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Abstract

This paper presentsa methodto simulategrowth phe-
nomena,andits applicationto themodelingof complex or-
ganicshapes(e.g., plantsorgans)andfoldedsurfaces.

Our maincontribution is the interactiveandstableres-
olution of the mechanical problemof growth-inducedde-
formations,basedon the minimizationof the energy due
to the variousconstraints in the shell. From this, we pro-
posea new modelingapproach basedon a setof growing
tools: Theusercanapply'hot spots','hot curves',or paint
growing parameters on the surfaceto grow. Growth can
be simulatedeither simultaneouslyto the userinteraction,
or once all parameters have beensettledon the surface
(which allows the useof textures of parameters and pro-
cedural operations).Themainparameters are theintensity
and anisotropy of growth, as well as their variationsover
time. Geometricconstraintsandplasticitycanalsobecon-
sidered.

As our resultsshowshapescan fold, bend,and curl as
in nature, which deformingtoolssuch asdisplacementmap
could not achieve. We demonstrate our tool with an inter-
activesessionanda galleryof shapeseasilyproduced.

1. Intr oduction and PreviousWork

Natural shapesare often complex, globally as well as
in their details. Modeling them using classicalgeomet-
ric modelerscanthusbe especiallytedious. A numberof
thesenaturalshapesresultfrom a growth phenomena[22]
(e.g., plants, organic shapes)or can be modeledas such
(e.g., folded surfaces,geologicalshapes). Even though
growth-induceddeformationscanbe physically simulated
similarly to cloth animationor deformableobjects[2, 21],
real-world parametersare usually unknown. Moreover,
artistswant to keepenoughcontrolsoa blind off-line sim-
ulationis notdesirable.

Varioustools have beenintroducedto modelor enrich
a shapeby deformingit either at global (e.g., Free-Form
Deformations[19, 8, 3]) or local scale(e.g., displacement
maps[7, 26]). Similarly, severalvirtual sculptingtoolshave
beenproposedeitherfor theoverallshaping(e.g., [4, 11, 1])
or to edit andenrichanexisting shape(e.g., [20], which in-
spiredMayaArtisan).Althoughtheuserinteractionis more
intuitive with thesetools than using a classicalgeometric
modeler, the userstill hasto explicitly specifywhereeach
bulgeor pit shouldbe. For shapesthatarecomplex (either
globallyor locally) this canbevery tedious.

We would like to let theuserspecifytheglobalandlo-
cal aspectof theshapewithout having to de�ne every little
detail. [5] introducestheexpansiontexture paradigm(sum-
marizedin the next section)to shapefolded surfaces: the
userspeci�esexpansion(i.e. growth) parametersusingei-
thera brushor a texturemap. Thesurfacefolds underthe
local constraintscausedby the growth. Sincethe param-
etersare attachedto the surface,even large amplitudeof
growth canbesimulatedandstill yieldsnaturallooking re-
sults. Oppositely, surfacedisplacementtoolscannotbeap-
plied for hugeamplitudes:the displacementis donealong
thenormalandcannotcurl theshapes.ToolslikeMayaAr-
tisan(inspiredfrom [20]) or [14] caniteratedisplacement
relying on the new normals.But sucha geometricgrowth
quickly degeneratesinto unnaturalandself-intersectingsur-
faces.This doesnot occurwith expansiontexturesdueto
the use of a mechanicalmodel to simulatethe deforma-
tions. Moreover, a mechanicalmodel reproducesthe be-
havior of naturalgrowing surfacesmakingfoldsandbulges
underconstraints.

The[5] modelhassimilaritieswith physicalmodelssuch
astheonesusedfor deformablesurfaces(e.g.[21]). How-
ever, themechanicalmodelis tunedto give controllablere-
sults(e.g. fold wavelength)andthe solving is quasi-static
(thepurposeis to simulatetheshapeat equilibrium,not the
dynamics).

Our modeldraws on [5] andextendsit to permit huge



deformationsat interactive rate(i.e., we arenot limited to
addingdetails)andto increasethe�e xibility . Thus,our tool
appliesto the modelingof a large variety of shapes(and
not simply folds). For thatwe revisit themechanicalmodel
in order to make it more general,steadyand ef�cient as
detailedin section3.

