat the two end-
pointsof theedgeto whichw belongs.

� This directionis alsoprojectedonto thesurface,in order
to getour seconddirection.This caseis simplerthanthe
previousone,sincewe know to which faceof thesurface
theprojecteddirectionbelongs:it is thefacewhich is in-
cident to the edgeto which w belongs,but not adjacent
to v.

Insteadof computinga secondmaximumprincipal curva-
ture direction in order to de�ne the plane p, anotheridea
canbeto choosetheminimumprincipalcurvaturedirection
atv (whichis orthogonalto themaximumone)asthenormal
of p. Sincep is de�nedusingonly onevertex, thispossibility
givesresultsvery sensitive to theaccuracy of thecurvature
computation.
We have chosento computeprincipal curvaturedirections
with the algorithmof Cohen-Steineret al. becauseit gives
fast and accurateresults.Accurateapproximationof prin-
cipal curvaturedirectionsis critical in order to get initial
curves not too far from correspondingconstrictions.Also,
notethat we do not computecurvaturedirectionson every
vertex, but only on initial vertices.This speedsup thealgo-
rithm.
The initial curve going throughv is then computedas the
connectedcomponentof the intersectionbetweenthe sur-
faceandtheplane,to whichv belongs(actually, thecurve is
computedstartingfrom v).
Oncethe initial curveshave beencomputed,we slide them
to exact locationof neighboringconstrictionsusingthe al-
gorithmdescribedin [HA03b].

Figure 2: Approximation of meancurvature and starting
curvescomputedon twostandard models.

Figure3: Constrictionscomputedon twostandard models.

4. Resultsand discussion

Wehave testedouralgorithmonseveralclosed,triangulated
surfaces.Figure2 shows our meancurvatureapproximation
computedon a bunny anda horsemodel(eachmodelhav-
ing 10,000faces),togetherwith the initial curvesdetected.
“Hot” areascorrespondto verticeswith thelowestmeancur-
vature,thatis to saytheverticesweareinterestedin asinitial
vertices.Of course,theseareascorrespondto concaveareas.
Thethresholdwe usedwas� p=9 (i.e., � 20o) for thebunny
and� p=18 for thehorse.
We canobserve thatsomeinitial curvesseemto becloseto
constrictions,while other(the longestones)seemnot. This
is mainly becausethelongestthecurve, themoreimportant
theaccuracy of principalcurvaturedirection:in thesecases,
a small error in thedirectionleadsto a curve which canbe
locatedfaraway from aconstriction.
Figure3 shows theconstrictionscomputedon bothof these
models.Several initial curves are slided to a degenerated
constriction,i.e. to a singlepoint, while several othersare
slidedto thesameconstriction:thenumberof initial curves
is greaterthanthe numberof computedconstrictions,asin
[HA03b]. Severalneighboringconstrictionsaredetectedon
thebackleft horseleg.This is becausethesurfaceis noisyin
thisarea,mainlybecausethemodelhasalow densityof ver-
ticesthere.Whatis importantto pointout is thatthismethod
is able to construct“complicated”constrictions,for exam-
ple constrictionswrappingaroundseveral partsof a model
(asthelongestconstrictionof thebunny modeldoes),while
methoddescribedin [HA03a] cannot.Moreover, orthogonal
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Model T Init. curves Constrictions
Star � p=36 19 2
Star � p=18 19 2
Star � p=9 0 0

Noisystar � p=36 39 4
Noisystar � p=18 10 3
Noisystar � p=9 1 1

Table 1: Numberof initial curvesand constrictionscom-
putedona starmodel,usingdifferentthresholdvalues.

Model Nb. faces Threshold Init. curves Time
Noisystar 5,120 � p=18 10 25sec
2 crescents 4,320 � p=18 7 10sec

Bunny 10,000 � p=9 14 80sec
Horse 10,000 � p=18 16 27sec
Cat 5,000 � p=18 31 60sec

Dino 10,000 � p=18 15 60sec
Dragon 10,000 � p=9 45 42sec

Table2: Computationtimes.

constrictionscanalsobecomputed,ascanbeseenonFig. 4.

Figure 4: Contrary to [HA03a], orthogonal constrictions
canbecomputedwith our algorithm.

Thechoiceof thethresholdT is important:thelowestthe
threshold(in absolutevalue),thegreatestthenumberof ini-
tial vertices,thus the greatestthe numberof constrictions.
For example,Table1 givesthenumberof initial curvesand
constrictionscomputedon a noisyor not starmodel(Fig. 4
left; several initial curvesslide to thesameconstriction).If
T is too low, irrelevantconstrictionscanbecomputed,slow-
ing down thealgorithm.But if T is too high, somerelevant
constrictionscanbe missed(e.g. left earof the bunny and
anklesof thehorseonFig. 3).
Computationtimesfor severalmodelsaregivenin Table2.
Testswere performedusing a PentiumIV 2.4 GHz with
512 MB RAM. Note that codewas not optimized.Differ-
encesbetweencomputationtimesfor modelswith thesame
numberof facesis dueboth to thenumberof initial curves
andto their distanceto a constriction.We think thesetimes
canbesigni�cantly improvedif thechoiceof initial vertices
andthepositionof correspondingplanesareimproved,be-
causecomputingageodesicis theslowesttask;thustheless
geodesicsareto becomputedusing[HA03b], thefastestthe
algorithmwill be.

5. Conclusionand futur ework

In this paper, we have proposeda new, simplealgorithmto
computeconstrictionson closed,triangulatedsurfaces.The
algorithm computesinitial plane curves starting from se-
lectedvertices,andslidesthemto reachconstrictions.Ini-
tial verticesareselectedaccordingto thesumof theangles
of adjacentfacesaroundthem;planesareconstructedstart-
ing from theseverticesandprojectingmaximumprincipal
curvaturedirectionson thesurface.First resultsareencour-
aging,but this algorithmcanstill be improved. For exam-
ple,we canthink of otherchoiceof initial vertices.Another
solutioncouldbe to createanorderedlist of candidatever-
tices,accordingto somecriterion(for example,thevalueof
our approximationof meancurvature),which areproposed
to the user. To speedup the computationof constrictions,
morerecentandfastgeodesiccomputationalgorithms,such
as[SSK� 05], maybeused.Fromatheoreticalpointof view,
it would beinterestingto deeplyinvestigaterelationshipbe-
tweenconstrictionsandsurfacecurvature.Finally, we plan
to apply theseresultsto characteranimation(constrictions
will be usedto detectarticulationareas).In this case,we
needto computeonly somespecialconstrictions,andnotall
of them.Hencefurtherassumptionshave to bemade.
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