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Abstract

This paper presentsa methodto simulategrowth phe-
nomenaandits applicationto the modelingof comple or-
ganicshapege.g., plantsorgans)andfoldedsurfaces.

Our main contribution is the interactive and stableres-
olution of the medanical problem of growth-inducedde-
formations,basedon the minimizationof the enegy due
to the various constaints in the shell. From this, we pro-
posea new modelingapproad basedon a setof growing
tools: Theusercanapply'hot spots','hot curves',or paint
growing parametes on the surfaceto grow. Growth can
be simulatedeither simultaneouslyo the userinteraction,
or onceall parametes have beensettledon the surface
(which allows the use of textures of parametes and pro-
cedual opefations). Themain parametes are the intensity
and anisotiopy of growth, as well as their variations over
time Geometricconstaintsand plasticitycanalsobecon-
sidered.

As our resultsshowshapescan fold, bend,and curl as
in nature, which deformingtools sut asdisplacementap
could not achieve We demonstate our tool with an inter-
activesessioranda gallery of shapesasilyproduced.

1. Intr oduction and Previous Work

Natural shapesare often comple, globally aswell as
in their details. Modeling them using classicalgeomet-
ric modelerscanthusbe especiallytedious. A numberof
thesenaturalshapegesultfrom a growth phenomeng22]
(e.g., plants, organic shapes)r can be modeledas such
(e.g., folded surfaces, geological shapes). Even though
growth-induceddeformationscan be physically simulated
similarly to cloth animationor deformableobjects[2, 21],
real-world parametersare usually unknavn. Moreover,
artistswantto keepenoughcontrolso a blind off-line sim-
ulationis notdesirable.
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Varioustools have beenintroducedto model or enrich
a shapeby deformingit either at global (e.g., Free-lorm
Deformationg19, 8, 3]) or local scale(e.g., displacement
mapg7, 26]). Similarly, severalvirtual sculptingtoolshave
beenproposedeitherfor theoverallshapinge.g., [4, 11, 1])
or to editandenrichanexisting shape(e.g., [20], whichin-
spiredMayaArtisan). Althoughtheuserinteractionis more
intuitive with thesetools than using a classicalgeometric
modeley the userstill hasto explicitly specifywhereeach
bulge or pit shouldbe. For shapeghatarecomple (either
globally or locally) this canbevery tedious.

We would like to let the userspecifythe global andlo-
cal aspecbf the shapewithout having to de ne every little
detail. [5] introduceghe expansiortexture paradigm(sum-
marizedin the next section)to shapefolded surfaces:the
userspeci esexpansion(i.e. growth) parametersisingei-
thera brushor a texture map. The surfacefolds underthe
local constraintscausedby the growth. Sincethe param-
etersare attachedto the surface, even large amplitude of
grownth canbe simulatedandstill yields naturallooking re-
sults. Oppositely surfacedisplacementools cannotbe ap-
plied for hugeamplitudes:the displacements donealong
thenormalandcannotcurl theshapesToolslike MayaAr-
tisan (inspiredfrom [20]) or [14] caniteratedisplacement
relying on the new normals. But sucha geometricgrowth
quickly degenerateto unnaturabindself-intersectingur
faces. This doesnot occurwith expansiontexturesdueto
the use of a mechanicalmodel to simulatethe deforma-
tions. Moreover, a mechanicaimodel reproducedhe be-
havior of naturalgrowing surfacesmakingfolds andbulges
underconstraints.

The[5] modelhassimilaritieswith physicalmodelssuch
asthe onesusedfor deformablesurfaces(e.g.[21]). How-
ever, the mechanicamodelis tunedto give controllablere-
sults (e.g. fold wavelength)andthe solvingis quasi-static
(the purposes to simulatethe shapeat equilibrium, notthe
dynamics).

Our modeldraws on [5] and extendsit to permit huge



deformationsat interactve rate(i.e., we arenot limited to
addingdetails)andto increasehe e xibility. Thus,ourtool
appliesto the modelingof a large variety of shapegand
not simply folds). For thatwe revisit the mechanicamodel
in orderto male it more general,steadyand ef cient as
detailedin section3.