From this new enginewe proposea new modelingap-
proachbasedon a setof growing tools. Theseallow both
local and global shaping,and both interactive and semi-
proceduralspeci�cationof growth. We describethesetools
in section4.

In section5, we demonstrateour tool with interactive
sessions,aswell assamplesof typical shapesthatareeas-
ily produced(e.g., plant organs,and folded shapeslike a
tableclothor anunmadebed).

2. The expansiontexture formalism

Sincewe draw on andexpandthe approachof [5], we
sharethesameformalism.Wepresenthereasummary(see
thepaperfor moredetails).

The growth is modeledby local anisotropicexpansions
which acton a freeform surfacediscretizedby a triangular
mesh. The growth doesnot modify the surfaceexplicitly
but a referencestatede�ned by the rest length l e of each
edgee, therestmeancurvaturekv of eachvertex v andthe
graphconnectivity of themesh(see�gure 1). This virtual
referencestate(updatedby the growth) de�nes locally the
ideal shapethe surfaceshouldattain. The `real' shapeis
obtainedby a mechanicalsolver which minimizesthecon-
straints,i.e., thedifferencesbetweenthemeshandthe ref-
erencestate. Note that the surfacehasto be dynamically
remeshed(see[5]).

solver

(a) (b) (c) (d)

kl e v

Figure 1. The virtual referencestate is de�ned by the rest
lengthsle (a), the restmeancurvatureskv (b) and thegraphcon-
nectivity (c) of the mesh. The solver �nds the shape(d) that
minimizesthe differencewith the referencestate(modi�ed by the
growth).

Thelocalexpansionis describedby anexpansiontensor
�eld over the surface. An expansiontensorcanbe repre-
sentedby a 2� 2 positive de�nite symmetricmatrix D. It
canbede�ned by threeparameters:two expansionratesD1
andD2 relative to theeigenvectordirections,andanangleq
whichde�nestheorientationof theeigenvectorsbasisrela-
tive to the local 2D frame. Theexpansionalonga vectorl

is thengivenby GD (l ) =
p

~l tD~l.

Thegrowth parameterstheusercantuneare:therateand
theanisotropy of theexpansion(i.e., D1;D2;q) at every ac-
tive location;anddesiredwavelengthandregularity l 1; l 2
of folds or curls. Externalconstraintscanbeaddedby the
user, suchasstaticcollision with solid objectsandpartial
or total attachment(i.e., 1D, 2D or 3D constraints)of some
surfacelocations.Thelocalgrowth parametersinteractively
paintedby theuseror prede�nedusinga paintprogramare
storedin amap– theexpansiontexture. A parameterization
of thesurfaceis thusrequired.

3. Our mechanicalmodeland solver

We want to allow hugeexpansionin orderto dealwith
a large rangeof morphogenesissituations,andwe want to
provide moreprecisetools to the user(seesection4). For
this, our modelmustnot dependon any global parameter-
ization (which would be soonoverstretched).A very sta-
ble modelis alsorequired:we rely on anenergeticformal-
ism closeto thin shellsmechanicalmodel. We alsowant
to provide the userwith higher level controls(i.e., semi-
procedural,or semi-interactive), by allowing him to tune
how long a growth will last,accordingto which activation
pattern(e.g., delayedstarting,progressivedecay...).

3.1. Expansion mo del

To avoid a global (u;v) parameterizationwe store the
variouslocal dataat the verticesor at extra nodeswithin
thefaces.For extra nodeswe de�ne a radiusof in�uence r
andan in�uence kernelw(x). We de�ne a local 2D frame
for eachvertex usinga local geodesicpolar parameteriza-
tion [27].

For growth datade�ned at verticeswe modeltheexpan-
sion of the referencelengthle of edgee asthe averageof
the expansionat the tips: G(e) = 1

2(GD P1
(~le) + GD P2

(~le))
whereDP1 andDP2 arethe tensorsat the edgetips P1 and
P2. For growth datade�ned at anarbitrarynodeN we de-
�ne DPi = w(kPi � Nk)DN. For growth datade�ned on an
arbitrarycurve C (basedon controlpointsf Nig) we de�ne
DPi = w(d(Pi ;C))DN whered(P;C) is the distancefrom a
pointP to thecurve C.