From this new enginewe proposea nev modelingap-
proachbasedon a setof growing tools. Theseallow both
local and global shaping,and both interactive and semi-
procedurakpeci cationof growth. We describethesetools
in sectiord.

In section5, we demonstrateour tool with interactve
sessionsaswell assampleof typical shapeghatareeas-
ily produced(e.g., plant organs,and folded shapedike a
tableclothor anunmadebed).

2. The expansiontexture formalism

Sincewe drav on and expandthe approachof [5], we
sharethe sameformalism.We presenherea summary(see
the paperfor moredetails).

The growth is modeledby local anisotropicexpansions
which acton afreeform surfacediscretizedoy atriangular
mesh. The gronth doesnot modify the surface explicitly
but a refeencestatede ned by the restlengthl, of each
edgee, therestmeancurvatureky of eachvertex v andthe
graphconnectvity of the mesh(see gure 1). This virtual
referencestate(updatedby the growth) de neslocally the
ideal shapethe surfaceshouldattain. The ‘real' shapeis
obtainedby a mechanicabolver which minimizesthe con-
straints,i.e., the differencedbetweernthe meshandthe ref-
erencestate. Note that the surfacehasto be dynamically

remeshedsee[5]).
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Figure 1. The virtual referencestateis de ned by the rest
lengthsle (a), the restmeancurvatuesky (b) and the graph con-
nectivity (c) of the mesh. The solver nds the shape(d) that
minimizesthe differencewith the refelencestate (modi ed by the
growth).

Thelocal expansionis describedy anexpansiortensor
eld over the surface. An expansiontensorcan be repre-
sentecby a2 2 positive de nite symmetricmatrix D. It
canbede ned by threeparameterstwo expansiorratesD;
andD-, relative to theeigervectordirectionsandanangleq
which de nesthe orientationof the eigervectorsbasisrela-
tive to the local 2D framﬁ. The expansionalonga vector|

is thengivenby Gy (I) =  TDT.

Thegrowth parametertheusercantuneare:therateand
theanisotropy of theexpansion(i.e., D1;D2;q) ateveryac-
tive location; and desiredwavelengthandregularity | 1;1 2
of folds or curls. Externalconstraintcanbe addedby the
user suchasstaticcollision with solid objectsand partial
or total attachmen(i.e., 1D, 2D or 3D constraintspf some
surfacelocations.Thelocal growth parametermteractvely
paintedby the useror prede nedusinga paintprogramare
storedin amap—theexpansionexture. A parameterization
of thesurfaceis thusrequired.

3. Our mechanicalmodel and solver

We wantto allow hugeexpansionin orderto dealwith
a large rangeof morphogenesisituations,andwe wantto
provide more precisetools to the user(seesection4). For
this, our modelmustnot dependon ary global parameter
ization (which would be soonoverstretched).A very sta-
ble modelis alsorequired:we rely on anenegeticformal-
ism closeto thin shellsmechanicaimodel. We alsowant
to provide the userwith higherlevel controls(i.e., semi-
procedural,or semi-interactie), by allowing him to tune
how long a growth will last, accordingto which activation
pattern(e.g., delayedstarting,progressie decay..).

3.1. Expansion model

To avoid a global (u;v) parameterizationve storethe
variouslocal dataat the verticesor at extra nodeswithin
thefaces.For extranodeswe de ne aradiusof in uencer
andanin uence kernelw(x). We de ne alocal 2D frame
for eachvertex usinga local geodesiqoolar parameteriza:
tion [27].

For growth datade ned at verticeswe modelthe expan-
sion of the referencdengthl, of edgee asthe averageof
the expansionat the tips: G(e) = %(GDpl (Te) + GDPZ(Te))
whereDp, andDp, arethetensorsat the edgetips P, and
P,. For growth datade ned at an arbitrarynodeN we de-
ne Dp = W(kP  Nk)Dy. For growth datade ned on an
arbitrarycurve C (basedon control pointsf N;g) we de ne
Dp = W(d(P; C)) Dn whered(P,C) is the distancefrom a
point P to thecurve C.

As statedabove anddetailedin section4 we accountor
the durationof growth in time. The expansionof an edge
e betweerniterationstepscorrespondingo time t; andt; is
Ge) = G(e) 4.

We also take plasticity into accountif desired,which
avoidsaccumulatinguindissipatedtressn thesurface.This
permit smoothershapesn caseof hugeexpansion. When
thedifferencebetweerthereferencdengthl, andthecorre-
spondingreal lengthexceedsa thresholda yja¢ We operate
arelaxationoverlg:



if [8< (1 aplaet)_le
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else if le> (1+ apag)le

,O —
le=(1 kplast)I + kplast(1+ aplast)le
endif

3.2. Our energy-based mechanical model

Contraryto [5] we do not computeexplicitly the dis-
placementof the vertices,but we de ne an enegy E of
deformationbetweenthe surface and the referencestate.
This is closerto mechanicaformalismandthis easeghe
accountingof nev phenomenaWe usethreecomponents:
E = Emembane™ Ebendng* Epressue- This de nition is in-
spired by the modelsof thin shells (see[13] for details)
wherethe enepy is the sumof two componentsimilar to
Emembane @NdEpendng-

The expressiornwe proposebelow for thesetwo enegiesis
easilyto calculateandderive. It producesealisticdeforma-
tions. However, more accuratgandthustime-consuming)
formulationscouldbeusedin the scopeof off-line comple
growth simulation. The pressue is not a classicalnotion
hereandwas introducedby [5] to control the wavelength
andthe regularity of the shape.We adaptthis termto our
enegeticformalism.

Membrane energy

Emembane measureshe stretching(changeof area)and
the shearingof the surface(changein lengthbut not area).
We optedfor a nite elementexpressionof the stress.We
integrateon the meshthe densityof elasticdeformationen-
ey Ef ompane Of thetrianglest:

— 2 At
Emembane = aAtEmembane
t
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where Emembane = Ea a Sithj
i=1j=1

A, is thereferenceareaof thetrianglet, e}j (thestrain ten-
sor) measureshe deformationof t respectie to its refer
encestate,and s}j (the stresstensor which describeghe
internalforceswhich actson the triangle) canbe deduced
usingHook's law (seefor instanceg15] for details).

Bending energy

Ependng CoONtrolsthe e xureof thesurface.In mechanics,
modelsclassicallymeasurea squareddifferencebetween
cunaturetensorsat currentandreststates We preferto use
themeancurvature—whichis scalar—becausét is fasterto
evaluate(seg[9]), easierto derive andthe quality of theap-
proximationis enoughfor our simulations We integratethe

differencebetweerthe meancunaturek’ andthereference
cunvaturek” alongthe surface.So,we have:

o —
Ebendng = a AVEQJ/endng
v
where  EY (kv Ky)?
bendng v V.

A, istheareaof theVoronoicell whichcontainghevertex v.

Pressue energy

[5] relieson normalstress™y for this term,thusturning
thetrianglescompressiolinto adisplacemengélongthenor-
mal. Thisforcesucceeds modulatingthefold wavelength
andthegrowth preferreddirection. We adaptedhis termto
de ne apressurenegy Epressue:
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e is the 3D positionof the vertex at a previous sub-stefn
the optimizationsolwer.

3.3. The solver

To generatea new global equilibrium of the shapeafter
a growth step,we solve the enegy minimization using a
classicalConjugateGradientOptimization(se€[17] for de-
tails). The optimality of the stepsprovidesa more robust
convergencethanthe simpledisplacementisedin [5] (cor
respondingo a constantstepGradientOptimization). We
stoptheoptimizationwhenthedifferencebetweertheener
giesin two consecutie stepsor the maximumstressalong
thesurfacearebelov a smallthreshold.

4. Growing tools

In nature, gronth exists in a variety of modalities:
in plants, cellular proliferation mostly occurs at apees
(i.e., tip of branches). This causesthe 1D nature of
branchesAt somestageof theleavesdevelopmentthe sur
faceenlagesdueto thecellulardivisionalongtheleafedge.
Geologicalrifts areanothersituationshaving anexpansion
occurringalonga curve. Animal tissuesgrow morehomo-
geneously but often with an importantanisotroy: body
proportionschangefrom embryoto adult [25]. The dis-
tribution of active and passve (expansion-wisepareason a
surfacestronglyin uencesthepatternof deformatiordueto
mechanicaktonstraints:an expandingspotcanonly bulge
out of the surface. An expandinglinear areacrossingthe
surfacemightsimply enlageit (e.g., rifts). Whenthewhole



surfaceis expanding,ary heterogeneityr local constraint
will resultin folds or curling.