As statedabove anddetailedin section4 we accountfor
the durationof growth in time. The expansionof an edge
e betweeniterationstepscorrespondingto time t1 andt2 is
GG(e) = G(e)t2� t1.

We also take plasticity into accountif desired,which
avoidsaccumulatingundissipatedstressin thesurface.This
permit smoothershapesin caseof hugeexpansion.When
thedifferencebetweenthereferencelengthl e andthecorre-
spondingreal lengthexceedsa thresholda plast we operate
a relaxationover le:



if le < (1� a plast )le
l
0
e = (1� kplast )l + kplast(1� a plast )le

else if le > (1+ a plast)le
l
0
e = (1� kplast )l + kplast(1+ a plast)le

endif

3.2. Our energy-based mechanical mo del

Contrary to [5] we do not computeexplicitly the dis-
placementof the vertices,but we de�ne an energy E of
deformationbetweenthe surfaceand the referencestate.
This is closerto mechanicalformalismand this easesthe
accountingof new phenomena.We usethreecomponents:
E = Emembrane+ Ebending + Epressure. This de�nition is in-
spiredby the modelsof thin shells (see[13] for details)
wheretheenergy is thesumof two componentssimilar to
Emembrane andEbending.
Theexpressionwe proposebelow for thesetwo energiesis
easilyto calculateandderive. It producesrealisticdeforma-
tions. However, moreaccurate(andthustime-consuming)
formulationscouldbeusedin thescopeof off-line complex
growth simulation. The pressure is not a classicalnotion
hereandwas introducedby [5] to control the wavelength
andthe regularity of the shape.We adaptthis term to our
energeticformalism.

Membrane energy

Emembrane measuresthe stretching(changeof area)and
theshearingof thesurface(changein lengthbut not area).
We optedfor a �nite elementexpressionof thestress.We
integrateon themeshthedensityof elasticdeformationen-
ergy Et

membrane of thetrianglest:

Emembrane = å
t

AtEt
membrane

where Et
membrane =

1
2

2

å
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At is thereferenceareaof thetrianglet, et
i j (thestrain ten-

sor) measuresthe deformationof t respective to its refer-
encestate,ands t

i j (the stresstensor, which describesthe
internal forceswhich actson the triangle)canbe deduced
usingHook's law (seefor instance[15] for details).

Bendingenergy

Ebending controlsthe�e xureof thesurface.In mechanics,
modelsclassicallymeasurea squareddifferencebetween
curvaturetensorsatcurrentandreststates.Wepreferto use
themeancurvature– which is scalar– becauseit is fasterto
evaluate(see[9]), easierto deriveandthequalityof theap-
proximationis enoughfor oursimulations.Weintegratethe

differencebetweenthemeancurvaturekv andthereference
curvaturekv alongthesurface.So,wehave:

Ebending = å
v

AvEv
bending

where Ev
bending = (kv � kv)2

Av is theareaof theVoronoïcellwhichcontainsthevertex v.

Pressure energy

[5] relieson normalstress~FN for this term,thusturning
thetrianglescompressioninto adisplacementalongthenor-
mal. This forcesucceedsin modulatingthefold wavelength
andthegrowth preferreddirection.Weadaptedthis termto
de�ne apressureenergy Epressure:

Epressure = å
v

AvEv
pressure

where Ev
pressure = �

1
Av

(v� ev)~Fv
N

ev is the 3D positionof the vertex at a previous sub-stepin
theoptimizationsolver.

3.3. The solv er

To generatea new globalequilibriumof theshapeafter
a growth step,we solve the energy minimization using a
classicalConjugateGradientOptimization(see[17] for de-
tails). The optimality of the stepsprovidesa morerobust
convergencethanthesimpledisplacementusedin [5] (cor-
respondingto a constantstepGradientOptimization). We
stoptheoptimizationwhenthedifferencebetweentheener-
giesin two consecutive stepsor themaximumstressalong
thesurfacearebelow asmallthreshold.

4. Growing tools

In nature, growth exists in a variety of modalities:
in plants, cellular proliferation mostly occurs at apexes
(i.e., tip of branches). This causesthe 1D nature of
branches.At somestageof theleavesdevelopmentthesur-
faceenlargesdueto thecellulardivisionalongtheleafedge.
Geologicalrifts areanothersituationshowing anexpansion
occurringalonga curve. Animal tissuesgrow morehomo-
geneously, but often with an importantanisotropy: body
proportionschangefrom embryoto adult [25]. The dis-
tribution of active andpassive (expansion-wise)areason a
surfacestronglyin�uencesthepatternof deformationdueto
mechanicalconstraints:an expandingspotcanonly bulge
out of the surface. An expandinglinear areacrossingthe
surfacemightsimplyenlargeit (e.g., rifts). Whenthewhole



surfaceis expanding,any heterogeneityor local constraint
will resultin foldsor curling.

In orderto provide theuserwith most�e xibility , we ac-
countfor thesamevarietyof modalities:Our toolscanbe
hot spots(0D), hot curves(1D) or hot surfaces(2D). For-
mally thesethreekindsof activeregionscouldall besimply
paintedin anexpansiontexture. Thedifferencemostly lies
in their speci�cationandcontrol: Spotsandcurvescontrol
pointsarelocatedpreciselyon themeshby relying on their
barycentriccoordinateswithin faces(andupdatingthisdata
duringremeshings).Hot surfacedatais de�ned at themesh
vertices.

4.1. Hot spots (0D to ols)

A hot spot is de�ned by the growth parameters
(D1;D2;q,...),aradiusof in�uencer andanactivationcurve
I(t) (growth intensityin time,or by defaultaconstantanda
duration).Sincea hot spotgeneratesa bulge,a long activa-
tion resultsin thegrowth of abranch.

We implementedvariousspottoolssuchasrotatingthe
frame over time, and splitting a spot into several spots
within theradiusof in�uence. As shown in theresultssec-
tion, this resultsin branching.It would beeasyto connect
this mechanismto a proceduraleventgeneratorsuchasL-
systems[18] or [10]. We tried simpleonesasillustratedin
theresultsection.

4.2. Hot curv es (1D to ols)

A hot curve can share common growth parameters,
whose orientation can follow the local frame along the
curve. We denote DT the expansion along the curve
(i.e., tangential)andDN theexpansionin theorthogonaldi-
rection(i.e., normal). To modelan heterogeneousgrowth,
growth parameterscanbepaintedandattachedto thecon-
trol points (and thus to the surface),or speci�ed by a 1D
texture I(u) (relying on a curvilinearparameterizationu).
Thelastcasecantypically beusedfor controllingtheacti-
vationof growth in time: A user-de�ned 1D texturede�nes
thegrowth intensityalonga normalizedrangeof time, and
the local time offset and local time paceare interpolated
alongthecurve.

Thecurve is attachedto thesurfaceandthusis distorted
togetherwith it (by theeffectof its activity andthatof other
growing tools). For instance,this allows theuserto de�ne
averyshortcurveacrossanapex (i.e., ahot spot)andto let
it enlargebeforeactivating it. This canbeusedto generate
a leaf from a stem.It is easyto createautomaticallysucha
smallcurve from geometricparameters(e.g., theapex nor-
mal– whichcorrespondsto thestemaxis– , or thevertical),
soa proceduraltool cangenerateandtriggerhot curvesas
illustratedin theresults.

Growth anisotropy alongthe curve canresult in differ-
ent shapes:for a straightcurve, a totally radially oriented
growth (i.e., DT = 1 andDR > 1) generatesaplane.Adding
a slight tangentialgrowth (DT > 1) yields tangentialfolds,
while a slight tangentialcontraction(DT < 1) would yield
radial folds. For a curve, the tuning correspondingto the
balancedcase(i.e., a plane)dependson thelocal curvature
g. If the userwantsto control the regularity of the gener-
atedsurface(seethe mushroomsexampleon �gure 2(b))
a normalizationhasto be applied: in suchcasewe de�ne
DT = 1 + l (DR � 1)reg, with l a control factor (1 for a
plane)andre theef�cient in�uence radius= rRr

0 w(x) , where

w(x) de�nestheshapeof thein�uence kernel.