In orderto provide the userwith most e xibility, we ac-
countfor the samevariety of modalities: Our tools canbe
hot spots(0D), hot curves(1D) or hot surfaces(2D). For-
mally thesethreekindsof active regionscouldall besimply
paintedin anexpansiontexture. The differencemostly lies
in their speci cationandcontrol: Spotsandcurvescontrol
pointsarelocatedpreciselyon the meshby relying on their
barycentriccoordinatesvithin facegandupdatingthis data
duringremeshings)Hot surfacedatais de ned atthemesh
vertices.

4.1. Hot spots (OD tools)

A hot spot is dened by the growth parameters
(D4;D2;q,...),aradiusof in uencer andanactivationcurve
[(t) (growth intensityin time, or by defaulta constananda
duration).Sinceahot spotgenerates bulge,along actva-
tion resultsin the growth of abranch.

We implementedvariousspottools suchasrotatingthe
frame over time, and splitting a spot into several spots
within theradiusof in uence. As shavn in theresultssec-
tion, this resultsin branching.It would be easyto connect
this mechanismto a procedurakeventgeneratoisuchasL-
systemd18] or [10]. We tried simpleonesasillustratedin
theresultsection.

4.2. Hot curv es (1D tools)

A hot curve can share common gronth parameters,
whose orientation can follow the local frame along the
cune. We denoteDr the expansionalong the curve
(i.e., tangentiallandDy the expansionin the orthogonadi-
rection(i.e., normal). To modelan heterogeneougrowth,
growth parameterganbe paintedandattachedo the con-
trol points (andthusto the surface),or speci ed by a 1D
texture I (u) (relying on a curvilinear parameterizatiomi).
The last casecantypically be usedfor controllingthe acti-
vationof growth in time: A userde ned 1D texturede nes
the growth intensityalonga normalizedrangeof time, and
the local time offset and local time paceare interpolated
alongthecune.

Thecurweis attachedo the surfaceandthusis distorted
togethemvith it (by theeffectof its actiity andthatof other
growing tools). For instancethis allows the userto de ne
avery shortcurve acrossanap« (i.e., ahot spot)andto let
it enlage beforeactivatingit. This canbe usedto generate
aleaffrom astem.lt is easyto createautomaticallysucha
smallcurve from geometricparameterge.g., the ape nor
mal—which correspondso thestemaxis—, or thevertical),
soa proceduratool cangenerateandtrigger hot curvesas
illustratedin theresults.

Growth anisotroly alongthe curve canresultin differ-
ent shapes:for a straightcurve, a totally radially oriented
growth (i.e.,, Dt = 1andDgr > 1) generateaplane.Adding
aslighttangentialgronth (Dt > 1) yieldstangentiaffolds,
while a slight tangentialcontraction(Dt < 1) would yield
radial folds. For a curve, the tuning correspondingo the
balancectase(i.e., a plane)depend®n thelocal cunature
o If theuserwantsto control the regularity of the gener
atedsurface (seethe mushroomsxampleon gure 2(b))
a normalizationhasto be applied: in suchcasewe de ne
Dr = 1+ 1 (Dr 1)reg with | a control factor (1 for a
plane)andr, theef cient in uence radius= RSW where
w(X) de nestheshapeof thein uence kernel.