4.3. Hot surfaces (2D to ols)

Theuserinterfacefor the2D tool draws on andextends
the [5] one: growth parametersarede�ned eitherby inter-
active painting (parametersare sampledat meshvertices,
orientationis givenby themousedirection)or by a 2D tex-
ture (a temporary(u;v) parameterization– e.g., a projec-
tion – is thende�ned on the targetedarea).From this, we
addedseveral features. In the interactive casewe storea
timeoffsett0 anda timepacedt ateachpaintedvertex: this
allows the userto control how long the growth will apply
(i.e., while (t � t0)dt < 1). Thisalsopermitsto spreadhuge
growth alongtime,thusallowing stablehugedeformations.
We alsoimplementedvariouspaintingtools in orderto ap-
ply growth `brushes'and interpolation. For the latter, we
rely on adaptedLaplaceinterpolation[12]: theuserpaints
values(spotsor curves)which arespreadby solvinga dif-
fusionequation(we usedan implicit solver for ef�ciency).
Interpolatingtensorsis not assimpleasfor scalars.Simi-
larly to what [24] doesfor vectors,we �rst interpolatethe
tensorcoef�cients. Thenwe rebuild anorthonormalframe
andwereconstructtheinterpolatedtensorby scalingit with
theseparatelyinterpolatedeigenvalues.

5. Results

Our resultsare presentedon �gure 2. Animated se-
quences1 areframed.
� (a): Using a hot spot (the initial shapeis a sphere).
Isotropic growth; anisotropicgrowth (folds appearin the
most expandedside); with twisted frame; branchingsby
splitting thespot.
� (b): Using a hot curve (the initial shapeis a triangle).
Mushrooms(the initial hot curve is a circle at the stem
tip): without normalization; with the normalization(see
Section4.2). Leaves (the initial hot curve is a half-circle
crossingtheapex at thestemtip; its controlpointsare�g-
uredon the�rst two images).

1Videosandmoredataareavailableon our web site http://www-
evasion.imag.fr/Publications/2006/CN06/ andin [6].
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Figure 2. Results(sequencesareframed).(a): Usinghotspots.(b): Usinghotcurves.(c-f): Usinghot surfaces.(g): Proceduralgrowth.

� (c): Usingahotsurface(andisotropicgrowth). Pumpkin:
rigid lines(in grey) werepaintedonaspherebeforetheho-
mogeneousgrowth. Leaves: growth is paintedonly on the
edge,usingvarioustunings(frequency, gradient).Flowers:
paintinggrowth only on the cornersgrows andcurls them
into petals.
� (d): Modeling an unmadebed. A physical cloth simu-
lation would requireknowing the initial state,the material
parameters,andthehistoryof forces.Usingour model,the
artistsimply `paints' on theareaswhereto add`extra mat-
ter' (resultingin folds) much like a sculptorwould. The
frequency is tunedby theuserandthefolds areorientedby
themousedirection.
� (e): Tablecloth. Startingwith acylinder, theuserpaintsa
totally tangentialanisotropicexpansionon thebottom,and
azero-expansioncircleon thetop. Thenheinterpolatesthe
growth parametersin between.Note that the usercanex-

aggeratethefolds (asfor thedrapesin ancientpaintings)if
desired.
� (f): A cabbageleaf modeledusingan expansiontexture
(muchlike in [5]).
� (g): Proceduralgrowth. Apexesaresplit randomly. Note
thatour modelproducesa continuousgrowth, andthatme-
chanicalconstraintsmove branchesapartnaturally.

6. Conclusionand Futur eWork

We have presenteda new modelingparadigmbasedon
thecontrolof surfacegrowth. Theengineconsistsonanew
ef�cient and stablemechanicalmodel and solver able to
simulategrowth-induceddeformations.Comparedto phys-
ical simulationswe areable to provide the userwith �ne
control of the shape. Comparedto traditional modeling
tools and to sculptingtools we do not requirethe userto



explicitly de�ne every little detail. However, by tuningthe
radiusof in�uence the usercan indeededit detailswhen-
ever he wants. Most of the resultwe show couldnot have
beenmodeledeasilywith any othermodelingtool or phys-
ical simulation.

Our approachis able to model either global shapesor
complex surface details, relying on interactive or semi-
interactive operations. However, the usermay sometime
want an even higher level of control. Our model could
be connectedto proceduraltools suchas L-systems[18]
to generatecomplex structures. Similarly, expansion
texture could be procedurally evaluated or simulated
using noise [16] or reaction-diffusion [23]. Finally, it
would be interestingto addto our modela schemefor the
semi-proceduralsynthesisof surfacecolorsandtextures.
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