4.3. Hot surfaces (2D to ols)

The userinterfacefor the 2D tool dravs on andextends
the [5] one: grownth parametergarede ned eitherby inter
active painting (parametersre sampledat meshvertices,
orientationis givenby the mousedirection)or by a 2D tex-
ture (a temporary(u;v) parameterizatior e.g., a projec-
tion — is thende ned on the targetedarea). Fromthis, we
addedseveral features. In the interactive casewe storea
time offsetty andatime pacedt ateachpaintedvertex: this
allows the userto control how long the growth will apply
(i.e., while (t tp)dt < 1). Thisalsopermitsto spreachuge
growth alongtime, thusallowing stablehugedeformations.
We alsoimplementedvariouspaintingtoolsin orderto ap-
ply growth “brushes'andinterpolation. For the latter, we
rely on adapted_aplaceinterpolation[12]: the userpaints
values(spotsor curves)which arespreadoy solving a dif-
fusion equation(we usedanimplicit solver for ef ciency).
Interpolatingtensorsis not assimpleasfor scalars. Simi-
larly to what[24] doesfor vectors,we rst interpolatethe
tensorcoefcients. Thenwe rekuild anorthonormalframe
andwe reconstructheinterpolatedensorby scalingit with
the separatelynterpolateceigervalues.

5. Results

Our resultsare presentedon gure 2. Animated se-
quenceSareframed.

(a): Using a hot spot (the initial shapeis a sphere).
Isotropic growth; anisotropicgrownth (folds appearin the
most expandedside); with twisted frame; branchingsby
splitting the spot.

(b): Using a hot curve (the initial shapeis a triangle).
Mushrooms(the initial hot curwe is a circle at the stem
tip): without normalization; with the normalization(see
Section4.2). Leaves (theinitial hot curve is a half-circle
crossingthe ape at the stemtip; its control pointsare g-
uredonthe rst two images).

lvideosand more dataare available on our web site http://www-
evasion.imag.fr/Publications/2006/CNO06/ andin [6].
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Figure 2. Resultg(sequenceareframed).(a): Usinghotspots.(b): Usinghotcurves. (c-f): Usinghotsurfaces.(g): Proceduragrowth.

(c): Usingahotsurface(andisotropicgrowth). Pumpkin:
rigid lines(in grey) werepaintedon a spherebeforethe ho-
mogeneougronth. Leaves: growth is paintedonly on the
edge,usingvarioustunings(frequeng, gradient).Flowers:
painting growth only on the cornersgrows and curls them
into petals.

(d): Modeling an unmadebed. A physical cloth simu-
lation would requireknowing the initial state,the material
parametersandthe history of forces.Using our model,the
artistsimply “paints' on the areaswhereto add extra mat-
ter' (resultingin folds) muchlike a sculptorwould. The
frequeng is tunedby the userandthefolds areorientedby
themousedirection.

(e): Tablecloth. Startingwith a cylinder, the userpaintsa
totally tangentialanisotropicexpansionon the bottom,and
azero-&pansiorcircle onthetop. Thenheinterpolateghe
growth parametersn between.Note that the usercan ex-

aggeratahefolds (asfor the drapesn ancientpaintings)if
desired.

(f): A cabbagdeaf modeledusingan expansiontexture
(muchlikein [5]).

(9): Proceduragrowth. Apexesaresplit randomly Note
thatour modelproducesa continuousgronth, andthatme-
chanicalconstraintsnove branchespartnaturally

6. Conclusionand Futur e Work

We have presentedi nev modelingparadigmbasedon
the controlof surfacegrowth. Theengineconsistoonanew
ef cient and stablemechanicalmodel and solver able to
simulategrowth-induceddeformations Comparedo phys-
ical simulationswe are ableto provide the userwith ne
control of the shape. Comparedto traditional modeling
tools andto sculptingtools we do not requirethe userto



explicitly de ne every little detail. However, by tuningthe
radiusof in uence the usercanindeededit detailswhen-
ever he wants. Most of the resultwe shav could not have
beenmodeledeasilywith ary othermodelingtool or phys-
ical simulation.

Our approachis ableto model either global shapesor
compl surface details, relying on interactve or semi-
interactve operations. However, the usermay sometime
want an even higher level of control. Our model could
be connectedo proceduraltools suchas L-systems[18]
to generatecomplex structures. Similarly, expansion
texture could be procedurally evaluated or simulated
using noise [16] or reaction-difusion [23].  Finally, it
would beinterestingto addto our modela schemeor the
semi-proceduratynthesiof surfacecolorsandtextures.
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